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(My) Motivation and Outline 232

Understanding a configuration of M-branes leads to questions invoking loop spaces.

An M2-brane can end on an M5-brane with
1-dimensional boundary, constant in time.

©

©

Spatial boundary: self-dual string.

(*]

M-theory makes this configuration smooth:
M2-brane gains 3 quantized spatial dim.

©

Describing this requires quantizing a 3-sphere.

©

Approach: Quantize the loop space of S%.
Duality yielding integrability between
o Description from the M2-brane perspective:
Fields are operators on H gs.
o Description from the M5-brane perspective:
Theory of self-dual strings.

©

Note: My loops are actually Brylinski's singular oriented knots.
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What is Known: The Reduced D-brane Picture

A D-brane configuration that should lift to the M-brane configuration is well understood.:

o k D1-branes ending on N D3-brane.

dim 0 1 2 3 ... 6
D1 x X
D3 x x x X

o D3-brane perspective: Magnetic Monopole
U(N)-bundle with connection V over R?,
Scalar fields @ in adjoint of u(V),

F=xVo.

o D1-brane perspective: Nahm equation
U(k)-bundle with connection V over (0, c0),
Scalar fields X 1?3 in adjoint of u(k),

VX4 k[ xI XF) =0.
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Quantized Sphere from D1-D3-branes

A fuzzy funnel of quantized 2-spheres appears in the geometry.

o D3-brane perspective: F' = xV®

Dirac monopole with & ~ % on R?

o Dl-brane perspective: VX' + ek X7 X+ =0

o Gauge potential can be gauged away
Product ansatz: X'(s) = r(s)G"
Solution:

©

(4]

’I“(S) =, GL _ gijk:[Gj’Gkr]

]

+irrep: Fuzzy/Geometrically Quantized Sphere

o “Smooth” transition between D1 and D3
via noncommutative geometry
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Lifting D1-D3-Branes to M2-M5-Branes

The lift to M-theory is performed by a T-duality and an M-theory lift

M 0 1 2 3 4 5 6

D1 x X
D3 x x X X

T-dualize along z°:

A~ 0 1 2 3 4 5 6
D2 x X X
D4 x x x X X

Interpret 2 as M-theory direction:

M 0 1 2 3 4 5 6
M2 x X X
M) x x X X X X
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What is Known: The M-brane Configuration

M2-branes ending on M5-branes yield a Nahm-type equation with a cubic term.

o 2 M2-branes ending on 1 M5-brane.

dim 0 1 2 3 4 5
M2 x X
M5 x X X X X X

o Mb5-brane perspective: Self-Dual String
2-form potential B over R* (abelian gerbe),
Scalar field ® with values in u(1),

H:=dB =+d® .

y o M2-brane perspective: “Basu-Harvey" equation
G-bundle with connection V over (0, c0),
Scalar fields X234 in some rep of G,

VXH 4 e XY X5 XN =0.
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Quantized 3-Sphere in M2-M5-Branes

In M-theory, the quantized 2-sphere becomes a quantized 3-sphere.

o Mb5-brane perspective: H = xd®

Higher Dirac monopole with ® ~ 1 on R?

r2

o M2-brane perspective:
VXH 4 etrAIXY X5 XA =0

o Gauge potential can be gauged away

o Product ansatz: X*(s) = r(s)G*
o Solution:
1 )
)= 7. G'= eI GY, G, G
o Fuzzy/Geometrically Quantized S37?

@ “Smooth” transition between M2 and M5
via nonassociative geometry
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3-Lie Algebras

3-Lie algebras are special strict Lie 2-algebras.

