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Motivation

Integrable Field Theories:
 Toy models yielding exact results
 Geometries in String Theory
 Dualities in String Theory

Noncommutative Field Theories
 Emergence of Space-Time
 What really is Space-Time?
 Glimpses of Quantum Gravity
 Studying deformations useful



Noncommutative Geometry

Let's make the sphere noncommutative
 Functions expanded in Ylm 
 Truncate: l ≤N+1
 Deform the product to close algebra

Result:
 A “fuzzy” sphere 
 Functions “become” Matrices
 Useful for regularizing QFTs
 Appears naturally in String Theory



NC Flag and Toric Varieties

ATMP 12 (2008) 641

NCG from Proj. Alg. Varieties

Consider Toric Varieties:

 NC from embedding into
 Quantization of Toric Lattice
 Extends to arbitrary V in

JHEP 02 (2008) 111
JHEP 09 (2008) 059
JHEP 05 (2009) 055

NCG from Group Theory:

Consider the Flag Variety:

 Take the spectrum of C2 
 Truncate spectrum
 Deform product
 Hilbert space is irrep of U(n)



… and what is it good for?

I am interested in NC Geometries as ...
 … they appear in certain D-brane configurations
 … they provide an alternative to lattice field theory
 … they are useful in computing CY metrics 



… and what is it good for?

I am interested in NC Geometries as ...
 … they appear in certain D-brane configurations
 … they provide an alternative to lattice field theory
 … they are useful in computing CY metrics 



Matrix Models from NC S2

 The functional integral is now well-defined.
 The first term can be computed using group theory:

Recall: In QFT, we need to compute functional integrals like

Putting this theory on a fuzzy sphere, we obtain:

The model becomes fully integrableThe model becomes fully integrable

JHEP 08 (2007) 066, SIGMA 6 (2010) 50, JHEP 03 (2011) 091



Phase Diagram on Fuzzy S2

Similarly for S2xR1, can also do CPn and CPnxR1 



The M2-M5-Brane System

The D1-D3-brane system
 String theory's way of describing monopoles
 Points on N D1-branes  → Fuzzy S2, l ≤N+1 
 Two perspectives to describe configuration
 Nahm transform allows to switch perspective

The M2-M5-brane system
 Categorified monopoles: self-dual strings
 Points on N M2-branes  → Fuzzy S3? 
 Two perspectives to describe configuration
 M2 perspective  → BLG/ABJM models for M2
 Nahm transform to get (2,0) model for M5?



Transgression

Trick in categorification: lower form degree by using Loop Space

 

 A k +1-form on M  is mapped to a k-form on LM.
 Transgression is a chain map.
 Bundle gerbes on M are mapped to U(1)-bundles on LM.
 2-plectic forms on M are mapped to symplectic forms on LM.

In the following: Apply to Quantization and Integrability Issues



NC 2-plectic Geometry

Quantization of a 2-plectic manifold 

Example:
 

 Switch to LR 
3  with 

 Use quantization framework (Hawkins' Groupoid approach)
 Result:

 Agrees with M-theory computations
 Agrees with transgression of quantization of 1-forms

JMP 51 (2010) 122303, JHEP 04 (2011) 75,

1101.5987, 1106.1890

Pushed further, this will extend geometric quantization.



Integrability from Twistors

Different Transgression: Penrose-Ward transform

 Transgressing hol. bundles over P3 to C4 yields instantons:

Reformulation: Nahm/Fourier-Mukai Transform
 Instantons on T4  →  Instantons on T4

 Instantons on R4  0d ADHM solutions→
 Monopoles on R3   1d Nahm solutions→

F=*FF=*F



M-Theory Nahm Transform

Constructing Self-Dual Strings:

Go to loop space, use transgression:

 Nahm transform extends naturally
 Explicit solutions found
 Non-abelian version available
 Fits within general context

CMP 305 (2011) 513, JHEP 1105 (2011) 099, 1105.3904



No time to talk about...

 Work on non-anticommutative field theories

JHEP 03 (2004) 048, JHEP 01 (2006) 065
 Further topics in NC Geometry, such as Hopf-algebra twists 

JHEP 01 (2006) 065, CQG 24 (2007) 291
 More general twistor spaces and transforms

ATMP 9 (2005) 931, JHEP 01 (2005) 042,

AMP 2009 784215, JHEP 03 (2006) 002
 3-Algebra Issues

PRD 78 (2008) 066019, PRD 79 (2009) 086002
 Further results on M2- and M5-brane theories

NPB 826 (2010) 456, JHEP 05 (2011) 099
 Instantons on Taub-Nut and D-Branes

PRD (2011) ...



Categorification

Are Categories just fancy language?
 Need higher gauge theory in String Theory
 Requires n-gerbes, n-Lie groups, ... 
 Symplectic Geometry      Multisymplectic Geometry
 Groupoid Quantization
 Topology: Khovanov Homology: Cat. of Jones Polynomials

elements objects

equations between 
elements

isomorphisms between 
objects

sets categories

functions functors

equations between 
functions

natural isomorphisms 
between functors



Future Research

Categorified Structures in M-Theory
 Geometric Quantization of 

Multisymplectic Manifolds
 Find (2,0) theory
 Describe its Integrability
 Study Algebraic Geometry
 Explore Application in M-Theory



More uses of Dualities

 Compute asymptotic metric on moduli space of instantons
from a computation in the 3d quantum field theory. 
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