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Motivation: The Dynamics of Multiple M5-Branes

To understand M-theory, an effective description of M5-branes would be very useful-

D-branes
o D-branes interact via strings.

——— o Effective description: theory of endpoints
o Parallel transport of these: Gauge theory
o Study string theory via gauge theory
M5-branes

o Mb-branes interact via M2-branes.

o Eff. description: theory of self-dual strings

o Parallel transport: Higher gauge theory
o Long sought (2,0)-theory a HGT?
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The (2,0)-Theory: What we know
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What we know about the (2,0)-theory

Pre-history:
o Conformal QFTs: particularly interesting and important
o Conformal algebra on RP%: so(p+ 1,q+ 1)
o Supersymmetric extensions only for p + ¢ < 6 Nahm, 1978
o Examples for p + ¢ < 4 known for long time
o Belief: p 4+ ¢ = 4 maximum for interacting QFTs

String theory: Witten, 1995
o Type IIB superstring theory on R x K3
o Moduli space has orbifold singularities of ADE-type
At singularities: volume of S?< K3 vanishes
D3-branes wrapping 5%« K3 become massless strings
B-field self-dual: self-dual strings, SUGRA decouples
= (2,0)-theory, a six-dimensional N' = (2,0) SCFT
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What we know about the (2,0)-theory

More on the (2,0)-theory
o Also appears in M-theory Witten, Strominger 1995/1996

o self-dual strings: boundaries of M2- between M5-branes
o become massless, if M5-branes approach each other
o description of stacks of parallel M5-branes

Field content: N = (2,0) tensor multiplet Nahm 1978
o a self-dual 3-form field strength

o five (Goldstone) scalars
o fermionic partners

©

Observables: Wilson surfaces, i.e. parallel transport of strings
Belief: No Lagrangian description

As important as A/ = 4 super Yang-Mills for string theory
Huge interest in string theory: AGT, AdS7-CFTg, S-duality, ...
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Mathematics: Geom. Langlands, Khovanov Homology, ...
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Arguments Against Existence of Classical M5-Brane Model
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Objection 1: Parallel transport of strings is problematic s

Parallel transport of particles in representation of gauge group G:

o holonomy functor hol : path v+ hol(vy) € G

@ hol(y) = Pexp(fﬁ/ A), P: path ordering, trivial for U(1).
Parallel transport of strings with gauge group U(1):

@ map hol : surface o — hol(c) € U(1)

o hol(o) = exp( [ B), B: connective structure on gerbe.
Nonabelian case:

o much more involved!

o no straightforward definition of surface ordering
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Naive no-go theorem o/37

Imagine parallel transport of string with gauge degrees in Lie(G):

/%/ﬂh
[ ] [ ]
Consistency of parallel transport requires:

(9’195)(9192) = (9’191)(9’292)

This renders group G abelian. Eckmann and Hilton, 1962
Physicists 80'ies and 90'ies
Way out: 2-categories, Higher Gauge Theory.

Two operations o and ® satisfying Interchange Law:

(91 ®g5) 0 (91 ® g2) = (g1 0 g1) ® (g3 0 g2) -
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Objection 2: No Coupling Constant

Standard objection beyond the previous no-go theorem:
o theory at conformal fixed points = no dimensionful parameter
o fixed points are isolated = no dimensionless parameter

o “No parameters = no classical limit = no Lagrangian.”

Answers:
o Same arguments for M2-brane Schwarz, 2004
o There, integer parameters arose from orbifold R® /7,

@ Same should happen for M5-branes

Note:
o Analogy with M2-brane models: only N' = (1,0) local SUSY
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Objection 3: Dimensional Reduction Unclear

Final common objection: Dimensional reduction is unclear.
o (2,0)-theory should reduce to A = 2 SYM theory in 5d
o Reduction on RY* x S, radius R yields volume form 2rRdx

o Conformal invariance of F' A xF' requires volume form %d%

Our solution:
o Reduction to A/ = 2 SYM in 4d works fine
o Can dimensionally oxidize to 5d SYM afterwards (7)
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WiShliSt 12/37

A successful M5-brane model should have the following properties:
o Based on a sound mathematical foundation: higher bundles
Field content of the (2,0)-theory, A" = (1,0) supersymmetric
Gauge structure natural, match some expectations (ADE, ...)

