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Gauge theory: Hugely influential in both physics and mathematics

Physics: Mathematics — Donaldson
o Electromagnetism o Principal fiber bundles
o General Relativity o Instantons, Ward, ADHM
o Standard Model o Moduli spaces
o Instantons/Monopoles o Seiberg-Witten invariants, ...
o string/D-brane dynamics o Geometric Langlands

But: We need generalizations of gauge theories in various forms:
o Gauge theories on noncommutative spaces
o Gauge theories on categorified spaces (generalized geometry)
o Gauge theories for strings and membranes

Goal: Encode gauge theory in a mathematically natural way
which allows for straightforward generalizations.
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In the beginning, there was ... -
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Electromagnetism

“I happen to have discovered a direct
relation between magnetism and light,
also electricity and light, and the field it
opens is so large and | think rich.”

Michael Faraday (1845)
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Maxwell's Equations - Original Version
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Continuity of charge

James C. Maxwell (1861)
(after Coulomb, Oersted, Gaul, Biot, Savart, Ampére, Faraday,

)
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Maxwell's Equations - Spatial Symmetries

“And it is a noteworthy fact that ignorant
men have long been in advance of the
learned about vectors. Ignorant people, like
Faraday, naturally think in vectors ... they
think of them as ... directed magnitudes.
No ignorant man could or would think about
the three components of a vector separately,
and disconnected from one another. That is
a device of learned mathematicians. ...
[This] is entirely wrong."

Oliver Heaviside (1884)
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Maxwell's Equations - Vector Analysis

Reformulation by Oliver Heaviside (1884):

V-D= 2 (1) Gauss' Law
V-B=0 (2) Gauss' Law for magnetism
V=FE=- @ (3) Faraday's Law
ot
VxH = @ +J (4) Ampére-Maxwell Law
or

o Based on 3d vector calculus

o Makes spatial symmetries manifest

o F ~ D: electric field, H ~ B: magnetic field
o p: charge distribution, J: electric currents

°

However: there's more symmetry!
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Maxwell's Equations - Lorentz symmetries

o Maxwell's equations describe light as electromagnetic wave.
o Therefore: compatible with special relativity.
o Symmetry group: Lorentz group O(1, 3), preserving metric
10 0 O
0 -1 0 0
—x7T _

0O 0 0 -1
on space-time R'?% = (R*, 7).

= There should be a 4d description of Maxwell's equation.
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Maxwell's Equations - Differential forms

o Reorganize F, B into a 2-form on R*:

0 -E, —E, —E.
. 0 B. -B,
, —B. 0 B,
. B, —-B, 0

F=1F,de" Nd2”, F,, =

& & &

o Reorganize p, J into a 1-form:

J = —pdt + Jdz + J,dy + J.dz

o Maxwell's equation, manifestly O(1, 3) symmetric:

dF =0, diF=J
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Maxwell's Equations - Kinematical data

o Split Maxwell's equations:

o dF = 0: kinematics

o dfF = J dynamics, equation of motion (drop in this talk)
o Kinematical data underlying Maxwell's equation:

o field strength F’

o Bianchi identity dF =0

o by Poincaré: 3 local gauge potential A with F'=dA
o gauge symmetry: A — A+ da

o Key ingredient in all this: differential forms!
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Towards the Standard Model

o General Relativity became important
o Weyl and Kaluza—Klein: geometrical unification with Maxwell
o 1954: Yang and Mills write down general gauge theory
Let G Lie group and g = Lie(G) its Lie algebra. Kinematical data:
gauge potential : A€ Q'(RY) @y,
field strength : F:=dA+ 1[4, 4] € *(RY) @ g,
Bianchi identitiy : dF + [A,F] =0,
gauge transformation: A — A+da+ [A4,q],
F—F+[F,a].
o Note: G = U(1) reproduces Maxwell.

o 1967: Salam and Weinberg complete standard model
Yang-Mills theory, gauge group U(1) x SU(2) x SU(3)
o Second key ingredient: Lie algebras
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Summary: Kinematical data of classical gauge theory

Ingredients:
o Gauge Lie algebra g
o Differential forms Q°(R¢)

Kinematical data:
gauge potential : A€ QY(RY) g,
field strength : F :=dA+ 1[4, 4] € @*(RY) @ g,
Bianchi identitiy : dF' + [A,F] =0,
gauge transformation: A — A+da+ [4,q],
F— F+[Fa].

Goal: Encode these in a mathematically natural way which allows
for straightforward generalizations.
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Homogenising the ingredients

“...No ... man would think about the three
components of a vector separately ... [This]
is entirely wrong."

