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Representation theory suggests and string theory predicts
a mysterious superconformal field theory in six dimensions

People call this Theory X or The (2,0)-Theory.

Little is known. No Lagrangian exists.



We know:
It describes stacks of M5-branes with gravity turned off
(just as Yang–Mills theory describes stack of D-branes)
It has Wilson surfaces as observables
(just as Yang–Mills has Wilson lines)
It is a theory of (“self-dual”) strings

Conjecture

The (2,0)-theory is classically a higher gauge theory.
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“But Witten has said there is no Lagrangian!”

“... by hunting for unicorns we may find other creatures
that are useful in understanding the theory more generally.”

Neil Lambert



Wish:

Reality:

or
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Outline 6/44

Summary:

Trying to formulate a Lagrangian for the (2,0)-theory
is like running an obstacle course.

But many obstacles can be overcome,
resulting in interesting constructions.

“Risk Assessment and Contingency Planning:”
Many interesting mathematical structures
Structures appear in gauged supergravities.
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Actual outline 7/44

Overview: Higher Gauge Theory
L∞-algebras and homotopy Maurer–Cartan theory
Adjustment of curvatures
Parallel transport
Which higher gauge group?
An N = (1, 0)-theory
Self-duality of curvatures
More on algebraic structures and gauged supergravity
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Higher gauge theory: Problems 8/44

So you think you have a consistent parallel transport for strings?

holonomy functor for points: hol(γ) = P exp(
∫
γ A) ∈ G

A: gauge potential, γ: surface, P : path ordering
holonomy functor for surfaces: hol(σ) = P exp(

∫
σ B) ∈ G?

B: gauge potential, σ: surface, P : does not exist:

•
��
oo
^^

g1��

g′1��

•�� oo
]]

g2��

g′2��

Consistency of parallel transport requires:

(g′1g
′
2)(g1g2) = (g′1g1)(g′2g2)

This renders group G abelian. Eckmann and Hilton, 1962
Physicists 80’ies and 90’ies

Way out: higher categories:

(g′1 ⊗ g′2) ◦ (g1 ⊗ g2) = (g′1 ◦ g1)⊗ (g′2 ◦ g2) .

Christian Saemann Higher Gauge Theory and M5-Branes



What are higher structures?

“We will need to use some very simple notions of category
theory, an esoteric subject noted for its difficulty and irrel-
evance.”

G. Moore and N. Seiberg, 1989

“We’ll only use as much category theory as is necessary.
Famous last words...”

Roman Abramovich
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From categories to higher categories
Categories: meta-language, “essence” of mathematical structures

But also: Categories give us more freedom than sets:
Set theory: objects a, b. Either a = b or a 6= b.

Categories: objects a, b. Relating morphism f : a b
f
uu

However: What about the morphisms? Relations between them?

Yes, with 2-categories: a b

f1
{{

f2

dd
α�� , morphisms: set → category

This can be iterated to ∞-categories with general n-morphisms.

“Indeed, the subject might better have been called ...
archery.”

Steve Awodey
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Ingredients of gauge theory 11/44

Gauge Theory:
spacetime
de Rham complex
gauge Lie group with gauge Lie algebra
principal fiber bundle with connection
gauge transformations
Bianchi identities
parallel transport
Wilson lines
equations of motion
invariant action built from connection
path integral, correlators, ...
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Ingredients of higher gauge theory 12/44

Higher Gauge Theory:
spacetime (could be higher?)
de Rham complex (more form degrees involved)
higher gauge Lie group with higher gauge Lie algebra
higher principal fiber bundle with higher connection
higher gauge transformations
higher Bianchi identities
higher parallel transport
Wilson surfaces, volumes, ...
equations of motion
invariant action built from connection
path integral, correlators, ... (higher?)
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What is available in the literature? 13/44

In the literature:
X spacetime
X de Rham complex
X higher gauge Lie group with higher gauge Lie algebra
X higher principal fiber bundle with higher connection
X higher gauge transformations
X higher Bianchi identities
X higher parallel transport
X Wilson surfaces, volumes, ...
X equations of motion (hMC)
X invariant action built from connection (hMC)
7 path integral, correlators, ... (higher?)
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So why not just write down an action? 14/44

