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The Nahm Equation or D1-D3-Branes

In type IIB string theory, monopoles can be seen as D1-branes ending on D3-branes.
Consider a D3-brane in directions 0123. g3

A BPS solution to the SYM equations is
a magnetic monopole with Higgs field
¢~ %: A D1-brane appears.

L5

As they are BPS, one trivially forms a
stack of N D1-branes.

From the perspective of the D1-brane,
the effective dynamics is described by

the Nahm equations: dm 0 1 2 3 4
;X’we“k[xj,xk]:o. gé i Y % x g
These equations have the following solution (“fuzzy funnel”)
X' = r($)G, r(¢) = ; Gl = MG, GM
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The Basu-Harvey Equation or M2-Mb5-Branes

M2 branes ending on M5 branes should be described by Nahm-type equations.

M5-brane in directions 012345: A -
G,V X =0
G s Hypg = 0

Ansatz for a soliton:
X% =9

Hoim = v Hmnp = €mnpqvq

Solution: dm 0 1 2 3 4
1 M2 x

Hotm ~ Om¢ ¢Nr7 M5 x X X X X

X X ot
X o

Perspective of M2: postulate four scalar fields X?, satisfying

d . y .
— X' eMIXT XF X =0
d(b +€ [ Y Y ]

Basu, Harvey, hep-th/0412310
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The Basu-Harvey Equation or M2-Mb5-Branes

M2 branes ending on M5 branes should be described by Nahm-type equations.

Basu-Harvey equation:

d . g .
— X4 UM xT xR XN =
1 + e X7, X, X =0

M -

Solution (similar to D1-D3 case):

X'=r(¢)G" ()=
Gi _ g’ijkl [Gj, Gk, Gl]

Interprete this again as a fuzzy

funnel, this time with a fuzzy S37 dm 0 1 2 3 4 5 6
M2 x X X

M x X X X X X
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Motivating Question

Can one assign geometric meaning to such 3-brackets?
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@ Introductory part
e 3-Lie algebras
e Nabu-Poisson structures
o Geometries we will focus on

Classical quantization

e Axioms of quantization 7
o Berezin-Toeplitz quantization of € P’

@ Generalizations of this quantization procedure

o Axioms of generalized quantization
o Quantization of 5*
o Quantization of R?

Conclusions
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What is the algebra behind the triple bracket?

In analogy with Lie algebras, we can introduce 3-Lie algebras.

Basu-Harvey equation:

ipxi + ek xi XF X' =0, X(¢p)cA

> A forms a vector space.

> [+, -, -] is a totally antisymmetric, linear map AN AN A — A.
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What is the algebra behind the triple bracket?

In analogy with Lie algebras, we can introduce 3-Lie algebras.

Basu-Harvey equation:

(ibxi +[Ay, X+ VM XT Xk X=0, X'ecA

> Gauge transformations from inner derivations:
The triple bracket forms a map § : AN A — Der(A) =: g4 via

5anB(C) :=[A, B,C]
Demand a “3-Jacobi identity,” the fundamental identity:
danB(0crp(E)) :=[A, B, [C, D, EJ|
=[[A,B,C],D,E]+ [C,[A,B,D],E]+ [C, D, [A, B, E]
The inner derivations form indeed a Lie algebra:
[6anB;dcaD)(E) := 6ars(0caD(E)) — dcap(dans(E))

Bracket closes due to fundamental identity.
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n-Lie algebras and Nambu-Poisson structures

Nambu-Poisson structures are special n-Lie algebra structures on C*°(M).

An n-Lie algebra is a vector space endowed with a totally

antisymmetric, n-ary map satisfying the fundamental identity, an
“n-Jacobi identity”.

Definition
A Nambu-Poisson structure on a smooth manifold M is a totally
antisymmetric, n-ary map C*°(M)"" — C>° (M) satisfying the
fundamental identity
{fi-. o fo g gl ={{A, ..o foc o b gn
g, {1 1,90 )

as well as the generalized Leibniz rule

{fife, f3,- s for} = fi{fos oo fua} H {1 farad fo
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Examples

The Metric 3-Lie Algebra A4 and the Nambu-Poisson structure on S3.

Consider the vector space R* with basis 71, ..., 74.
Then define the bracket [+, -, ] as the linear extension of

[Taa Tby Tc] = Z EabedTd
d

Nambu-Poisson structure on S3

Consider S3 embedded into R* with cartesian coordinates
x', ..., z*. Define the bracket {-,-,-} as the extension via linearity

and generalized Leibniz rule of

{xﬂ’ i 'CCK} = Z 5/11//4)\«%/\
A
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Geometries we will focus on

Aim: To make sense of fuzzy S® and the geometry of the Nambu-Heisenberg algebra.

We will focus on the two most obvious geometries:
e D1-D3 yields fuzzy S2.
> What is the definition of fuzzy S® appearing for M2-M57?
This has many interesting implications: BLG, ...
@ Best-known NC geometry: Moyal plane [z!, 2%] ~ 1.
> What is the NC geometry of [x!, 2% 23] ~ 17

This Nambu-Heisenberg algebra was found as the WV
equation of M5-branes in certain backgrounds

C. Chu and D. J. Smith, arXiv:0901.1847
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Axioms of Quantization

Quantization is nontrivial and far from being fully understood.