3-Lie algebra (do not confuse with Lie 3-algebras)
A is a vector space, [, -, -] trilinear+antisymmetric.
Satisfies a “3-Jacobi identity,” the fundamental identity:
|4, B,[C, D, E]] = [|A, B,C], D, E] + [C, [A, B, D), E] + [C, D, |A, B, E]]
Filippov (1985)
Algebra of inner derivations closes due to fundamental identity

D:ANA — Der(A)=:g4 D(A,B)>C :=[A, B,(C]

1:1_metric Lie algebras g = Der(.A)

° 3-algebras faithful orthog. representations V" =2 A
J Figueroa-O'Farrill et al., 0809.1086

o They form strict Lie 2-algebras. S Palmer & CS, 1203.5757
o M2-brane models are higher gauge theories.
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Classical Integrability

Classical integrability can be captured in 3 ways.

o Duality in D1-D3-brane configuration tightly connected to
integrability
o Can be described in 3 related ways:

o Twistor description: Solutions from holomorphic cocycles
o Nahm transform: Duality is Fourier-Mukai transform
o Spectral curves

o What is known/conjectured for M2-M5-brane system
Twistors Nahm transform  Spectral curves

NA-Gerbes Yes! WIP ?
Loop space ~ WIP Yes? ?

L. with Jurco/Wolf: 1205.3108, 1305.4870, 1403.7185
2. with Palmer: 1007.3301, 1105.3904

o Focus on Nahm transform with loop spaces.
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Goal: A Nahm Transform on Loop Space

Each ingredient of the Nahm transform should have a nice reduction.

Assume M-theory description involves loop space.
Reduction to string theory: Loop along M-theory direction.
Lift the “gerby” self-dual string equation to loop space.
Find a Nahm transform yielding solutions to this equation.
Constraint: Reduction produces the known string formulas.
see also: Gustavsson 0802.3456
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Abelian Gerbes and Loop Space

By going to loop space, one can reduce differential forms by one degree.
Consider the following double fibration:
LM x S
2\
M LM
Identify TLM = LT M, then: © € LM = i(1)e TLM

Transgression

eTLM

Vs
TR M), = bl

(Tw)z(v1(7T), ..., 06(7)) := ]{91 drw(z(7))(vi(7), ..., vk(T),2(7))

Nice properties: reparameterization invariant, chain map, ...

An abelian local gerbe over M is a principal U(1)-bundle over EM.J
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Transgressed Self-Dual Strings

By going to loop space, one can reduce differential forms by one degree.

Recall the self-dual string equation on R*: Hye = 5,1”,”\%(1)

Its transgressed form is an equation for a 2-form F' on £LR*:

0
Fluo)wp) = 0(0 = p)epumnd” () ﬁ‘l’(y)

y y=x(T)
Extend to full non-abelian loop space curvature:

+
Floywr) = =(epwmrd” (U)V(AT)‘I’)(UT)

F (i‘,,,(d)V(VT)‘I) + i‘l,(O')V(MT)@ — 5ILV¢K<U)V(N7)®)[UT}

5
where V) := %dT dzh (1) A ((595/‘(7-) + A(M)>

o Check: Fix loops z#(7) = z}) + kd"!7 yields monopole eqn.

o Goal: Construct solutions to this equation.
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The ADHMN Construction

There is a map between and solutions to the Nahm equations.

Nahm transform: Instantons on 7 + instantons on (74)*

Roughly here:
3rad. o : D3 WV

3rad. 0

4. 4%,

T'{ lrad. o0 : D1 WV and(T).{ lrad. 0
Introduce (twisted) “Dirac operators™

Vee=—14 + 00 @ (1X' +2'1)) , Veu:=1L +0'® (X7 +2°1y)

ds

Properties:

Asy = VsuVsr >0, [As.,0'] =0 < X' satisfy Nahm eqn.
Normalized zero modes: ?75,1%@,@ =0,1= fI ds 1/7)5@7703733 yield:

! ~
A= | dsvs e —Us o d &:=—1 [ dsvhs, Sts s
" /I S s, 81‘“1/)’ an 1/I SYs xS s,

This is a solution to the Bogomolny monopole equations!
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Examples: Dirac Monopoles 14/22

One can easily construct Dirac monopole solutions using the ADHMN construction.

