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Motivation

Find an algorithm for the construction of self-dual string solutions

o Effective description of M2-branes proposed in 2007.
@ This created lots of interest:
BLG-model: >467 citations, ABJM-model: >605 citations
@ Inspired by an idea by Basu-Harvey:
Propose a lift of the Nahm eqn. describing D1-D3-system:
Basu-Harvey eqn. describes M2-M5-brane system
@ Nahm transform:
go from Nahm egn. to Bogomolny monopole eqn.
switch perspective from D1-brane to D3-brane
@ Is there a lift for this Nahm transform?
go from BH eqn. to self-dual string eqgn.
switch perspective from M2-brane to M5-brane
@ Such a transform would open up interesting possibilities:
eff. description of M5-branes, new integrable structures, ...

(Alternative Approach: Gustavsson, 0802.3456)
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Outline

We will discuss the construction of monopoles and lift each ingredient to M-theory.

Basu-Harvey lift of the Nahm equation and 3-Lie algebras
Monopoles and self-dual strings

Principal U(1)-bundles, abelian gerbes and loop space
ADHMN construction and its lift

Examples of self-dual string solutions

e 6 6 o o o

Non-abelian tensor multiplet on loop space
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1-D3-Branes and the Nahm Equation

N D1-branes ending on D3-branes:

dm 0 1 2 3 ... 6 A Monopole appears.
D1 x X )
D3 x x X x X" € u(N): transverse fluctuations

Nahm equation: (s = z9)

iy eIRXI XM =0

ds ’

Note SO(3)-invariance.

Solution: X = r(s)G? with
r(s)=~, G'=c9FGIGR

Nahm, Diaconescu, Tsimpis
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D1-D3-Branes and the Nahm Equation

The D1-branes end on the D3-branes by forming a fuzzy funnel.

dim O
D1 x
D3 x

1

2

X

3

Solution: X? = r(s)G"
r(s) ==, G'=cU*[GI GF

The D1-branes form a fuzzy funnel:
G" form irrep of su(2):

coordinates on fuzzy sphere S%

D1-worldvolume polarizes: 2d — 4d
Myers
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Lifting D1-D3-Branes to M2-M5-Branes

The lift to M-theory is performed by a T-duality and an M-theory lift

B 0 1 2 3 4 5 6
D1 x X
D3 x x x X

T-dualize along x°:
A~ 0 1 2 3 4 5 6
D2 x X X
D4 x x x X X
Interpret 2 as M-theory direction:

M 0 1 2 3 4 5 6

M2 x X X
M x X X X X X
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The Basu-Harvey Lift of the Nahm Equation

M2-branes ending on M5-branes yield a Nahm equation with a cubic term.

M 0 1 2 3 4 5 6 A Self-Dual String appears.
M2 x X x ' .
M5 X x x X x % Substitute SO(3)-inv. Nahm eqn.

d . iy .
— X4 R X X =0
X te (X7, X¥]

-/_ by the SO(4)-invariant equation

d
o XH XY XA, X = 0
S

Solution: X* = r(s)G* with

_ W _PVPT[ W P YO
Basu, Harvey, hep-th/0412310 r(s) = Vs G'=e GY,G*,G7]
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The Basu-Harvey Lift of the Nahm Equation

M2-branes ending on M5-branes yield a Nahm equation with a cubic term.

M?2
M5

Solution: X* = r(s)GH

r(s) = \}g |G = emTIGY, 6P, G

The M2-branes form a fuzzy funnel:

G" form a rep of s0(4):
coordinates on fuzzy sphere S%.

M2-worldvolume polarizes: 3d — 6d

What is this triple bracket?

Christian Samann
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What is the algebra behind the triple bracket?

In analogy with Lie algebras, we can introduce 3-Lie algebras.

d
d*XM—i-[AS,XM]—F&‘“WU[XV,XP,XG]:O , X*te A
s
Trivial: A is a vector space, [+, -, ] trilinear+antisymmetric.

> Gauge transformations from inner derivations:
Triple bracket forms a map D : AN A — Der(A) =: g4 via

D(A,B) 1> C := [A,B,C)|

Demand a “3-Jacobi identity,” the fundamental identity:
D(A,B)r> (D(C,D) > E) := [A,B,|[C, D, EJ]]
=[[A,B,C],D,E|+ [C,[A,B,D|,E]+ [C,D, A, B, E]]
The inner derivations form indeed a Lie algebra:

[D(A,B), D(C,D)] > E := D(A, B) > (D(C, D) > E) — D(C, D) > (D(A, B) > E)
Bracket closes due to fundamental identity.
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Real and Hermitian 3-Algebras
There are two natural generalizations of 3-Lie algebras.