Requires (7) or could use (F) modification or extension:
spacetime

F de Rham complex
F higher gauge Lie group with higher gauge Lie algebra
7 higher principal fiber bundle with higher connection
7 higher gauge transformations
7 higher Bianchi identities
7 higher parallel transport
7 Wilson surfaces, volumes, ...
7 equations of motion
7 invariant action built from connection
7 path integral, correlators, ... (higher?)
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Outline 15/44

Alternative Summary:

Adjustments to naive definitions

“Category theory is the subject where you can leave the
definitions as exercises.”

John Baez

... but sometimes you have to find hidden extra solutions!
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Higher Lie algebras 16/44

Any mathematical object is more or less readily categorified
mostly unique process, up to weakness/strictness
Semistrict higher Lie algebras: L∞-algebras
Lie algebra g[1], coordinate functions ξα of degree 1:

Q = −1
2f

α
βγξ

βξγ
∂

∂ξα
, |Q| = 1 ,

Q2 = 0 ⇔ Jacobi identity

L∞-algebra L[1], coordinate functions ξα of arbitrary degree:

Q =
∑
n

± 1
n!f

α
β1...βnξ

β1 . . . ξβn
∂

∂ξα
, |Q| = 1 ,

Q2 = 0 ⇔ homotopy Jacobi identity
higher brackets: µn(τβ1 , . . . , τβn) = fαβ1...βnτα

complex : . . .
µ1−−−→ L−1

µ1−−−→ L0
µ1−−−→ L1

µ1−−−→ . . .
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L∞-algebras come with their own gauge theory:

Homotopy Maurer–Cartan Theory

“One ring to rule them all ...”
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Homotopy Maurer–Cartan Theory 18/44

Maurer–Cartan equation for differential graded Lie algebra, (g, d):

da+ 1
2 [a, a] = 0 , a ∈ g .

L∞-algebras are generalizations of dg Lie algebras.

Homotopy Maurer–Cartan equation:

f := µ1(a) + 1
2µ2(a, a) + 1

3!µ3(a, a, a) + · · · = 0 , a ∈ L1

Nomenclature: a: gauge potential f : curvature
Bianchi identity:

µ1(f)− µ2(f, a) + 1
2µ3(f, a, a)− 1

3!µ4(f, a, a, a) + · · · = 0 .

Homotopy Maurer–Cartan Action:

SMC[a] :=
∑
i≥1

1

(i+ 1)!
〈a, µi(a, . . . , a)〉L .

Any field theory is a hMC theory for some L∞-algebra.
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Example: 4d Higher Chern–Simons Theory 19/44

For d = 4, need cyclic 2-term L∞-algebra: L = L−1 ⊕ L0.

Tensor product L∞-algebra L̂ = Ω•(M)⊗ L:
gauge potential

A+B ∈ L̂1 = Ω1(M)⊗ L0 ⊕ Ω2(M)⊗ L−1

higher products are µ̂1 = d + µ1, µ2, µ3

Homotopy Maurer–Cartan equation:
F = F + µ1(B) = dA+ 1

2µ2(A,A) + µ1(B)

H = dB + µ2(A,B)− 1
3!µ3(A,A,A)

Homotopy Maurer–Cartan action:

SMC =

∫
M

{
〈B, dA+ 1

2µ2(A,A) + 1
2µ1(B)〉L+

+ 1
4!〈µ3(A,A,A), A〉L

}
,

Generalizes to arbitrary dimensions d ≥ 3!
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The fake curvature condition 20/44

Idea
Let’s just construct a non-flat action with hMC kinematic data.

