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Why Higher Gauge Theory?

(2,0) theory should capture parallel transport of self-dual strings.

D-branes
- o D-branes interact via strings.
o Effective description: theory of endpoints

o Parallel transport of these: Gauge theory

Mb5-branes

o Mb-branes interact via M2-branes.

o Eff. description: theory of self-dual strings
o Parallel transport: Higher gauge theory

o (2,0) theory a higher gauge theory?
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Outline

Things do look very promising.

©

Self-dual strings on a single M5-brane: Abelian gerbes
o How to avoid them via loop spaces
o Application: ADHMN-like construction of self-dual strings

Bite the bullet: Categorification

Higher gauge theory with L ..-algebras
Examples in 6d and 4d

Principal 2-bundles

Application: (2,0) theories from twistor spaces
Context: (1,0) theories from tensor hierarchies

Context: ABJM model as higher gauge theory
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Explicit solutions: Higher monopoles and instantons
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Monopoles and Self-Dual Strings

Lifting monopoles to M-theory yields self-dual strings.

BPS configuration
BPS configuration

Perspective of D1: Perspective of M2:
Nahm eqn. Basu-Harvey eqn.
L X0+ e[ XTI, XM =0 J s X1 perro[ XV XP, XO] = oJ
1 Nahm transform | 1 generalized Nahm transform |
Perspective of D3: Perspective of Mb:
Bogomolny monopole eqgn. Self-dual string eqn.
Fij = [Vi, V] = €ij Vi ® J Hyvp = 01,Bup) = €uwpo 0o P J
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3-Lie Algebras

In analogy with Lie algebras, we can introduce 3-Lie algebras.

d
BH:  — X¥ 4 [Ay, X¥] + 7 [X", XP X7 =0, X'eA
S

3-Lie algebra (do not confuse with Lie 3-algebras)
Obviously: A is a vector space, [+, -, -] trilinear+antisymmetric.

Satisfies a ““3-Jacobi identity,” the fundamental identity:
[Aa B, [Ca D>EH - HA7B-, CL D,E] + [Cv [A, B>DLE} + [Ca D, [AvBa EH
Filippov (1985)

Gauge transformations from Lie algebra of inner derivations:
D:ANA— Der(A) =194 D(A,B)>C:=[AB,C]|

Algebra of inner derivations closes due to fundamental identity.
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Generalizing the ADHMN construction to M-branes

That is, find solutions to H = xd®
from solutions to the Basu-Harvey equation.

An Mb5-brane seems to require ...
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not an Albanian Gerbil, but an Abelian Gerbe
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Dirac Monopoles and Principal U(1)-bundles

Dirac monopoles are described by principal U(1)-bundles over S2.

Manifold M with cover (U;);. Principal U(1)-bundle over M:

F € Q*(M,u(1)) with dF =0
Ay € QYU u(1)) with F = dA,
gij € QUi N U;,U(1)) with Ay — Ay = dlog gy
Consider monopole in IR?, but describe it on S? around monopole:
S? with patches U, U_, U, NU_ ~S': g, =e % Lec7Z
i

: 1 2T
o= — | F=_1 A+—A—/ dok =k
21 Jg2 21 Jq1 27 Jo

Monopole charge: k
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Self-Dual Strings and Abelian Gerbes

Self-dual strings are described by abelian gerbes.

Manifold M with cover (U;);. Abelian (local) gerbe over M:
H e Q3(M,u(1)) with dH =0
By € Q*(U;,u(1)) with H = dB;
Aij) € QYU NU;,u(1)) with By — Byjy = dA;;
hije € Q°(Us N U; N U, u(1)) with A(U — Ay + Ajwy = dhaje

Note: Local gerbe: principal U(1)-bundles on intersections U; N U;.
Consider S3, patches U, U_, U, NU_ ~ S?: bundle over 5?
Reflected in: H?(S%,7Z) = H3(S®, %) = Z
i i
— — B —B_=...=k
21 Jgs T or -
Charge of self-dual string: &

Describe p-gerbes + connective structure — Deligne cohomology.
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Gerbes are somewhat unfamiliar, difficult to work with.
(at least for physicists)

Can we somehow avoid using gerbes?
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Abelian Gerbes and Loop Space

By going to loop space, one can reduce differential forms by one degree.

Consider the following double fibration:
LM x S
61/ \\pr
M LM
Identify TLM = LT M, then: © € LM = i(1)e TLM

Transgression

eTLM

Vs
TR M), = bl

(Tw)z(v1(7T), ..., 06(7)) := ]{91 drw(z(7))(vi(7), ..., vk(T),2(7))

Nice properties: reparameterization invariant, chain map, ...

