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Motivation

Twistor spaces to describe the following gauge theories:

in four dimensions:

SDYM, N -extended SDYM, pure YM, N = 3, 4 SYM
R. Penrose, R.S. Ward, 1977

E. Witten, 1977
E. Witten, hep-th/0312171

A.D. Popov, CS, hep-th/0405123

via dimensional reduction in three dimensions:

Bogomolny model, N -extended Bogomolny model
D.W. Chiou, O. Ganor, Y.P. Hong, B.S. Kim, I. Mitra, hep-th/0502076

A.D. Popov, M. Wolf, CS, hep-th/0505161

Missing in three dimensions:

N = 8 SYM and Yang-Mills-Higgs theory (without φ4-term)�� ��Mini-Superambitwistor space
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Twistors I

Motivation: unified description of GR and QM

Set of all light rays: xαα̇ = xαα̇
0 + tpαα̇, where xαα̇ ∼ xµσαα̇

µ

Reparameterization: xαα̇
0 becomes null

Decompose null vectors into 2-spinors:
xαα̇ = cωαω̄α̇ + tλα̇λ̄α

Contract by λα̇ and choose c = −(ω̄α̇λα̇)−1:

Incidence relation
�� ��ωα = xαα̇λα̇

Twistor: Z i = (ωα, λα̇) ∈ CP3

Point xαα̇ corresponds to sphere CP1 3 λα̇

A twistor Z i is incident to a plane of points xαα̇ = xαα̇
0 + καλα̇.
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Twistors II

CP3 is the twistor space of S4 or S4
c

CP1 take out ∞
O(1)⊕O(1) → CP1 is the twistor space of R4 or C4

P3 := O(1)⊕O(1) → CP1

Homogeneous coordinates λα̇ on CP1 and ωα in fibres

Section of O(1): homogeneous polynomial of degree 1 in λα̇

⇒
�� ��ωα = xαα̇λα̇

Moduli xαα̇ ∈ C4
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The Twistor Correspondence

Incidence relation ωα = xαα̇λα̇

P3

C4 ×CP1

�
�	

π2

C4

π1@
@R

projective line CP1
x in P3 ↔ point x in C4

point p in P3 ↔ null two-plane C2
p in C4

after introducing a real structure: P3 ∼= R4 ×CP1 → R4
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The Supertwistor Space P3|N

Start from CP3|N , take out CP1|N at infinity:

P3|N := C2 ⊗O(1)⊕CN ⊗ ΠO(1) → CP1

Additional homogeneous Graßmann coordinates η1, ..., ηN
Incidence relations: ωα = xαα̇λα̇ and ηi = ηα̇

i λα̇

Double fibration:

P3|N

C4|2N ×CP1

�
�	

π2

C4|2N

π1@
@R

Chern number of P3|4: TCP1 2, O(1) 1, ΠO(1) -1,
in total: c1 = 0.

Therefore, there exists a holomorphic measure Ω3,0|4,0.
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Start from CP3|N , take out CP1|N at infinity:

P3|N := C2 ⊗O(1)⊕CN ⊗ ΠO(1) → CP1

Additional homogeneous Graßmann coordinates η1, ..., ηN
Incidence relations: ωα = xαα̇λα̇ and ηi = ηα̇
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Penrose-Ward Transform on P3|4

topological B-model on P3|4

m
holomorphic Chern-Simons theory on E → P3|4:∫
Ω3,0|4,0 ∧ tr (A0,1 ∧ ∂̄A0,1 + 2

3A
0,1 ∧ A0,1 ∧ A0,1)

with EOM ∂̄A0,1 +A0,1 ∧ A0,1 = 0
m

holomorphic vector bundles over P3|4

m
solutions to the N = 4 SDYM equations on C4|8:

fα̇β̇ = 0 , ∇αα̇χαi = 0 ,

�φij + 2{χαi , χj
α} = 0 , ∇αα̇χ̃α̇ijk − [χ

[i
α, φjk]] = 0

εα̇γ̇∇αα̇G
[ijkl ]

γ̇δ̇
+ {χ[i

α, χ̃
jkl ]

δ̇
} − [φ[ij ,∇αδ̇φ

kl ]] = 0
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The Superambitwistor Space I

Observation: N = 3 SYM theory decomposes

{
N = 3 SDYM
N = 3 ASDYM

⇒ Glue together (P3|3 → CP1)× (P3|3
∗ → CP1)

coordinates: (ωα, λα̇, ηi ) and (ωα̇
∗ , λ∗α, ηi

∗)

Quadric condition:�� ��κ := ωαλ∗α − ωα̇
∗ λα̇ + 2ηi

∗ηi = 0

⇒ Superambitwistor space L5|6 ⊂ P3|3 × P3|3
∗

solutions to N = 3 SYM EOM
m

certain holomorphic vector bundles over L5|6

Recall: N = 4 SYM ∼= N = 3 SYM (field content & EOM)
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The Superambitwistor Space II

Quadric condition:�� ��κ := ωαλ∗α − ωα̇
∗ λα̇ + 2ηi

∗ηi = 0

Incidence relations:�� ��ωα = xαα̇
R λα̇ , ηi = ηα̇

i λα̇ , ωα̇
∗ = xαα̇

L λ∗α , ηi
∗ = ηiα

∗ λ∗α

Quadric condition solved by:

xαα̇
R = xαα̇ − ηαi

∗ ηα̇
i and xαα̇

L = xαα̇ + ηαi
∗ ηα̇

i

L5|6

C4|12 ×CP1 ×CP1
∗

�
�	

π2

C4|12

π1@
@R
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Dimensional Reduction C4 → C
3