This worked for ordinary gauge theory, ...
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The fake curvature condition 21/44

Fake curvature, e.g.:
2-term L∞-algebra h

µ1−−−→ g

Potential forms: A ∈ Ω1(Rd, g), B ∈ Ω2(Rd, h)

Fake flatness: F := dA+ 1
2 [A,A] + µ1(B) = 0

Appears:
For µ3 6= 0: infinitesimal gauge transformations do not close:

[δc0 , δc1 ]A = δ[c0,c1]A+ 1
2µ3(F , A,A)

For µ3 = 0, finite gauge transformations do not compose
Self-duality H = ?H requires F = 0 for covariance:

H → H̃ = g B H −F B Λ

Parallel transport requires F = 0 for reparam. invariance
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Non-abelian gerbes with connection are locally abelian 22/44

Higher connection locally, over Rd: CS+Lennart Schmidt

Lie 2-group (crossed module) (H
t−→ G,B), (h

t−→ g,B)

Potential forms: A ∈ Ω1(Rd, g), B ∈ Ω2(Rd, h)

Fake flatness: F := dA+ 1
2 [A,A] + t(B) = 0

Gauge transformations: g ∈ Ω0(Rd,G), Λ ∈ Ω1(Rd, h)

A 7→ Ã = g−1Ag + g−1dg + t(Λ1)

B 7→ B̃ = g−1 B B + dΛ1 + Ã B Λ1 + 1
2 [Λ1,Λ1]

A and gauge transformations restrict to G◦ = G/im(t)

F = 0 and non-abelian Poincaré lemma: gauge with Ã◦ = 0,

Ã ∈ im(t), gauge away with Λ-transformation: ˜̃A = 0

connection is abelian with ˜̃B ∈ ker(t)!
NA gerbes of Breen/Messing or Aschieri/Cantini/Jurčo:
only good for higher Chern–Simons theory, not (2,0)-theory
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Adjustments to the rescue! 23/44

Adjustment
There are other, more natural curvatures that do not require
vanishing fake curvature.

Example: String structures
String Lie 2-algebra: string(n) = R[1]→ spin(n)

µ2(x1, x2) = [x1, x2] , µ3(x1, x2, x3) = (x1, [x2, x3])

Curvatures:
F = F + µ1(B) = dA+ 1

2µ2(A,A) + µ1(B) ,

H = dB + µ2(A,B)− 1
3!µ3(A,A,A)+(A,F)

= dB + cs(A)
Note:

Adjustment: additional terms in non-top curvature forms
Invisible in ordinary gauge theory and hMaurer–Cartan theory
Known from heterotic supergravity Chapline/Manton 1983
Arise in tensor hierarchies of gauged supergravities
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Summary:
Ordinary higher connections require fake curvature, problems
There are adjustments that describe more general connections
Thus: Adjusted higher gauge theory
(Also: better theory of invariant polynomials)

Consequences:
Higher principal bundles data requires adjustment
Parallel transport requires adjustment
Need: broader algebraic framework making adjustment natural
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Adjusted higher parallel transport
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Ordinary parallel transport 26/44

Usual functorial perspective on parallel transport (locally!):

Φ: PU −→ BG

paths G

U ∗

Φ1

Φ0

Modulo technicalities (thin homotopy, sitting instances)
Composition of paths ⇒ multiplication of group elements
Connection: g = 1+ ιXA for inf. paths in direction X
Conversely: g(γ) = P exp

∫
γ A

Readily extends to higher gauge theory:
Higher path groupoid
Higher gauge group, as one-object higher groupoid
But: requires fake curvatures to vanish!

Baez, Schreiber, Waldorf, ...
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Towards adjusted parallel transport 27/44

Ordinary parallel transport: Φ: PU −→ BG

This “sees” connections, but we adjust only curvatures!
Short exact sequence of groupoids:

∗ −→
G
�
G

↪−→ Inn(G) −→
G
�
∗
−→ ∗

Inn(G) is inner derivation Lie 2-group of G
Derived parallel transport functor:

PU P(2)U

BG BInn(G)

Φ Φ

Φ fully determined/equivalent to Φ
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Adjusted higher parallel transport 28/44

A bit technical, so here are the steps: Hyungrok Kim+CS
Unadjusted higher parallel transport requires fake curvature
Can construct adjusted derived parallel transport functor

PU P(2)U

BG BInn(G)

Φ Φ →
P(2)U

BInn(G)

Φ

BInn(String(n)) is a bit hard to construct:
Use quasi-isomorphic (“equivalent”) strict version of string(n)
inn(string(n)) is then a 2-crossed module of Lie algebras
Readily integrates to 2-crossed module of Lie groups

Adjustment rotates potentials/curvatures in functor Φ
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Which higher gauge group(s) for (2,0)-theory?