An abelian local gerbe over M is a principal U(1)-bundle over EM.J




Transgressed Self-Dual Strings

By going to loop space, one can reduce differential forms by one degree.
Recall the self-dual string equation on R*: Hye = 5“,,,0\({)%@
Its transgressed form is an equation for a 2-form I on LR*:
- 0
F(ua)(l/p) - 5(0 - p)‘g;w/-c)\x (T) m(b(y)
Yy y=x(7)
Extend to full non-abelian loop space curvature:
+ .
Fuoyr) = Emmrd™(@)V 60 ®)
+ (i?u(U)V(m_)Cb + :i?V((I)V(W_)(I) — 5W,;k”’((7)V(m_)CI>)

[o7]

} 0
where V(“U) = de (5£El (T) A <(5$”‘(7’) + A(,uT))

Goal: Construct solutions to this equation.
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The ADHMN Construction

The ADHMN construction nicely translates to self-dual strings on loop space.

Nahm transform: Instantons on 7 + instantons on (74)*

Roughly here:

3rad. 0 3rad. co : D3 WV
4. 4\ * .
T'{lrad.oo . D1 WV and(T)'{lrad.O

Dirac operators: X’ solve Nahm eqn., X* solve Basu-Harvey eqn.

1B : W—— d g to (X + 2'1y,)
M: V= Y5 6 d st 27’” (D(X“,X”) - i%de#(T).fu(T)>
normalized zero modes: Y =0 and 1 :/ds¢w
z

Solution to Bogomolny/self-dual string equations:

A;:/Idwdw and @ := —i/Idswsw

Christian Samann M-Theory and Higher Gauge Theory



Remarks on the Construction

The construction is very natural and behaves as expected.

Can easily make the discussion non-abelian.

Nahm egn. and Basu-Harvey eqn. play analogous roles.

Qo
o
o Construction extends to general. Basu-Harvey eqn. (ABJM).
o One can construct many examples explicitly.

o

It reduces nicely to ADHMN via the M2-Higgs mechanism.
CS, 1007.3301, S Palmer & CS, 1105.3904
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Let's bite the bullet:

Nonabelian Gerbes and Higher Gauge Theory
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Higher Gauge Theory

Higher gauge theory describes parallel transport of extended objects.

Parallel transport of particles in representation of gauge group G:

o holonomy functor hol : path p — hol(p) € G

o hol(p) = Pexp(fp A), P: path ordering, trivial for U(1).
Parallel transport of strings with gauge group U(1):

@ map hol : surface s +— hol(s) € U(1)

o hol(s) = exp( [, B), B: connective structure on gerbe.
Nonabelian case:

@ much more involved!

@ no straightforward definition of surface ordering

o solution: Categorification!
see Baez, Huerta, 1003.4485
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We will need to use some very simple notions of
category theory, an esoteric subject noted for its
difficulty and irrelevance.

G. Moore and N. Seiberg, 1989

What does categorification mean?
One of Jeff Harvey's questions to identify
the “generation PhD>1999" at Strings 2013.
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Parallel Transport Along Surfaces

Categorification eliminates the need for surface ordering.

Consider self-dual strings:

o endpoints: objects T~
[ J

string: morphisms of a category.

SDS
. Parallel transport along surface: . /U\ .
morphism between morphisms ~_ 7
SDS’

o This yields a 2-category: objects, 1-morphisms, 2-morphisms

o Nomenclature: 2-category = strict bicategory
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Internal Categorification of Lie Algebras

A weak Lie 2-algebra is the internal categorification of a Lie algebra.

o Most mathematical notions: Stuff endowed with Structure

o E.g.: Lie algebra: Vector space V' with Lie bracket [-,-]:
[v,w] = —[w,v] and [u,[v,w]] + [v, [w,u]] + [w,[u,v]] =0

o Internal categorification: (as opposed to: numbers — sets)

“stuff” — (small) category, objects and morphisms of “stuff”
“structure” — functors

structure relations hold “up to isomorphisms"”

functors satisfy coherence axioms

© © 0 o

o Weak Lie 2-algebra is a category L: Roytenberg, 2007

o objects and morphisms form vector spaces
o endowed with functor [-,] : L x L — L
Alt : [v,w] = —[w, v]

o natural trafos: | [w, [v, w]]+ [v, [w,u]] = —[w, [u, V]
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Semistrict Lie 2-Algebras: 2-Term L..-Algebras

A semistrict Lie 2-algebra is equivalent to a 2-term strong-homotopy Lie algebra.
Further Restrictions of Weak Lie 2-algebras:

e Alt = id: semistrict e Jac = id; hemistrict
e Alt = Jac = id: strict

Semistrict Lie n-algebras <+ n-term strong homotopy Lie algebras:

©

Graded vector space L = @y,<oLy,
1 i 2 p
o Complex L_,, — ... — L1 — Ly — 0
o Antisymmetric “products” ji,, : L®" — L of degree 2 —n
o Higher/Homotopy Jacobi identities:
Z Z i/lj"rl (#I(‘Tﬂ(l)* T 7‘TU(’I',))*, In(i+l)ﬂ e 7x0(l+J)) =0

i+j=n o

©

In particular:
=0, p(pa(fy,la)) = £pa(p (1), €2) + po(pa(£a), ba)
Hpo(p2(wi, w2), w3) £ po(p2(ws, wi), wa) £ pa(pa(we, ws), wr) = w (p3(wi, we, ws))

o Known from: BV-quant., string FT, deformation quant., ...
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Higher Gauge Theory with L..-Algebras

Homotopy Maurer-Cartan equations determine higher gauge theory

Homotopy Maurer-Cartan equations

Equations appear in BV—quantization and SFT.
Here: define curvatures. I/ = dA + 3[A, A] = 0 generalizes to
2 (_1)ili+1)/2

11(9) + Sp2(d,0) +... = > -

=1

Gauge transformations 0 A = da + A, o] generalize to
X (—1)it-D/2 1>/z
6¢ = p1(A) + pa(9 Z Aoy, 0)

i=1

o Note: L..-algebra L — L = Q°*(M) ® L, degrees add.
o HMC equations for semistrict Lie 2-algebra: )
0o ¢p=A+B € L = Q' (M)®Ly ® Q®(M)®L_,

F=dA+ fps(A,A) — (B) =0
H =dB+ p2(A, B) + gu3(A, A, A) =0

o EOMs:



Higher Gauge Theories

The most interesting higher gauge theories for us live in 6 and 4 dimensions.

o “Fake curvature”: F =dA + %/I/Q(A,A) — 1 (B)=0
Vanishing makes parallel transport reparam. invariant.
Rumour: F = 0 = theory abelian. This is false!

o 3-form curvature: H = dB + pip(A, B) + 31u3(A, A, A) = 0
This describes a flat bundle, we can generalize this.

Gauge part of (2,0) theory
If (2,0) theory on IR' is a higher gauge theory, then gauge part is:

H=xH, F=0.

Non-Abelian Self-Dual Strings
BPS equation for (2,0) theory on R* (~ monopoles in 4d SYM)
H=*(d® + (A, @), F=0.

Later: solutions, categorified SU(2)-Instanton/-monopole
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Differential Lie Crossed Modules

Differential Lie crossed modules are strict Lie 2-algebras.
Restricting to Alt = Jac = id in a weak Lie 2-algebra yields:
Differential Lie crossed modules / Lie crossed modules

Pair of Lie algebras (g, b), written as (h — g) with:
o left automorphism action >: g x h — b
o group homomorphism t: h — g
t(g> h) =[g,t(h)] and t(hi) > he = [h1, ho]

o Finite version: Lie crossed module (H — G)

Simplest examples:

o Lie group G, Lie crossed module: (1 — G).

o Abelian Lie group G, Lie crossed module: BG = (G —= 1).
More involved:

o Automorphism 2-group of Lie group G: (G N Aut(G))



Principal 2-Bundles with Connective Structures

Higher gauge theory is the dynamical theory of principal 2-bundles.

Consider a manifold M with cover (U,)

Object  Principal G-bundle Principal (H N G)-bundle
Cochains  (g,p) valued in G (gap) valued in G, (hgp.) valued in H
COCyde Gab9be = Gac t(h’u,bc)ga,bgbr: = Gac
hacdhabc - habd(gab > hbcd)
Coboundary  gugly, = Jabds Jady, = t(hab)gabgs
hachape = (ga > h;bc)hab(gab > h’bc)
gauge pot. A, € QN (U,) @ g A, € QN U,) ® g, B, € Q*(U,) ® b
Curvature I, =dA, + A, NA, Fo=dA, + A, NA, — t(Ba,)é 0

H, =dB, + A, > B,

Gauge trafos A, := g, Aaga + g, 'dga A =g, Aaga + 95 'dga + t(Ad)
B, ;:g(jl > B, +A, > Ay, +dA, — AL AN A,

Remarks:
o A principal (1 —*% G)-bundle is a principal G-bundle.
o A principal (U(1) — 1) = BU(1)-bundle is an abelian gerbe.
o Gauge part of (2,0) theory even clear for non-trivial M.
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Application:

Constructing Superconformal (2,0) Theories using Twistor Spaces
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Twistor Description of Higher Yang-Mills Fields 26/40

Using twistor spaces, one can map holomorphic data to solutions to field equations.