Oliver Heaviside

But here:
o Gauge Lie algebra g
o Differential forms Q°®(R¢)

Can we homogenise things?
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Combining Differential Forms and Lie algebras in dgas

Thinking abstractly about gauge theories:
o Key ingredients: differential forms Q°(IR?) and Lie algebras g
o Recall: we do not compare apples to oranges...
° ... but we can compare fruits to fruits
o Mathematically: Common category for Q°*(R¢) and g?
o Yes:

Differential graded algebra (dga)
o graded algebra: A = ®;c7A;

o differential d of degree 1:
d? =0, d(ab) = (da)b + (—1)de(@q(db)

Christian Samann From Gauge Theory to Higher Gauge Theory



The differential graded algebras

Differential forms Q°®(RR%) Chevalley—Eilenberg algebra of g
o grading: degree of forms: o g[l], degree 1 coordinates £
PRY AR ® ... o induces grading on C*(g[1])
o algebra: wedge product o graded commutative product
o de Rham differential o vector field Q = 7% &5%

o (Q? = 0 < Jacobi identity
o () — differential on C*(g[1])
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Electromagnetism

“Mathematics is the art of giving the
same name to different things.”

Henri Poincaré (1908)

(reply to “Poetry is the art of giving
different names to the same thing.”)
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Inspiration from Category Theory: Everything is a morphism. J

Lst attempt: Consider morphism of dgas: CE(g[1]) — Q°*(R9):
0 a: &Y AY € QY(RY), gauge potential A7, € QYR ® g
0 Q8% = — 5[5 767 s dAY = — L f§ AP N AT
equivalently: dA + %[A,A] = 0: gauge potential is flat
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Inspiration from Category Theory: Everything is a morphism. J

2nd attempt: Consider morphism of gas: CE(g[1]) — Q°*(R%):
0 a: &% AY € QY(RY), gauge potential A%7, € Q' (RY) @ g
0 [*=(doa—aoQ)&” :dA”‘—i-%fg‘wflﬁ/\A7
@ curvature measures failure to preserve differential

o Regard I as obstruction
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Third Attempt

Extend Chevalley—Eilenberg algebra of g to Weil algebra:
W(g) := C=(T(1g[1]) = C*(g[1] @ g[2]) , o :g7[1] — g"[2]
Qe (gn)) = Qg + 0,

Qcro = —0QcEk

Natural morphism of differential graded algebras:

(A, F): W(g)

504

(06%) = Q€™ + 3 f5,6°¢
Q(0€”) = —f5,(0€*)€P

A

W(RY) = Q*(RY)

A()é
F* = (dA+ 3[A, A)~
(VF)* =0

We obtain gauge potential, curvature and Bianchi identity.
Gauge transformations follow straightforwardly from homotopies

(A, Fy) - W(g) — W(R?Y =Q°(R? x I)
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Following Henri Cartan (1949/1950)

Somebody explored all this before:

Henri Cartan (1949/1950)
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Complete picture

Let M manifold and Y — M be a cover.
Avcrt

22, (Y) CE(g) flat connections
Cartan—Ehresmann 1 connection form is flat
canonical form on fibres
AF .
Q(Y) S W(g)  connection and curvature
Cartan—Ehresmann 2 the characteristic form
descends to base space
(C,,j) . J . . .
Q*(X) inv(g) topological invariants

mod ~: Chern—Weil

Sati, Schreiber, Stasheff 2008
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Example: Riemannian Geometry

o Symmetries of Minkowski space: g = so(1,3) x R
o Weil algebra T'[1]g[1] has coordinates m®y, t*, om®,, ot®
o DGA-Morphism W(g) — Q°(R"3):

W) — W(RY™) = Q*(R")
m% — w% spin connection
v — 9¢ inverse vielbein
om?% +— R% =dw® +w%w’. Riemann tensor
ot —s T =d#* + w0° torsion tensor

as well as Bianchi identities and local Lorentz transformations

o This was rediscovered in SUGRA by D'Auria and Fré,
including higher curvature forms

o Rediscovered in other contexts: Kotov, Griitzmann, Strobl, ...
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General construction of a gauge theory:

o Choose

> CE(g) « W(g) Qe (Y) " CE(g)
o Q2. (Y)C QYY)+ Q*(X) T

o Diagram yields natural AF
o Gauge potentials Q) A W(g)
o Curvatures
o Bianchi identities JA
o Gauge transformations 0 (X) < (ci) inv(g)
o Topological invariants

“Algebra is the offer made by the devil to the mathematician...All

you need to do, is give me your soul: give up geometry.”
Michael Atiyah (2004)
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P. Uccello, Miracle of the Desecrated Host 6, (1469)

“In these days the angel of topology and the devil of abstract
algebra fight for the soul of each individual mathematical domain.”
Hermann Weyl (1939)
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Where to go from here?

1) Lie n-algebras or n-term L..-algebras as gauge algebras:
o Recall Chevalley—Eilenberg algebra CE(g):
Coordinates £ of degree 1, @ = —2 gﬁﬁafﬁ%

o Generalize: graded vector space g = @?:_1197;, Q=..

Example: Weil algebra on graded vector space g[1] & R[2] & R|2]
Q¢ = 35,67 + 06, Qog”) = —f5,£7(0¢)
Qb = kg™ (0€7) — J1ap 77 +ab ¢,
Q(ob) = o — rap(0€®)(o€?) ,
Qc=o0c, Qoc)=0,
Kinematical data for categorified monopoles:

Ac'(M)®g, BeP(M)oul), Cc(M)u(l)
F=dA+1[AA], H=dB+C—(AdA)-L(A[A4), G=dC,
VF=0, dH=G—(F,F), dG=0.