Need some input from string theory...
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The non-abelian self-dual string 30/44

0 1 2 3 4 5 6
D1 × ×
D3 × × × ×

BPS configuration

Perspective of D3:
Bogomolny monopole eqn.

F = ∇2 = ∗∇Φ on R3

M 0 1 2 3 4 5 6
M2 × × ×
M5 × × × × × ×

BPS configuration

Perspective of M5:
Abelian Self-dual string eqn.

H := dB = ∗dΦ on R4
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Identifying gauge structure: Monopoles 31/44

Monopoles
Solution to Bogomolny equation F = ∗∇φ
Abelian: singular on R3, Dirac strings
Principal bundle over S2

Non-Abelian: non-singular on R3

U(1) �
�

//

ρ

((

SU(2) ∼= S3

π
��

π×id

))

SU(2) �
�

// S2 × SU(2)

pr
��

S2

id

++ S2

⇒ Choose SU(2), as trivialization possible.
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Identifying gauge structure: Self-dual strings 32/44

Self-Dual Strings
Abelian: singular on R4, Dirac strings
Solution to H = ∗∇φ
Gerbe over S3

Non-Abelian: ?

BU(1) �
�

//

ρ

((
GF

π
��

π×id

))

GF
� � // (S3 ⇒ S3)× GF

pr

��

(S3 ⇒ S3)

id

,,

(S3 ⇒ S3)

⇒ Choose GF , with 2-group structure: String 2-group
(many other reasons for this)
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A superconformal (1,0)-theory in 6d
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Adjusted metric string structures 34/44

For actions, need inner product on gauge algebra
Inner product for L∞-algebras: cyclic structure
Obtained from a symplectic form (cf. antibracket in BV)

String algebra not symplectic, cf. ĝsk =
(
Rq

id−−→ Rr −→ gt
)

Construct T ∗[−2]ĝsk, imitating BV-formalism
Lennart Schmidt+CS, 2017

Result:

ĝωsk =


g∗v g∗u R

∗
s R

∗
p

⊕ ⊕ ⊕
Rq Rr gt

µ1=id µ1=id

µ1=id


Adjustments can be extended to metric string structures

Lennart Schmidt+CS, 2019
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Classically well-defined (1,0)-action 35/44

6d (1,0)-action derived from tensor hierarchies in SUGRA
Samtleben+Sezgin+Wimmer, 2011

Action can be specialized to adjusted metric string structure
Lennart Schmidt+CS, 2017a

Field content:
(1,0) tensor multiplet (φ, χi, B), values in R2, φ = φs + φr, ...
(1,0) vector multiplet (A, λi, Y ij), values in g⊕R
C-field (3-form), values in R⊕ g∗

D-field (4-form), values in g∗

Action (schematically):

S =

∫
R1,5

(
Hr ∧ ∗Hs + dφr ∧ ∗dφs − ∗χ̄r∂/χs +Hs ∧ ∗(λ̄, γ(3)λ) + ∗(Y, λ̄)χs

+ φs
(
(F , ∗F)− ∗(Y, Y ) + ∗(λ̄,∇/ λ)

)
+ (λ̄,F) ∧ ∗γ(2)χs

+ µ1(C) ∧Hs +Bs ∧ (F ,F) +Bs ∧ ([A,A], [A,A])
)

Supersymmetric completion by matter & PST sector
Schmidt+CS, 2017b
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Self-duality of 3-form from action

Self-duality is notoriously problematic to implement in action
Standard method: Pasti–Sorokin–Tonin (PST) action
Not nice for quantisation.
Problem with PST-action in N = (1, 0)-theory

LPST = 1
2

〈
ιV H +,H +

〉
∧ v + 1

φs
(ιV ∗ G +, ∗ ιV ∗ G +)
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Sen’s mechanism 37/44