Charge 1: Nahm eqn: 9,X° = 0, so put X’ = 0. Zero mode:

_spVR+ 23 ( z! —ix? )

vy =e - .
+ xl —iz2 R— 3

Monopole solution:

. . 3 3
+_ YooY 2 ) i
v =g A= g (P10 ) (17 7))

Charge 2: Nahm eqgn. nontrivial. Choose:
. 1 . ) i .
Xi=—ZT with T'=2 =Tt
s 2i
Resulting solution:
i
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Lift of the “Dirac Operator”

There is a natural lift of the Dirac operator to M-theory.
Type IIB (twisted):

d B 0 1 2 3 4 5 6
w_ 394 ixipai1,) DX x
ds D3 x x x X

Type IIA (twisted):
A~ 0 1 2 3 4 5 6

d - D2 x X X
+ (X — it
ds ( ) D4 x x x X X

A = sl —

M-theory (untwisted):
M 0 1 2 3 4 5 6

M?2
M5 x X X X X X

X
X
X

, d
Vil = —y5—

=T 57" D(X*, XY)

M-theory (twisted):

, d
}q\;lx(T) = _75& + %Vuy <D(X“’ XV) a i%dT 33“(7')@”(7'))
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Lifted ADHMN Construction 16/32

The lifted ADHMN construction yields solutions to the loop space self-dual string eqns.

Recall: AB .= yUBYIB [AIB 5] — (0 o X7 satisfy Nahm eqn.
Here: AM .= YMYM [A 1] =0 <= X" satisfy BH eqn.
Recall extended self-dual string equation on loop space:

+ : K
F(ua)(l/'r) (%wﬂw (U)V(AT)CD)(M)

T (x.“(g)v(’”)q) + j;V(U)V(MT)CI) o 6IW¢N(U)V(RT)¢)

[o7]

From normalized, A-valued zero modes 1, ;) of VM construct

A(MT)_/dSwST5 ,u( )1/9”7 (I)__i./dswswsws,ac

These fields solve the loop space self-dual string equation.
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Verification of the Construction

Verifying the construction is rather straightforward.

The proof is easy and follows that of the ADHMN construction:

ab [] ' “a b ' ' Ta c Te b
Fluoywn) = 2/1 ds (8 (po) Vs e S(wr)¥s,0) + 2/1 ds /I At (V01 0(uoy VS ) (Ph,00 S(ur) ¥ )
' . sa = . b
_2/1 ds /I dt (%;;@V)b,m 5 (Ws,a:cm(sv ”)WL,m> O(VT)Q/’(,J;)
2/ ds/ dt ('1,7)3’1, KRR (0)Gg (s, [)'le‘TA( )) Py 1)
JzJz

Uacnn [as [ at (92, Golost)r™vsi(@)a" ()0t )

+ / ds/ dt &;{I, Ga(s,t) (4#%"(0)@*(7) - 25“%“@”(@@*@)) wf,)

D iceni® (@) [ as ((Famy o) sl o) + (200 s (Vo be.)”)
mnz“(c)/ as (T (myBe,a)® 502, ) + (B2 4 8 (T (rys,2)")
F 21, (o) [ as (<v(,w>1&s,m>“, sl )+ (B2 40 8 (V(urys,2)")
168" (0) [ ds ((9(ery Bae)® 5 020) + (200 8 (T ury b))
[

.k . . .k ab
(EW/MI OV Ay ® Feu(0)V(yr)® F v (0)V(yr) @ £ Sppd” (U)V(m—)q’)
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Reduction to the ADHMN Construction

The lift reduces in the expected way to the ADHMN construction.

Reduction (cf. Mukhi/Papageorgakis, 0803.3218):

r .
<X4> = W&l = gymeé4 , x“(T) = 5M4R
P

T = g+ b (D00 X <1 f dret (o))

d
= =gt Iym (D(X", XY) — 2mi Rl 5

d
775(1 4 R’74Z (XZO‘D(ea, 64) L’L’O) . WIIA
d o 1 _pvrA[y Vv K A d i 1 _ijk 7 k

. 0
FLLUyVT = gwjm\x"{aé)ﬂ-q)s[)s +... = Fij = Eijk;iaxk RPgpg + ...
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Examples

Our examples reproduce the expected solutions.