Recall the principle of the Penrose-Ward transform:

o Interested in field equations that are equivalent to
integrability of connections along subspaces of spacetime M

o Establish a double fibration
F
P M
P: twistor space, moduli space of subspaces in M

I": correspondence space

o H"(P,S) (e.g. vector bundles) &L sols. to field equations.

o Explicitly appearing: gauge transformations, moduli,
symmetries of the equations, etc.

1:1 . i . H "
o BTW: here, +— is actually a “holomorphic transgression”.
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Known Examples of Twistor Descriptions 27/40

For Yang-Mills theories and its BPS subsectors, there is a wealth of twistor descriptions:

C* x CP! C3 x CP! C*12 x ¢P! x CP!
CP3 Ct  TCPp! o3 psl6 42
Instantons Monopoles Super Yang-Mills
hol. vector bundle  hol. vector bundle  hol. vector bundle
s x Cp3
Pﬁ @6
abelian H = xH
hol. gerbe

Hughston, Murray, Eastwood, CS & M.Wolf, Mason et al.

Note: last twistor space reduces nicely to the above ones.
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New Results

New: Penrose-Ward transform for self-dual tensor multiplet.

®6|16 X @P?)

pol4 6116
non-abelian self-dual tensor multiplet

hol. principal 2-bundle
hol. principal 3-bundle

CS & M Wolf, 1205.3108, 1305.4870
Note:

o PO s a straightforward SUSY generalization of P°
o EOMs, abelian: H =+H, F =0, Vi =0, Op =0
o N =(2,0) SC non-abelian tensor multiplet EOMs!

o EOMs on superspace, remain to be boiled down (expected).
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New Results

New: Penrose-Ward transform for self-dual strings.

New twistor space parameterizing hyperplanes in C*:

self-dual strings
hol. principal 2-bundle
hol. principal 3-bundle
CS & M Wolf, 1111.2539, 1205.3108, 1305.4870
Note:
o The hyperplane twistor space P? is the total space of

the line bundle O(1,1) — CP! x CPL.
The spheres C P! x CP' parameterize an a- and a -plane.
The span of both is a hyperplane.
Nonabelian self-dual string equations: H = «d,®, F = 0.
Reduces nicely to the monopole twistor space: O(2) — CP*,

Christian Samann M-Theory and Higher Gauge Theory
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New Results

Principal 3-bundles.

Penrose-Ward transforms with principal 3-bundles:
CS, M. Wolf, 1305.4870

o Gauge structure: Lie 2-crossed modules
(L-SHS6, 5, {4
o 3-bundles are Non-Abelian 2-Gerbes.

o Holomorphically trivial bundle over twistor space:

gab = tlhy)gagy "
= Tgd hap(gab > hue)t(Cy)
babed = (Mg > Laca) { Py Gac > g} %
% ((gabgoe > h{dl) > Labe) (Gab > k&b)((gab > hbiil) > f;bld) :

>
)
S
S

\

o 3 Splittings, Calculations much, much more involved

o Many new results (Deligne cohomology up to degree 3, ...)
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Context:

(1,0) models from tensor hierarchies and higher gauge theory
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(1,0) Models From Tensor Hierarchies

(1,0) superconformal models have been constructed by hand.

o 6d (1,0) models from tensor hierarchies (A, B, C, ...):
(1,0) tensor + vector multiplets Samtleben et al., 1108.4060
o Gauge structure: (to close SUSY algebra)
o Chain complex g* —%+ § BLIN g
o Maps: f:gAhg—g, digGg—bh, b:h®g— g st

h(g(n)) = 0,
f(h(x),7) —h(d(h(x),7)) = 0,
f(vns f(v2,73))) — $h(d(F(va,72), 7)) = 0,

o Additional action of g on g, ), g*.
o Field content: A g, Bebh, C € g*, ... Curvatures:
F:=dA— If(A,A) + h(B)
H:=dB +2d(A,h(B)) —g(b(B,A)) +d(A,0A — %f(A7 A)) +g(0)

@ This looks like higher gauge theory.