Classical level: states are points on a Poisson manifold M.
observables are functions on M.

Quantum level: states are rays in a complex Hilbert space 7.
observables are hermitian operators on J7.

Full Quantization

A full quantization is a map — : C*°(M) — End (#) satisfying
Q [+ fislinearover C, f = f* = f = fI.
@ the constant function f = 1 is mapped to the identity on 7.
© Correspondence principle: {f1, fa} =g = [fl, fQ] =g.
@ The quantized coordinate functions act irreducibly on 7.

Problem:
Groenewold-van Howe: no full quant. for T*R" or S? (T2 OK)
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Loopholes to the obstructions to full quantizations

There are three weaker possible weakenings to the set of axioms for quantization.

Three approaches to weaken the axioms of a full quantization:
@ Drop irreducibility
@ Quantize a subset of C*°(M)
e Correspondence principle applies only to O(h)

The first two yield prequantization and geometric quantization.
The last approach leads eventually to deformation quantization.

We will use Berezin quantization (or fuzzy geometry),
a hybrid of geometric and deformation quantization.

Christian Samann The Geometry of M2-Branes Ending on M5-Branes



Berezin Quantization of CP! ~ 52

The fuzzy sphere is the Berezin quantization of CP*.

Hilbert space

J is the space of global holomorphic sections of a certain line
bundle: 7% = H°(M, L). For M = CP': L := O(k).

S, = span(zq, ... 2a,) = span(&gl...&Lk |0))

Coherent states

For any z € M: coherent st. |z) € . Here: |2) = %(éadg)ﬂ())

Quantization

Quantization is the inverse map on the image ¥ = o(C*°(M)) of

@ =oti)= [4 2] ¢

n! (z|z)
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Axioms of Generalized Quantization

We propose a generalization of the quantization axioms to Nambu-Poisson manifolds.

Problem is notoriously difficult, and many people tried to extend
geometric quantization. Berezin quantization should be easier.
Keep: a complex Hilbert space .7 and End (%) as observables.

Generalized quantization axioms

A full quantization is a map — : X — End (J#), ¥ C C®(M)
satisfying

Q f— f is linear over C, f = f* = f = fT

@ the constant function f = 1 is mapped to the identity on 7.

© Correspondence principle:

hIn Hh f1,--.,fn])—{f17-~>fn} 2

If M is a Poisson manifold, this holds for Berezin quantization.
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A natural n-Lie bracket

Truncating the Nambu-Poisson algebra allows for an unusual n-Lie bracket.

On the algebra of polynomials, one can often truncate the
Nambu-Poisson algebra to obtain a corresponding n-Lie algebra.

Then one can introduce
[A1, .. Ay =0 (=ik{o(Ar), ..., o(An)} k)

and the correspondence principle holds always automatically.

Interesting is the comparison of this to the totally antisymmetric
operator product.
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Quantization of S*

Our quantization of S* yields the noncommutative spheres of Guralnik/Ramgoolam.

Observation:

Using the Clifford algebra C1(R?), we find embedding S*<—C P?:
R e

= W’ygﬁz P, Zx“m“ =R?%.

Embedding not holomorphic, otherwise: factor out ideal:

M = {z € CP"|f(2) = 0} — Hu = {|n) € Hp»| flu) = 0}

i

Make the following idea rigorous: CS, hep-th/0612173

o R abddyal L |0)Olagiy, - ay,
PR k!

This satisfies >  #H@H ~ R?1 and on linear level is identical to
the totally antisymmetric operator product. This quantization
yields the Guralnik/Ramgoolam spheres. Hyperboloids, ...

Z. Guralnik and S. Ramgoolam, hep-th/0101001
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Quantization of R?

The quantized Nambu-Heisenberg algebra corresponds to the space R3.

What is the geometry of [2,7,2] = —iR 17

No 3-bracket ensuring the correspondence principle.
= 3-algebra structure only at linear level.

One possible interpretation as IR‘?\:
Take a fuzzy sphere with Hilbert space H°(CP', O(k)). Define:

3
Sl A2 A37 ijkainjak _ _: OR
[Z5, 27, 2°] = g eI 3l & ——1711,%%
i’j’k

Radius of this fuzzy sphere: Ry = m Lk,
Now “discretely foliate” R? by fuzzy spheres. = RRS.

A. B. Hammou, M. Lagraa, M. M. Sheikh-Jabbari, hep-th/0110291
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Conclusions
Summary and Outlook.

Done:

@ Naive extension of quantization to Nambu-Poisson manifolds.

@ NC interpretation of fuzzy 3-funnel and NH algebra

@ Mb5-brane geometry in M2-M5 + background: ]RA x R3.

@ All spheres, hyperboloids and superspheres can be quantized.
Future directions:

e Quantization of S3 via gerbes.

@ Understand Nahm tranform for M2-M5.
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