Non-trivial coupling, interacting field theory

Possible restriction to free N' = (2,0) tensor multiplet
contains the non-abelian self-dual string soliton as BPS state
Reduction to 4d SYM theory with ADE gauge algebras
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and to 3d Chern—Simons-matter models with discrete coupling
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Higher Gauge Theory: The Fundamentals
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To formulate M5-brane theory: Need category theory

Some quotes:

o “We will need to use some very simple notions of category
theory, an esoteric subject noted for its difficulty and
irrelevance.”

G. Moore and N. Seiberg, 1989

o “We'll only use as much category theory as is necessary.
Famous last words...”
Roman Abramovich

o “Category theory is the subject where you can leave the
definitions as exercises.”
John Baez



Categories, Categorification and all that... 15/37

Category theory:

o ldea: put mathematical objects on same footing as maps
o We do this in physics: Gauge theory:

o Best strategy: do not mod out gauge equivalence

o Work in parallel with gauge fields and transformations

o Leads to straightforward definitions and nice mathematics

Categorification: From Categories to 2-Categories

©

Roughly: Replace sets by categories

Leads to categories of maps, morphisms between morphisms
. and gauge transformations between gauge transformations

Known from physics: BRST quantization

o ghosts for ghosts
o BRST complex is an L. -algebroid

© 0 ©

Here: Only need small aspect formulated in familiar language
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NQ—ManifoIds 16/37

N-manifolds, N@Q-manifold
o Ny-graded manifold with coordinates of degree 0, 1,2, ...
Mo(—Ml(—M2<—...

/ NG

manifold linear spaces
o NQ@-manifold: vector field @ of degree 1, Q*> =0
o Physicists: think ghost numbers, BRST charge, SFT
o Functions on (M, Q) form differential graded algebra

Examples:
o Tangent algebroid T'[1|M, C>®(T[1]M) = Q*(M), Q =d
o Lie algebra g[1], coordinates £ of degree 1:

0
Q=315

9 Jacobi identity < Q% =0
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Gauge Theory from dga-Morphisms 17737

o ldeas: Atiyah, Strobl et al., Sati, Schreiber, Stasheff
o Recall: Chevalley-Eilenberg algebra of Lie algebra g:

CE(g) =C=(g[1]) , Qere™ = —5f5,£°¢
Double to Weil algebra

W(g) :==C*(T[1g[l]) , Q@=CQce+0o, oQck=—Qcro
Potentials/curvatures/Bianchi identities from dga-morphisms

(A,F):W(g) — Q' (M)=W(M)
(08%) = Q€™ + 3 /5,67 +— F*=(dA+ 3[4, A)"
Qo) = —f5,(0€™)E” — (VF)* =0
Gauge transformations: homotopies between dga-morphisms

©

©

©

(*]

Topological invariants: invariant polynomials in W(g)

= General notion of gauge theory from pairs of dgas J
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L.-Algebras, L..-Algebroids 18/37

Back to N@Q-manifolds:
o Lie n-algebroid or n-term L..-algebroid:
My < My Mo+ ... M, + %< %+ ...
o Lie n-algebra or n-term L.-algebra:

k4= My Mo+ ... My + %4 %+ ...

We shall be interested in Lie 2- and Lie 3-algebras.
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Example: Lie 2-Algebras 10/37

o Graded vector space: * <— W([1] <= V[2] «— %« ...
o Coordinates:

o w” of degree 1 on T[]
o v’ of degree 2 on V2]

o Most general vector field ) of degree 1:

bwc 8
o't

Q= —-miv’ o LS ww” 9 m’ w”vii — Lml ww
N owe 2 owe @l opi  3UTTabe

o Induces “brackets’/"higher products™
o pi(m) =mir, .
o U2 (Tay Tb) = m/Zch y M2 (Ta’ 7-77) - m{zz
o U3 (T(La Tb, TC) - Tn’fzbcTi
o Q> = 0 & Homotopy Jacobi identities, e.g.
o pi(p1(—=)) =0: py is a differential
o o, ua(y, 2)) + cycl. = p1(us(x,y, 2)): Jacobiator
o Analogously: Lie 3-algebras
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Which higher Lie algebra to take?

Guidance from BPS self-dual strings
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The non-abelian self-dual string 21/37

D1 x
D3 x x x X

BPS configuration
BPS configuration
Perspective of D3: Perspective of M5:

Bogomolny monopole eqgn. J Abelian Self-dual string eqn. J

F=V2=xV®on R? H :=dB = *d® on R*

1 Nahm transform | 1 genlzd. Nahm transform (7)
Perspective of D1: Perspective of M2:
Nahm eqn. Hoppe-Basu-Harvey eqn. (77)
%Xi —|—€ijk[Xj,Xk] = J %X“qLS“VpU[XV,XP,XU] _ OJ
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|dentifying gauge structure: Monopoles 2/37

Monopoles
o Solution to Bogomolny equation F' = «V¢
o Abelian: singular on R3, Dirac strings
o Principal bundle over S?
o Non-Abelian: non-singular on R?