Vector field T3 := ∂
∂x3 = − ∂

∂x12̇
+ ∂

∂x21̇
∼ ∂

∂x [21̇]

⇒
�� ��ωα = xαα̇λα̇ →

�



�
	υ = x α̇β̇λα̇λβ̇

This means: O(1)⊕O(1) → O(2)

The quadric condition is correspondingly reduced to�
�

�
�(

υ − υ∗ + 2ηi
∗ηi

)∣∣
λ=λ∗

= 0

Altogether:

P3|3 × P3|3
∗ → P2|3 × P2|3

∗
↓ ↓
L5|6 → L4|6

↓ ↓
CP1 ×CP1

∗ CP1 ×CP1
∗
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Dimensionally Reduced Double Fibration

Incidence relations:�



�
	υ = y α̇β̇λα̇λβ̇ , ηi = ηα̇

i λα̇ , υ∗ = y α̇β̇
∗ λ∗α̇λ∗

β̇
, ηi

∗ = ηiα̇
∗ λ∗α̇

Quadric condition solved by:

y α̇β̇ = y α̇β̇
0 − η

i(α̇
∗ η

β̇)
i and y α̇β̇

∗ = y α̇β̇
0 + η

i(α̇
∗ η

β̇)
i

L5|6 C4|12

C4|12 ×CP1 ×CP1
∗

�
��+

Q
QQs

?

C3|12

?
C3|12 ×CP1 ×CP1

∗
Q

QQs

L4|6

�
��+?
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Geometry of L4|6

Reduced quadric condition:�
�

�
�(

υ − υ∗ + 2ηi
∗ηi

)∣∣
λ=λ∗

= 0

�
�

�
�

�

CP1

CP1
∗

∆

The diagonal of the base of L4|6:

∆ := diag(CP1 ×CP1
∗) where λ = λ∗

Consider π : L4|6 → CP1 ×CP1
∗.

π−1(λ, λ∗) ∼= C2 for λ 6= λ∗ but:

π−1(λ, λ∗) ∼= C on ∆.�� ��L4|6 is not a vector bundle/manifold.
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Analogue to Flag Manifolds I

Flag Fij ...: space of i-dimensional subspaces of
j-dimensional subspaces of

. . . of C4.

Twistor correspondence for P3 (→ SDYM theory):

F1 ∼ CP3

F12 ∼ C4
cc ×CP1

�
�	

π2

F2 ∼ C4
cc

π1@
@R
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Analogue to Flag Manifolds II

Dimensional reduction, real case:

O(2) ∼= TS2

R3 × S2

�
�	

π2

R3

π1@
@R



Twistors The Superambitwistor Space The Dimensional Reduction C4 → C
3 The Mini-Superambitwistor Space Analogue to Flag Manifolds First Chern Class of L4|6 Penrose-Ward Transforms

Analogue to Flag Manifolds II

Dimensional reduction, real case:

O(2) ∼= TS2

R3 × S2

�
�	

π2

R3

π1@
@R



Twistors The Superambitwistor Space The Dimensional Reduction C4 → C
3 The Mini-Superambitwistor Space Analogue to Flag Manifolds First Chern Class of L4|6 Penrose-Ward Transforms

Analogue to Flag Manifolds III

Twistor correspondence for L5 (→ YM theory):

F13 ∼ L5

F123 ∼ C4
cc ×CP1 ×CP1

∗
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F2 ∼ C4
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Analogue to Flag Manifolds IV

Dimensional reduction, real case:

L4|6

R3 × S2 × S2
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First Chern Class of L4|6?

�� ��Chern classes related to degeneracy loci

Example: O(n) polynomials of degree n, n roots

More explicitly: vector bundle E with rank(E ) = e�� ��c1 Poincaré dual to degeneracy loci of e generic sections

Result from calculations:

The appropriate degeneracy loci on L5|6 and L4|6 are equivalent!

Implications:

L4|6 is CY-like, define a topological B-model on L4|6

If Aganagic, Neitzke, Vafa are correct with
mirror conjecture L5|6 ↔ CP3|4 then L4|6 ↔ CP2|4.
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Penrose Ward Transform for L4|6

holomorphic Chern-Simons Theory on E → L4|6:

EOM ∂̄A0,1 +A0,1 ∧ A0,1 = 0

m
Holomorphic vector bundles over L4|6

m
solutions to the N = 8 SYM equations on C3|8.
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Penrose Ward Transform for L4|6

Recall for d = 4:

holomorphic vector bundles over
3-order thickening of L5 ⊂ P3 × P3

∗

m
solutions to YM equations on C4.

�
�

�
�

�

CP1

CP1
∗

∆

One finds in d = 3:

holomorphic vector bundles over
3-order subthickening of L4 ⊂ P2 × P2

∗

m

solutions to YM equations on C3.
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Summary and Outlook

Done:

• There is a mini-superambitwistor space L4|6

• The space is not a manifold, but:
• analogue of flag manifolds
• analogue of Calabi-Yau condition
• probably mirror to mini-supertwistor space

• Penrose-Ward transform works for N = 8 and N = 0

To do:

• Define a topological B-model on L4|6

• Try to substantiate mirror symmetry

• Construct an action analogously to Movshev, hep-th/0411111
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