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1. Motivation

Double Field Theory (DFT):

• target space formulations useful (SUSY gauge theories, supergravity)

• T-duality very interesting

• ⇒ combine both

• useful X (get supergravity actions that were not derivable from string theory.)

• sensible? strange truncation of string theory modes? seems to work ...

Idea:

• Construct a big space that carries representation of T-duality group O(D,D,Z)

• Have a procedure for choosing a T-duality frame

• Should reproduce generalized geometry, massless string modes g, B, φ.

Our research:

• Understand DFT properly

• Underlying local geometry (first step towards global formulation and Rieman-

nian geometry)

• correct section conditions ∂µα∂µβ = 0 for tensors α, β

• correct symmetries

• global symmetries (second step towards global formulation)
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2. Generalized geometry

Describe massless string modes g, B, φ

• B belongs to connective struct. of a gerbe (Gawedzki 1987, Freed Witten 1999)

• Recall: principal U(1)-bundle:

U(1)→ P →M

Also: with Y := ∪iUi, Y [2] := ∪i,jUi ∩ Uj, ...

g12 : P1

∼=→ P2

P1,2

��

P

��
Y [2] //// Y

π
��
M

Altogether: gij ∈ C∞(Ui ∩ Uj,U(1)), Ai ∈ Ω1(Ui, u(1)) with

gijgjk = gik , Ai = g−1
ij (Aj + d)gij .

• Gerbe works similarly:

U(1)

����

P

����

Y [2]

����

M

����
∗ Y Y M

// //
∼= //

Also: with Y := ∪iUi, Y [2] := ∪i,jUi ∩ Uj, Y [3] := ∪i,j,kUi ∩ Uj ∩ Uk

h123 : P12 ⊗ P23

∼=→ P13

P12,13,23

��

P

��
Y [3] ////

// Y [2] //// Y

π
��
M

Altogether: hijk ∈ C∞(Ui ∩ Uj ∩ Uk,U(1)), Aij ∈ Ω1(Ui ∩ Uj, u(1)), Bi ∈
Ω1(Ui, u(1)) with

hijkhik` = hij`hjk` , Aij − Aik + Ajk = d log(hijk) , Bi −Bj = dAij .
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Symmetries

• form Lie 2-algebra (diffeos X ∈ X(M) and gauge symmetries Λ ∈ Ω1(M),

f ∈ Ω0(M)):

•

X+Λ

��

X+Λ+df

??f

��

•

Fully fixed by preserving O(D,D,R)-structure on X(M)⊕ Ω1(M):

(X + α, Y + β) = ιXα + ιY β

• Description in terms of derived brackets on higher algebroids:

V2 = T ∗[2]T [1]M , coordinates(xµ, ξµ, ζµ, pµ)

Functions of degree 1: sections of TM ⊕ T ∗M , of degree 0: functions C∞(M)

Homological vector field: Q, symplectic form ω:

Q = ξµ
∂

∂xµ
+ pµ

∂

∂ζµ
, ω = dxµ ∧ dpµ + dξµ ∧ dζµ

Lie 2-algebra: C∞(M)→ Γ(TM ⊕ T ∗M)

µ1(f) = Qf ,

µ2(f,X) = −1
2
{QX, f} , µ2(X, Y ) = 1

2
({QX, Y } − {QY,X})

µ3(X, Y, Z) = − 1
12

({{QX, Y }, Z} ± permuations) .

µ2 is called Courant bracket, also: action on tensor fields

• Note: Any L∞-algebroid comes with derived bracket L∞-algebra

(Roytenberg, Fiorenza, Getzler)

3. Double Field Theory

• Observation: ordinary manifolds not good enough ⇒ categorified spaces

• double space, i.e. replace M by T ∗M

• Algebroid: V2(T ∗M) = T ∗[2]T [1](T ∗M)

coordinates: (xM , pM , ξ
M , ζM) = (xµ, xµ, . . . , ζµ, ζ

µ)

symplectic form and Q as before

• Have: O(D,D,R)-structure ηMN = ηMN =

(
0 1

1 0

)
.
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• New coordinate: θM = 1√
2
(ξM + ηMNζN) and βM = 1√

2
(ξM − ηMNζN)

• Restrict to βM = 0:

ω = dxM ∧ dpM + 1
2
ηMNdθM ∧ dθN , Q = θM

∂

∂xM
+ pMη

MN ∂

∂θN

• Q2 = pMη
MN ∂

∂xN
6= 0 → pre-NQ-manifold

• Derived brackets do not automatically form Lie 2-algebra, need restriction:

{Q2f, g}+ {Q2g, f} = 2

(
∂

∂xM
f

)
ηMN

(
∂

∂xN
g

)
= 0 ,

{Q2X, f}+ {Q2f,X} = 2

(
∂

∂xM
X

)
ηMN

(
∂

∂xN
f

)
= 0 ,

{{Q2X, Y }, Z}[X,Y,Z] = 2θL
(
(∂MXL)(∂MY

K)ZK
)

[X,Y,Z]
= 0 .

µ2 then reproduces C-bracket

Weakening of strong section constraint ∂µα∂µβ = 0

xµ = pµ = 0 leads to generalized geometry with Q2 = 0.

• Define action of L∞-algebra on extended tensors:

D-bracket, generalized Lie derivative

• Everything coordinate invariant, well defined, interpretation transparent

Advantages, e.g. global picture:

• Action of Lie 2-algebra on extended Tensors: ordinary Lie algebra

• Hohm-Zwiebach (2011): integrated this Lie algebra

• Berman, Cederwall, Perry (2014): Use this to glue together local patches

• Papadopoulos (2014): Only works if H = dB globally.

• From our perspective: clear.

• Generalized geometry:

Generalized tangent vectors global: Bi −Bj = dAij, B̃i − B̃j = dAij
implies: X + Λi = X + Λj − dAij.

Also: twist Q to

QT = ξµ
∂

∂xµ
+ pµ

∂

∂ζµ
+

1

3!
Hνµ1µ2ξ

µ1ξµ2
∂

∂ζν
.

• Same needs to happen in Double Field Theory

• Preliminary study of twists etc.
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