P rxid
///// ////’\\\\>x \\\\ﬂ
U(1)&——SU(2) = 53 SU(2)—— 52 x SU(2)
J{T{' o lil o Jpr
-7 T
abelian, Dirac non-Abelian, 't Hooft-Polyakov

= Choose SU(2), as trivialization possible.
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|dentifying gauge structure: Self-Dual Strings

Self-Dual Strings

Abelian: singular on R?*, Dirac strings
Solution to H = V¢

Gerbe over S?

Non-Abelian: 7

(%]

© 0 o

o
BU(C o
(3= 5%
abelian non-Abelian ?

= Choose ¥, with 2-group structure: String 2-group
(many other reasons for this)
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The String Group 20/37

o Monopole/instanton solutions: gauge group from spin group
Spin(3) = SU(2), Spin(4) = SU(2) x SU(2)
o Higher analogue of the spin group: String group
Stolz, Teichner, Witten, ...

o Def. via Whitehead tower (iteratively delete homotopy groups)
... — String(n) — Spin(n) — Spin(n) — SO(n) — O(n)

o Definition only up to homotopy, as a group: oco-dimensional
o 2-group models:

o oo-dimensional strict 2-group Baez et al., Nikolaus et al.
o finite-dimensional quasi 2-group Schommer-Pries
o Higher gauge theory developed Demessie, CS (2016)

o Many reasons: Gauge 2-group for M5-branes is String(Eg)
Aschieri, Jurco (2004)
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String Lie 2-algebra 25/37

o Recall: ¢ can be extended to String 2-group model
o Lie differentiate (e.g. Demessie, CS (2016))
o Result: String Lie 2-algebra string(3) = R[1] — su(2) with
Q™ = —3f5,6° . Qb= —fup,£7E°E .
or
po(z, w2) = [w1, 2], pa(w1, w2, w3) = (21, [42, 73])

where x5 3 € su(2).
o Note: Can be defined for any ADE Lie algebra g
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Higher Gauge Theory from N@Q-manifolds

o Recall: Chevalley-Eilenberg algebra of String Lie 2-algebra g:
CE(g) = C*(R[2] = su(2)[1]) ,
Q" = —315,67¢7 and Qb= 5 fap,7E7E7 .
o Double to Weil algebra
W(g) :=C*(T[1g[l]) , Q@=CQce+0o, o0Qck=—Qcro
o Potentials/curvatures/Bianchi identities from dga-morphisms
(A,B,F,H) : W(g) — Q°(M)=W(M)
€ v Ac QY (M) and b — BcQ*M)
(0€%) = Q€™ + 315,677 +— F* = (dA+ §[4, 4)°
(0b) = Qb — 31 fap 767" +— H =dB — 3(4,[4, A))
o Bianchi identities: VF =0 and dH = —3(dA4, [4, A])

o Gauge trafos and Top. invariants derived as above
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Non-Abelian Self-Dual Strings o1/37

Field Content with values in string(3):
Ac QM RY@su2), BePRYHOR, ¢cQRHR
Need twisted string structures:
H=dB+ (A ,dA) + H(A,[A, A]) = «d¢
= dH = (F,F) = «0¢
F=dA+ J[A Al = «F

Passes many consistency checks, e.g.
o Nice reduction to monopoles on R?
o BPS equations for (1,0)-model (more later)

Elementary Solution:
1 Ufw oi (x — x0)" ((z — 20)? — 2p?
‘/415('1'):T B PR B=0, ¢= P
i p?+ (v — o) ((z — 20)2 + p?)
cf. also Akyol, Papadopoulos 2012




The M5-brane model
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Extension from BPS to (1,0)-theory

Look for candidate theory in the literature and find:

6d (1,0)-model derived from tensor hierarchies
Samtleben, Sezgin, Wimmer (2011)

Open problems with this model:
o Issue 1: Choice of gauge structure unclear
o lIssue 2: cubic interactions
o lIssue 3: scalar fields with wrong sign kinetic term
o lIssue 4: Self-duality of 3-form imposed by hand
o Issue 5: Unclear, how to fulfill “wishlist”