Basis for (2,0)-theory... CS & L Schmidt 2017
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Where to go from here?

2) Categorified spaces
o Recall: Q*(M) =W (M) =C>(T[1]M)
o Note: Courant algebroid 7'M & T* M as dga: T[1|T7*[1|M
o Q°(M) — Q*(M) = C®(T[1]T*[1]M)
o (Higher) Gauge theory and generalized geometry
CS, Ritter, Schmidt 1512.07554
3) Genearlized gravity & Double field theory

o Define generalized versions of gravity on Courant algebroids...
work in progress

4) Noncommutative spaces

o O°(M) — differential forms on noncommutative space
work in progress
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The missing part of the story...

o So far: local gauge potentials, infinitesimal symmetries
o Often: infinitesimal, local description “good enough”

o For many purposes, however: Need finite and global picture:

©

Topological Considerations

©

Large Gauge Transformations

©

Quantum Anomalies in Physics

o Instantons, Monopoles, etc.
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First step: Parallel Transport

Encode gauge theory in parallel transport functor
Mackaay, Picken, 2000
o Every manifold comes with path groupoid PM = (PM — M)

Y

—

Z )

o Gauge group gives rise to delooping groupoid BG = (G = %)
o parallel transport functor hol : PM — BG:

o assigns to each path a group element
o composition of paths: multiplication of group elements

o “Readily” generalizes to extended objects
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Subtlety: Higher parallel transport is problematic 20/35

Higher non-abelian parallel transport problematic, e.g. strings:

[}
Consistency of parallel transport requires:

(9192)(9192) = (9191)(9292)

This renders group G abelian. Eckmann and Hilton, 1962
Physicists 80'ies and 90'ies
Way out: 2-categories, Higher Gauge Theory.

Two operations o and ® satisfying Interchange Law:

(91 ®93) 0 (g1 ®g2) = (g1 091) @ (gg 0 92) -
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Categorical Description of Principal Bundles 30/35

Cech groupoid of surjective submersion Y — M, e.g. Y = LI, U,:
Cg<U) : |_| Uab = |_| U, ) Uab © ch = Uge -
a,b a

Principal G-bundle
Transition functions are nothing but a functor g : € (U) — (G = )

LU —>gab G

u H Gab9bc = Yac

U, ———%

Equivalence relations: natural isomorphisms.

o This definition extends to categorified groups/spaces.
o Essentially all definitions of principal bundles categorify.

o — gerbes, non-abelian principal 2-bundles and higher versions

Christian Samann From Gauge Theory to Higher Gauge Theory



Monopoles 31/35

Monopoles
o Abelian: Principal U(1)-bundle over S?
o Hopf: Fibration and Dirac: Monopole both 1931
o Non-Abelian: extendable to R?, F' = «V¢

__f_ i
- T T, T
U(1)&——SU(2) = S3 SU(2)—— S2 x SU(2)
5 e Jo
s2--7 T
abelian, Dirac, charge 1 non-Abelian, 't Hooft-Polyakov

Principal U(1)-bundle — structure group of non-abelian case.
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Higher Monopoles 235

Higher monopole (“self-dual strings”)
o Abelian: U(1)-gerbe over S
o Non-Abelian: HGT H = *«dB + c¢s(A), F' = «F

— — ~ ~

~
P (S5 = 5%) x %

l’r Wl lpr

($% = 5% GEYD
abelian, charge 1 non-Abelian

Abelian gerbe — structure 2-group of non-abelian case.
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An Application: N/ = (2,0) Theory from Twistors /3

Given a higher gauge group, one can readily construct a corresponding (2,0)-theory.

Theorem [Ward, 1977]

4 1
C*xCP Holomorphic princ. bundles* over CP3
in 1:1 correspondence (mod gauge) with
(8725 C*  Solutions to the 4d instanton equations

Idea: Put 2-bundles over twistor space for self-dual 3-forms in 6d

Theorem [CS & Wolf, 2012]

6|16 3
CO1% x ©P Holomorphic princ. 2-bundles* over Q%4
in 1:1 correspondence (mod gauge) with
Q4 6116 Solutions to N' = (2,0) SCFT equations

= Reduced search for (2,0)-theory to search for gauge structure.
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Conclusions ..

Summary:

o Kinematical data of Gauge theory formulate very abstractly
o Local data in terms of dga-morphisms
o Global data from functors

o This allows for many useful extensions
o Higher gauge theories
o Higher Monopoles
o (2,0)-theory
o Higher Twistor Constructions
o Gauge theories on categorified spaces

o Generalized versions of gravity

o Gauge theories on noncommutative spaces
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Announcement

LMS/EPSRC Durham Symposium

Higher Structures in M-Theory

12.-18. August 2018

Topics covered:
o Higher Differential Geometry and Higher Lie Theory
o Higher Gauge Theory
o Higher Structures in M- and F-Theory

o Double and Exceptional Field Theory and Duality Symmetric
String and M-Theory

Higher (Pre)Quantisation

©

More: Contact Martin or google “Durham symposium” for details
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