Real 3-Algebras

Almost same as 3-Lie algebras: triple bracket only antisymmetric in
first two slots. S. Cherkis, CS, 0807.0808

Hermitian 3-Algebras

Start from a complex vector space A. Bracket | -, -; - | satisfies
[A, B;C] = —[B, A;C), [a4, B;C] := oA, B;C], [A, B;aC] = a'[A, B; C]
[[C7D7E]7A7B} - [[CvAv B]7D7E] - [07 [D7AvBLE] + [C7D; [E,B,A]] =0

Aharony, Bergman, Jafferis, Maldacena, 0806.1218
Bagger, Lambert, 0807.0163

All our constructions generalize to these two types of 3-algebras.
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Monopoles and Self-Dual Strings

Lifting monopoles to M-theory yields self-dual strings.

BPS configuration!

Switch perspective: D1— D3:
Bogomolny monopole eqn.:

Fj=¢eijtVi® = V& =0
Single D3: Dirac monopole

1 1
@ = - = = —
T T(S) S

= matching profile!

Christian Samann

BPS configuration!

Switch perspective: M2— M5:
Self-dual string eqn.:

HMVP - Suypg-ao-(b = 82(1) =0

Only single M5 known:

d=— = r(s)=

S
NG

= matching profile!
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Dirac Monopoles and Principal U(1)-bundles

Dirac monopoles are described by principal U(1)-bundles over S2.
Manifold M with cover (U;);. Principal U(1)-bundle over M:

FeQ*(M,u(1)),
Ay € Q' (Ui, u(1)) with F = dA;
gi; € QUi N U;,U(1)) with Ay — Ay = dlog gy
Consider monopole in R3, but describe it on S? around monopole:
S? with patches U, ,U_, U, NU_~S': g, =e ™ necZ%
i

: 1 27
L= — le/ At — AT = — ndp =n
21 Jg2 21 Js1 2 Jy

Monopole charge: n
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Self-Dual Strings and Abelian Gerbes

Self-dual strings are described by abelian gerbes.

Manifold M with cover (U;);. Abelian (local) gerbe over M:

i)i

H e Q3(M,u(1)),

B() S 0? U ,u(l)) with H = dB()

A(”) S ot (U N U],u(l)) with B B(j) = dAij
(1))

hijk € Q0 (U; NU; N Ug,u(1)) with A(Z] A(ik) +A(jk) = dhyj,

Note: Local gerbe: principal U(1)-bundles on intersections U; N U;.

Consider S3, patches U, ,U_, U; NU_ ~ S%: bundle over S?
Reflected in: H?(S%,7Z) = H3(S®,7) = 7Z
i i
L o [ B B= =
21 Jgs " or * "

Charge of self-dual string: n
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Abelian Gerbes and Loop Space

By going to loop space, one can reduce differential forms by one degree.

Consider the following double fibration:

LM x St

v\
, LM

e
M
Identify TLM = LTM, then: x € LM = &(1)e TLM

Transgression

eTLM

L 4]
T QM) = QHEM) i = fdrol () g

(Tw)g(v1(7), ..., v5(7)) := jil drw(vi(7),...,vk(1),2(7))

<

An abelian local gerbe over M is a principal U(1)-bundle over LM.
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Transgressed Self-Dual Strings

By going to loop space, one can reduce differential forms by one degree.

Recall the self-dual string equation on R*:

0
H,LLI/I{ = 5uun)\wq)

Its transgressed form is an equation for a 2-form I on LR*:

FOGY) = dr 2™ (7) 5 (@) XHOY" (7)

or
)
Fluo)we) = (0 = p)eumrd”™ (1) 55 B(x)

Extend to non-abelian full loop space curvature:

Fluoyor) = Eumd"™ (@) Vo ®) )

F (2(0)V(ur) @ + 80(0) V()@ = 0™ (0) V (57) @) 1,

where V : de(sw ) (61#( ) + A( ))

Goal: Construct solutions to this equation.
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The ADHMN Construction
There is a map between and solutions to the Nahm equations.