Previous observation:

o Gauge structure is refined Lie 3-algebra.
Palmer, CS (2013), Samtleben et al. (2014)
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From string Lie 2-algebra to (1,0) gauge structure

New: Schmidt, CS (2017)
Idea: use string as gauge structure in this model
Issue: need suitable notion of inner product for action

Appropriate inner products on L..-algebras: symplectic forms

© © o o

Consequence: Double twisted string

R—R—g

to symplectic graded vector space 7™ [2]string:
Reog—>ROR" - g R”

This carries natural inner product

©

Can be extended to Lie 3-algebra

©

©

Has necessary extra structure
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Properties of resulting (1,0)-theory

Field content:
o (1,0) tensor multiplet (¢, x*, B), values in R?, ¢ = ¢ + ¢r, ...
o (1,0) vector multiplet (A, A%, Y%), values in g ® R
o C-field, values in R & g*

Action (schematically):
S= [ () + (06,346) = s 0) + Ha A (29 X) + 4V D
JR15

+ ¢s((F, #F) = =(Y,Y) + (X, VX)) + (A, F) A *y2)Xs
+ 11(C) A My + By A (F, F) + By A ([A, A, [A, A}))

This solves problems 1 and 2:
o Choice of gauge structure for ADE-(2,0)-theories clear.

o No cubic interaction term for scalar fields
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Completing the theory (WIP)

Adding Pasti-Sorokin-Tonin-type action:
o Recall: PST action has self-duality of H as equation of motion

o Bosonic part of (1,0)-theory was PST completed
Bandos, Sorokin, Samtleben (2013)

o Full PST action announced, never appeared (not possible?)

o With twisted string structure, construction simplifies

Adding matter fields:
o Add hypermultiplet to get fields of (2,0)-tensor multiplet

o General construction and couplings discussed
Samtleben, Sezgin, Wimmer (2012)

o Can make concrete choices with twisted string structures

= A (1,0)-theory in 6d satisfying many of the “wishlist” items. J




Consistency checks
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WiShliSt 34/37

Based on a sound mathematical foundation: higher bundles
Field content of the (2,0)-theory, V' = (1,0) supersymmetric
Gauge structure natural, match some expectations (ADE, ...)
Non-trivial coupling, interacting field theory

Possible restriction to free N' = (2,0) tensor multiplet
contains the non-abelian self-dual string soliton as BPS state
Reduction to 4d SYM theory with ADE gauge algebras

and to 3d Chern—Simons-matter models with discrete coupling

N N N RN
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Consistency check: Reduction to SYM theory

Crucial consistency check: Reduction to D-branes/SYM theory

o= /Rl,s <<H’ *H> + <d¢’ *d¢> - *<Xﬁx> +Hs A *(5\,7(3)/\) + *(Y X)Xs
+ @5 ((F,#F) = +(VY) ++(L YN) + (0 F) Az
+ 11 (CYANHs + Bs A (F, F)+ Bs A ([A, A], [A,AD)

o Start from ADE-String Lie 3-algebra

o Compactify along !0, 2” interpret as (¢,) = =1

1
72 R10R9 m2RY,

o Strong coupling expansion around (¢) (cf. M2 — D2)
o Coupling constants:
1 4r*R°RY™ 1Ry 1 1

dvol(T? = e
/T2 vol( )16w2R§0 16m2R2, 4 Rip 4gs 493y
o This yields 4d N' = 2 SYM with ADE-gauge group!
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Consistency check: Reduction to M2-brane models

Additional consistency check: Reduction to M2-brane models
o Replace R"® by R"? x 5%,
o Assumptions:

String Lie 3-algebra of su(n) x su(n)

A trivial on S3, non-trivial on R'?

B trivial on R'?

B encodes abelian gerbe with DD class k& on S2.

o Recall: H =dB +cs(A)
o Then we get the integer Chern—Simons coupling:
H A *H — kvolgs cs(A)

© © 0 o

/HA*,H—)]{?/ cs(A)

R],S RI,Q

o Altogether: Chern—Simons matter theory of ABJM type.
o Note: This theory has A/ = 4, different potential from ABJM.
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Conclusions

Summary and Outlook.

Summary:
o Higher gauge theory classically underlies M-theory
o Higher analogue of SU(2) is String(3)
o There is a non-abelian self-dual string.
o There is a classical M5-brane model,
o which passes many consistency checks.
Soon to come:
> More consistency checks
> Optimize theory further (7)
> Better understanding of M-theory
> Link to categorified integrability, fuzzy S°, etc.
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