Alternative: Sen’s mechanism
Consider i ∈ Ω3

+(R1,5) with action

S =

∫ (
1
2dB ∧ ?dB − dB ∧ i + Lint(i,Ψ)

)
Equations of motion:

d(?dB − i) = 0 dB − ?dB +
δ
∫
Lint(i,Ψ)

δi
= 0

δ
∫
Lint(i,Ψ)

δΨ
= 0

Self dual forms (first decouples, second stays):

dB + ?dB − i and dB + ?dB + i

Idea: replace PST by Sen in N = (1, 0)-model
Works at supersymmetric level, many nice features

Dominik Rist+CS
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What is Sen’s mechanism 38/44

Regard self-duality as homotopy Maurer–Cartan equation:

LB =

 λ

Ω0(M)︸ ︷︷ ︸
L−1

Λ

Ω1(M)︸ ︷︷ ︸
L0

B

Ω2(M)︸ ︷︷ ︸
L1

H−

Ω3
−(M)︸ ︷︷ ︸
L2

d d −(d−?d)


Take cotangent bundle to have action:

λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
H−

Ω3
−(M)

H+
−

Ω3
+(M)

B+

Ω2(M)
Λ+

Ω1(M)
λ+

Ω0(M)

d d −(d−?d)

d† d† d†


Rotate fields: i := H− + (d + ?dB), B+ → B+ + 2 ? d†i+:

λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
B+

Ω2(M)
Λ+

Ω1(M)
λ+

Ω0(M)

i
Ω3

+(M)
i+

Ω3
−(M)

d d µ1 d† d†


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We conclude:
Sen’s mechanism is secretly BF-type theory
“Decoupling” is actually gauge symmetry:

λ

Ω0(M)
Λ

Ω1(M)
B

Ω2(M)
B+

Ω2(M)
Λ+

Ω1(M)
λ+

Ω0(M)

α

Ω2
+(M)

i
Ω3

+(M)
i+

Ω3
−(M)

α+

Ω2
+(M)

d d µ1 d† d†

d δ


Hindsight is 20/20
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Better algebraic framework for adjustment

Recall:
hMC was pretty and clear; adjustment seems less natural
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New gadgets from tensor hierarchies 41/44

Embedding tensor in gauged supergravity:
Global symmetry algebra ĥ (e.g. real form of e11−d)
Promote Lie subalgebra h ⊂ ĥ to gauge algebra
Encode h as linear map called embedding tensor:

Θ : V → ĥ
where V is a ĥ-module and

[Θ(v1),Θ(v2)] = Θ(Θ(v1) B v2)

Leads to Leibniz algebra

ε2(v1, v2)Θ(v1) B v2

Leibniz algebras are clearly not right for gauge theory
Leibniz algebras antisymmetrize to 2-term L∞-algebras
They are directly extended to 2-term EL∞-algebras

Lennart Schmidt+CS 2019
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EL∞-algebras 42/44

L∞-algebras can model semistrict higher Lie algebras.
2-term EL∞-algebras are fully weak Lie 2-algebras

Roytenberg, 2007
homotopy Leibniz algebras with necessary data for integration
(Interesting perspective on Loday’s coquecigrue problem)
For gauge theory, need full EL∞-algebras
Construction via operads
Construction of all pictures, structure theory
Embedding tensor encode EL∞-algebras
Corresponding gauge theories (“tensor hierarchies”) are
adjusted higher gauge theories
Cleaner motivation of adjustment
Also applicable to: Courant vs Dorfman brackets, . . .

Leron Borsten+Hyungrok Kim+CS 2020
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Summary and outlook 43/44

So far:
No classical description of M5-branes yet.
Higher gauge theories get us closer.
Obstacle course has been doable:
X Non-fake-flat curvatures
X Interesting higher parallel transport
X Interesting higher gauge groups
X 6d superconformal actions
X Self-duality from action
X Link to physics

Structures in the literature required adjustment.
Interesting mathematical structures along the way.

Soon to come:
Papers on Sen’s mechanism and EL∞-algebras
More on interesting higher gauge groups
Hopefully: new actions
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Thank You!

Christian Saemann Higher Gauge Theory and M5-Branes