Nahm transform: Instantons on T  instantons on (7%)*

Roughly here:
3rad. 0 3rad. oo : D3 WV
4. 4\ %,
T'{lrad.oo:DlWV and(T)'{lrad.O

Introduce (twisted) “Dirac operators™

Vo= 1% +00 @ (X" +2'1y), Vep =1L 40" @ (X +2'1y)

Properties:

Asz = Vs2Vsz >0, [Asz,0'] =0 & X' satisfy Nahm eqn.
Normalized zero modes: ?s,xw&%a =0,1= fI ds 1/7)5@1#3@ yield:

_ 0 -
A# = /Id8¢s7xwws7z and @ := —i/Ide)s,xSws,m

This is a solution to the Bogomolny monopole equations!
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Examples: Dirac monopoles

One can easily construct Dirac monopole solutions using the ADHMN construction.

Charge 1: Nahm eqn: 0,X% =0, so put X’ = 0. Zero mode:
R+ 23 [ 2! —iz?
_ —SR
Yr = xl—ix2< R— a3

Monopole solution:

. . 3 3
+__ 1 +_ ey Ty _afq_ %
v =g A= g (P17 ) (17 7))

Charge 2: Nahm eqn. nontrivial. Choose:
. 1 . 4 .
X'=—-T" with T"=—=-T"
s
Resulting solution:
i

ot =—— AT =...
R’
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Lift of the “Dirac operator”

There is a natural lift of the Dirac operator to M-theory.
Type |IB (twisted):

BB 0 1 2 3 4 5 6

d L .
e =—1—+0'(iX"+2'ly) D1 x X
ds D3 x x X X

Type IIA (twisted):
A0 1 2 3 4 5 6

d iy D2
T X _ gt X X X
ds 77( ) D4 x x X X X

M-theory (untwisted):

UA = —yplp—

M 0 1 2 3 4 5 6
M?2
M5 X X X X X X

X
X

d
M = g+ I D(XP, XY)

M-theory (twisted):

d
(r) = g+ R <D(X“, XY) —i 7{ dr :,;M(T)r”(r)>
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Lifted ADHMN Construction

The lifted ADHMN construction yields solutions to the loop space self-dual string eqns.

Recall: AlB .= yHIByIB [AIB 5] — 0 < X7 satisfy Nahm eqn.
Here: AM := YMyM [A 4#] = 0 < X* satisfy BH eqn.
Recall extended self-dual string equation on loop space:

= (Eurnrd" @)V 0 ®) (5
+ (x’“(a)v(’”)@ + x'V(U)V(HT)CI) - 5HV¢K(U)V(RT)CI))

+
Fluo) o)

[o7]

From normalized, A-valued zero modes 1, ,(,) of YM construct

AW)—/dswm ()wm, @——i/dsws,xsws,x

These fields solve the loop space self-dual string equation.
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Verification of the Construction

Verifying the construction is rather straightforward.

The proof is easy and follows that of the ADHMN construction:

ab [] ' “a b ' ' Ta c Te b
Fluoywr) = 2/1 ds 8oy Ve w0 S(ur)¥e,2) + 2/1 ds /1 At (VS 22 8oy V6, 2) (Pf 00 S(wr) ¥4, 0)

o Ta = b
2 [ s [ 4t (5101 550+ (Fo0Gin (5. 050 Sy ¥l )

2./1 ds /I dt (7])?’1, (’y“”iw(a)cm(s, t)"/lO\“k)\(T)) w?,x)

2e0k0 /I ds /I dt (J)?,z Gz (s, t)’y”pﬂ/5z‘>‘(o'):i‘p(f)w:$)

+ /I ds/Idt (&‘;1 Gal(s,t) (4#*@"(0)&(7) - 25“%“;&“(0)@*(7)) wi’l)

i€ nd™ (o) /I ds ((Vamy o) 598 ) + (9800 s (Vamy¥s,2)")
F 2id(0) [ a5 ((FmyBan)s 50l ) + (00 5 (Fomyna)”)
F 2idy (o) /Ids ((v(uﬂ')i;sv’”)a‘r 3111!;,) + ("Lgr’ S (V(ﬂr"')wsv'”)b)

+ 8,3 (o) /I ds ((VMT);ES,E)“, swg‘m) + (1/3“1 s (V(W)ws_,m)")

* . . " ab
(Ewmi (O)Var® Feu(0)V (yry® F v (0)V (ur)® £ 6pund” (U)V(m)q’)
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Reduction to the ADHMN Construction

The lift reduces in the expected way to the ADHMN construction.

On L£S3 C LRY: zhat = iHiHt = R2, zHit = 0.