Charge 1: Choose again trivial Nahm data. Introduce

Yy = %dTl'[N(T).LV}(T) ’ 74:2t = %\/(y;w + %Ewmy’“\)Q
The zero modes of the adjoint of the Dirac operators are:
P(r2 412 — 3

Qb e*?”2 B y13 + y24 + 1(2/23 o y14)
s,z ™ -

0

0

The solution then reads as ® = ﬁ and
i3 (o) (y* —y') + @ (o) (" + y*)
A(0) i (o) (¥ — ') = 23(0) (v + y*)
2r2 (r2 +(y12—y34)) Il(U)(yM o y23) + :iIQ(O')(yls + y24)
i2(0) (" — y*) — @' (o) (¥ + )

This is indeed a solution.
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Examples

Our examples reproduce the expected solutions.

Charge 2:
Nahm data: .
Xt =—E ¢, generate A
2s
Solution: )
O(z) = —

r?

As expected: twice the charge of the case k = 1.
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Remarks on the Construction

The construction is very natural and behaves as expected.

Can easily make the discussion non-abelian.

Nahm egn. and Basu-Harvey eqn. play analogous roles.

Qo
o
o Construction extends to general. Basu-Harvey eqn. (ABJM).
o One can construct many examples explicitly.

o

It reduces nicely to ADHMN via the M2-Higgs mechanism.
CS, 1007.3301, S Palmer & CS, 1105.3904
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Let's now come to the other problem:

Quantizing S3.
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Lightning Review: Berezin Quantization of the 2-Sphereass

The ingredients of the quantization of the 2-sphere need to be lifted.

Geometric quantization prescription: (e.g. fuzzy sphere)

Hilbert space /7
— global holomorphic

Special symplecticJ line bundle L withJ
sections of L

manifold (/. w) (h,V) over M

Quantization map: [f, ] = ih@ + O(h?)

Explicitly for the fuzzy sphere:
@ Symplectic form: w = kvol, k € N
o Line bundle: Ly = O(k)
o Hilbert space: .74 = H(CP!, L)

G, = span(zq, ...2a, ) = span(&gl...&gkm})
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What is Known: Quantizing the 3-Sphere

Prequantization of the 3-sphere is understood.

o Prequantization of S°
o 93 as 2-plectic manifold (closed, non-degenerate 3-form)
o w = kvol defines prequantum gerbes

o Quantization map: need analogue of Poisson algebra

o Use approach of Baez, Hoffnung, Rogers, 0808.0246
Hamiltonian one-forms: ¢x w = do
L = C(M) & Qb (M)
T =d, ma(a, B) = ix,tx, @, T3, B,7) = Lx,tx,lx, T
Example: Heisenberg Lie 2-algebra of R*:
& = geijpaida®, (&, &) = eipdat, m3(&i, &, &) = —€iji.
o 2-plectic manifold — symplectic loop space (Transgression).
o Compatibility: 7{c, 5}y = {Ta, TB} e
o Try to quantize loop space instead:

o Prequantum gerbe becomes prequantum line bundle L

o There is a natural Kihler structure on £53

o Hilbert space: global holomorphic sections of L

© © 0 o
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Groupoid Quantization of LR?