(1,0) Models as Higher Gauge Theories 33/40

The (1,0) superconformal models arising from tensor hierarchies are higher gauge theories.

o Gauge structure:
o Chain complex g* i>I)L>g
o Maps: f:gAhg—g, d:igGg—b, b:h®g— g st

—+
—~
>
—~
=
=2
I
>
—~
Q.
—
>
—~
=
~—
=2
~
~
|
ja)

o Additional action of g on g, , g*.
(1,0) gauge structures are differential graded Leibniz algebras
There is an L.-structure contained in there.
d-map: add. structure available e.g. in Courant algebroids
With g = 0: Courant-Dorfman algebra
With g # 0: Weak Courant-Dorfman algebra
Contains not all differential crossed modules
Equations match our previous ones in special cases.
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Context:

The ABJM Model as a Higher Gauge Theory
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The ABJM Model as a Higher Gauge Theory

The ABJM model can be completed to a higher gauge theory.

o Most dualities in string theory between Yang-Mills theories.

¢ Aoy 121 e Simers s o

o These can be put on equal footing. S Palmer&CS, 1311.1997
Step 1: The ABJM gauge structures / hermitian 3-Lie algebras

o form differential crossed modules. S Palmer&CS, 1203.5757

o but: t =0, thus F' =t(B) = 0.

o Recall: Lie algebra g — inner derivation dem g = g

o dem b AN g — inner derivation d2-cm b AN gxh AN g

Explicitly:
(0 G ) = (7 o57) = (0 )
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The ABJM Model as a Higher Gauge Theory

The ABJM model can be completed to a higher gauge theory.

Step 2: Implement the fake curvature conditions
o Here, we are working with a differential 2-crossed module.
o Gauge potentials: A, B, C. Curvatures: F', H, G.
o Conditions F = F —t(B) =0, H=H —t(C) =0

o Action:

SaBIM = / tr (ﬁn AN (dA+ L[4, A])
R1,2
— VZ ARV ZA — sigph A WA) YV

SuaT = SABIM +/ tr ()\{ A (F —t(B))

R1.2
+ M= —t(0) + Agt(/\2)>

o This yields ABJM eoms + fake curvature constraints

o Interpretation remains to be worked out.
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Application:

Higher Monopole and Instanton Solutions
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Review: The BPST Instanton

The BPST instanton can be conveniently written using quaternions.
Recall the quaternionic form of the elementary instanton on S*:

Conformal geometry of S4

Describe S* by H U {oo}. Coordinates: = = ! + iz? + ja3 + ka*.
Conformal transformations:

i (ax+b)(cx+d)~', abc,decH

SU(2)-Instanton:

zdx dz A dx
A=im|(——-) = F=im|——u
o (1 n |> " ((1 + x|2>2>

SU(2)-Anti-Instanton:
xdx dx A dz
A=im|—— F=im|—F—
w(e) = o ()

Belavin et al. 1975, Atiyah 1979



Compactification And Conformal Structure

The conformal structure suggests to regard z as Clifford algebra element.

Issue: H = + « H is sensible only on Minkowski space R!'°.

Recall:
o conformally compactify R*, R"? yields 54, M€= St x §3,
o Both S* and M€ real slices of (9.4, a quadric in CP°.

General pattern:

Conf. compact. of R*" % — C™: real slice of quadric in CP"*!
This illuminates also the conformal transformations:

z = xty, = (ax + b)(cz + d)™*

For certain elements a,d € Cloyen(C"), b, ¢ € Clogqa(C™).

Solution: Quaternions have to be regarded as blocks of C/(C*#)
Work with blocks of the Clifford algebra C/(CY).
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Elementary Solution: The Higher Instanton

The quaternionic form of the BPST instanton solution translates perfectly.

Solution to the higher instanton equations H = xH, ' = t(B):
o Same inner derivation 2-crossed module as for ABJM
o Recall BPST instanton:

zdx dz Adz
A=im| —— = F=im|——=
<1+|x|2> ((1+Il‘2)2>

M M

o Solution in coordinates © =z oy, T = Moy

1:i‘clzv|2 0 0 jdx/\gcg
A= +lz . B=F+ (1+|z[?)
0 $ 0 0

d:f:/\dzx2 + 2dix/\(21£2x 0
PimdAt ApA= ( THRET T 05 o

T (22
0 dindzndz
H:=dB+A>B= 0 (14[z]*)?

0

o Also self-dual string solutions S Palmer & CS, 1312.xxxx
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Conclusions

Summary and Outlook.

Summary:
v' Generalized ADHMN-like construction on loop space
v Twistor construction of self-dual tensor fields
v 6d superconformal tensor multiplet equations
v (1,0) models of Samtleben et al. as higher gauge theory
v ABJM model as higher gauge theory
v Explicit higher monopole and instanton solutions
Future directions:
> Semistrict higher bundles and twistors
> Continue translation of higher ADHM-constructions
> Geometric Quant. with higher Hilbert spaces
> Study categorified IKKT model
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