Reduction (cf. Mukhi/Papageorgakis, 0803.3218):
r . )

= 2% = gYMes i'(r)=R=d'(r)=a'(1) =0

P

M — _75% + Iy <D(X“, XV)—i f dm“(f)i’”(T))
di + 57" (D(XH, XV) — 2miRx(6y)

d
= =Yg, + B (X Dleasea) —imp) +... = YI4 +

- =5

d

d . g )
diXu _ %E“VﬂU[XV,Xp,XU] X %E”kR[X],Xk] +
S !

ds

., 0 0
F,uz/ = 5;wp0'$p%q>SDS — Ej = Eijk’a qu>SDS +.
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Examples
Our examples reproduce the expected solutions.

Charge 1: Choose again trivial Nahm data. Introduce

yt = fdr 2 (nilr), 2= %\/(y"” £ 5Ewray™)?

The zero modes of the adjoint of the Dirac operators are:

13i (7%22_ v —23y34) 14
_ oy iy —
o e | VY O(y y)
0
The solution then reads as & = ﬁ and
#2(0)(y*> — y) + 2 (o) (y'? + ¢
Alo) = i (o) (y® -yt — 2% (0) (v + )
2r2 (r2 +(y12—53%)) il(a) (y14 _ y23) + 1;2(0.)(3/13 + y24)
#*(0)(y™* — y*°) — @' (o) (y"* + y*)

This is indeed a solution.
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Examples
Our examples reproduce the expected solutions.

Charge 2:
Nahm data: .
XH = £ e, generate A
V2s a
Solution:

O(x) = le

As expected: twice the charge of the case k = 1.
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Remarks

Our lift of the ADHMN construction is very natural and rather straightforward.

The lift of the Dirac operator was natural considering the
corresponding brane configurations.

It is natural to go to loop space to describe self-dual strings.
It can be trivially rendered nonabelian:

The construction nicely involves the Basu-Harvey equation.
It reduces naturally to the ADHMN construction.

The construction does produce transgressed self-dual strings.

It extends to real and hermitian 3-algebras (— ABJM model)
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The non-abelian tensor multiplet

A recently proposed 3-Lie algebra valued tensor-multiplet implies a transgression.

Recall the transgression map:

(Tw)z(v1(1), ... vp(7)) := /Sl drw(vi(7),...,vk(7),2(7))
Equations found by Lambert, Papageorgakis, 1007.2982:
vax!t - 1w r,re, 0 - (x7,cv (X7, 0, X)) =
v, — (X1 0¥, 1,110 =
Vi Hong + 3eumnpor (X1, VX!, CO + Lepaper [V, T7T, O]
FM,,—D(C)‘, 7% /\) =
V,.C" = D(CH,C")
D(C*,V,X") = D(C*,V,¥) = D(C*,V ,H,,,) =

Factorization of C? = C'i”. Here, 3-Lie algebra transgression:

(Tw)g(v1 (1), ... vp(T)) := /Sl dr D(w(vi(7),...,vk(7),2(7)),C)
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The non-abelian tensor multiplet on loop space

The corresponding equations can all be rewritten on loop space.

Transgression of matter fields (not in Huang, Huang, 1008.3834)
X!(x(r)) .= RD(C, X (x(7))), W(z(r)) :=T"%,D(C, ¥ (x(r)))
Equations of motion (SYM-like):
V2XT 4+ i Lav [0, T, 010 4 (X7, (X7, X)) =0,
LT, v, - TIXT ¥ =0,
VP (X v X 4l ([\i,r”xif] — 23730, T \11]) ~0,
Supersymmetry transformations (SYM-like):
oXT = LielarT, ¥
0A, = el \Lpitif ¥
o0 = 03, 0V, XTe + 11, Frve — AP [XT X 7)e
oC* =0
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Remarks
The loop space tensor multiplet fits well into the picture.

@ Get SYM theory on loop space from the tensor multiplet
@ BPS equation is essentially the self-dual string equation on
loop space:
Fhw = €uvpe Vo X6
. . . L 6
@ We used a reduced loop space derivative: J, := §dTW

@ Right direction, more work in progress to get rid of & etc.
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Conclusions
Summary and Outlook.

Summary:
v' Reformulation of self-dual string equation on loop space
v Generalized ADHMN construction for self-dual string
v Explicit constructions in many cases
v" Reformulate non-abelian tensor multiplet eqns. on loop space
v’ Partially generalized ADHMN construction
Future directions:
>> Find (2,0)-theory using loop space
> Study classical integrability in more detail (diff. dims., ...)
> Loop space quantization of S3, cf. Dirac operator

> Quantization of S3 via gerbes and 2-groupoids
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