The loop space of R® carries a Kahler structure.

o Quantizing dual of Lie(G) — convolution algebra of G
o T*M of a Poisson manifold is a Lie algebroid
o Lift quantization to Lie algebroids/groupoids
Hawkins (math.SG/0612363)

o Use this to quantize LR

o 2-plectic form

w= ﬁijk,dxi Adzd Adxh = 9’15,,;jk,d.7:i Adad A daP
o Symplectic form on loop space from transgression:

w= jéde{da 0:512" ()0 (T — o) d2* (1) A §2 (o)

o Kernel of w: Vector fields generating reparameterizations

tx(Tw)=0 for X = 7{ dp '(p)

1)
521 (p)

o Poisson bracket on knot space of R*:

{f.9}:= %dT j{dp S(r—p) " |j?£§|)2 <5w§(7)f> (&L'f(f)) g>
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Groupoid Quantization of £LR?

The resulting quantization reproduces M-theory results.

o Going through the machinery, we end up with

(7
|z (7)[?

[Zi(7), 3 (0)] = §9F 5(1 — o)+ O0(6?)

o Satisfies compatibility with 2-plectic approach
o Agrees with Kawamoto, Sasakura and Bergshoeff et al. (2000)
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Details of Quantization of £S°

The definition of holomorphic sections is straightforward.

2-plectic form wgs = ﬁ sin? 9! sin #% dO* A dO? A d63.
Prequantum gerbe with Dixmier-Douady class kwgs.
Construct corresponding connective structure.

Cover loop space £S® by U, = £(S*{a}), a € S°.
Connection on L — LS?: transgress connective structure, e.g.

Ay :=TBy = _Ek dr (9”—% sin(ze”)) sin 02 (6°7 60°"—0°7 60°7)

© 06 06 0 o

o Complex structure:
o _ . 0" 6
sgir — ik ’97‘ 9" 5o

T3

o Antiholomorphic part of the connection:

0,1 iT 5 9kT il 5 0,1
Vi = 27{(1 o (59ir+ Sk 1] |6 \ v 59lr>+A+
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Details of Quantization of £S°

Constructing all holomorphic sections is difficult.

o Can show: hol. sections of . < hol. functions on LIR?.
o Constructing hol. functions non-trivial.

o = Method by Lempert, also Drinfeld/LeBrun using twistors
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Details of Quantization of £S°

Constructing all holomorphic sections is difficult.

Consider the space CP' x R? with coordinates

Ao, a=1,2, XT:=e%¥ g and AT .= NOT

1 2 a2 3
B\ _ (..Ba\ _ T +1x —x
ey =)= (75T L)

o %7 is of the form #@AT = \oT \BT L \oT M7 N e P!
o &= (z(1),\(7)): S' = CP! x R?, 7 € K7(CP! x R?).
o One can show that #* f is hol. if f hol. on K7(CP! x R?)

o Constructing holomorphic functions on K7 (CP! x R3):
o Take (1,0)-form a on Ogp1(1) @ O pi (1) D TP x RA.
o Then the following map is holomorphic for
y € Kr(CP! x R3):

y — fly) =(Ta)y, = % dr y(eva) .
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Details of Quantization of £S°

One can find explicit examples for holomorphic sections.

Example:
xla o xz{j
o Consider a = W
o This yields the function (&7 = \o7 A7)
lat Aa'r '2[3T)\ -+ 2[37'A -
o) = f ar T A A 2 T )
(/\17)

o Reduction to loops &7 = i27 = 0 # 37, Al = \2 = 0 = A\
flz) = (z' +i2?) j{ dr AT A% = (z' +i2%) VvV,

where V' is some constant volume factor.

o This is a rough reduction to section of O(1).

Remaining Problem: Construct all holomorphic functions on £IR?.
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Wishlist

A number of questions that would be nice to have an answer to...

o What is an intrinsic definition for the transgression of a
self-dual gerbe over R'?

o What are interesting representations of
{y"(0),7"(7)} = 20""6(0 — 7)?

o What is the Dirac operator on LR'® and/or L(T! x T°)?
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Conclusions

Summary and Outlook.

Summary:
v Loop space description of self-dual strings
v Generalized construction of loop space SDS solutions
v Beginnings of quantization of £S5
Future directions:
> Twistor spaces of loop spaces
> Full duality with loop spaces
> Quantization with higher Hilbert spaces
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