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Marrying Twistor- and Calabi-Yau Geometry

... with supermanifolds: Witten, hep-th/0312171
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Motivation for Twistor String Theory

1. our understanding of gauge theories is far from complete

however: nice dictionary from AdS/CFT correspondence:

N = 4 SYM on S4

equivalent to
type IIB string theory on AdS5 × S5

Simpler description? Preserve symmetry of target space
PSU(4|4), try spaces... ...arrive at CP3|4:
supertwistor space and Calabi-Yau supermanifold

⇒ Define a topological B-model on CP3|4.
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Motivation for Twistor String Theory

2. MHV amplitudes (++−−−...), at treelevel:
holomorphic functions on twistor space CP3.

Holomorphicity: earmark of the topological B-model
but: CP3 is not a Calabi-Yau space. Think ...
...and arrive again at CP3|4:
supertwistor space and Calabi-Yau supermanifold

⇒ Define a topological B-model on CP3|4.
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The Twistor Space P3

CP3 is the twistor space of S4 or S4
c

CP1 take out ∞
O(1)⊕O(1) → CP1 is the twistor space of R4 or C4

P3 := O(1)⊕O(1) → CP1

Homogeneous coordinates λα̇ on CP1 and ωα in fibres

Section of O(1): homogeneous polynomial of degree 1 in λα̇

⇒ ωα = xαα̇λα̇

Moduli xαα̇ ∈ C4
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The Twistor Correspondence

Incidence relation ωα = xαα̇λα̇

P3

C4 ×CP1

�
�	

π2

C4

π1@
@R

projective line CP1
x in P3 ↔ point x in C4

point p in P3 ↔ null two-plane C2
p in C4

after introducing a real structure: P3 ∼= R4 ×CP1 → R4
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The Supertwistor Space P3|4

Start from CP3|4, take out CP1|4 at infinity:

P3|4 := O(1)⊕O(1)⊕ΠO(1)⊕ΠO(1)⊕ΠO(1)⊕ΠO(1) → CP1

Additional homogeneous Graßmann coordinates η1, ..., η4

Incidence relations: ωα = xαα̇λα̇ and ηi = ηα̇
i λα̇

Double fibration:

P3|4

C4|8 ×CP1

�
�	

π2

C4|8

π1@
@R

Chern number of P3|4: TCP1 2, O(1) 1, ΠO(1) -1,
in total: c1 = 0.

Therefore, there exists a holomorphic measure Ω3,0|4,0.
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Penrose-Ward Transform on P3|4

Topological B-model on P3|4

m
holomorphic Chern-Simons Theory on E → P3|4:∫
Ω3,0|4,0 ∧ tr (A0,1 ∧ ∂̄A0,1 + 2

3A
0,1 ∧ A0,1 ∧ A0,1)

with EOM ∂̄A0,1 +A0,1 ∧ A0,1 = 0
m

Holomorphic vector bundles over P3|4

m
Solutions to the N = 4 SDYM equations on C4|8:

fα̇β̇ = 0 , ∇αα̇χαi = 0 ,

�φij + 2{χαi , χj
α} = 0 , ∇αα̇χ̃α̇ijk − [χ

[i
α, φjk]] = 0

εα̇γ̇∇αα̇G
[ijkl ]

γ̇δ̇
+ {χ[i

α, χ̃
jkl ]

δ̇
} − [φ[ij ,∇αδ̇φ

kl ]] = 0
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Variation I: Fattened Complex Manifolds

How can one describe subsectors of N = 4 SDYM?

• Consider weighted projective spaces
(A.D.Popov, M.Wolf, hep-th/0406224)
Fermions in different bundles, e.g. ΠO(1)⊕ ΠO(3).

• Consider fattened complex manifolds (C.S., hep-th/0410292)
Combine fermionic coordinates to even nilpotent ones, e.g.
y1 = η1η2, y2 = η3η4.

Concept of infinitesimal neighborhoods (yn = 0) in mathematics:

• H. Grauert, 1962

• M. Eastwood, C. LeBrun, late 1980s
“Thickening/Fattening of complex manifolds”

• M. Kontsevich, 1997 “partially formal supermanifolds”
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“(k ⊕ q|l)-dimensional supermanifolds”
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Variation I: Fattened Complex Manifolds

Field theories one can capture:

• y = η1η2η3η4:

SP3⊕1|0 =
∫

d4x tr
(
G α̇β̇fα̇β̇

)
• y1 = η1η2, y2 = η3η4:

SP3⊕2|0 =
∫

d4x tr
(
G α̇β̇fα̇β̇ − φ(1�φ2)

)
Advantages:

• Equivalence to a topological string theory

• Twistor and string machinery for constructing solutions

• More manifolds for testing mirror symmetry
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Variation I: Fattened Complex Manifolds

Non-trivial result:

Yau’s theorem valid for CY supermanifolds only under additional
assumptions (M. Roček, N. Wadhwa, hep-th/0408188)
e.g. on WCP1|1(1, 1|2), there is no Ricci-flat metric.

Define trace & determinant for matrices with even nilpotent entries
⇒ on WCP1⊕1|0(1, 1⊕ 2|·), there is no Ricci flat metric.

Fattened complex manifolds fit nicely in the picture!
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assumptions (M. Roček, N. Wadhwa, hep-th/0408188)
e.g. on WCP1|1(1, 1|2), there is no Ricci-flat metric.

Define trace & determinant for matrices with even nilpotent entries
⇒ on WCP1⊕1|0(1, 1⊕ 2|·), there is no Ricci flat metric.

Fattened complex manifolds fit nicely in the picture!



Outline Motivation for Twistor String Theory Twistor Correspondence Penrose-Ward Transform Variation I: Fattened Complex Manifolds Variation II: Matrix Model Variation III: Monopoles Conclusions

Variation I: Fattened Complex Manifolds

Non-trivial result:

Yau’s theorem valid for CY supermanifolds only under additional
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Variation II: Matrix Model

10d string theory: LEEA of D-branes is SYM theory.

Dimensional reductions from 10d to

{
1d: BFSS Matrix Model
0d: IKKT Matrix Model

What is the analogue for the twistor string?

open string action: holomorphic Chern-Simons theory.

Dimensional reduction of

P3|4 = O(1)⊕O(1)⊕ ΠO(1)⊕ ΠO(1)⊕ ΠO(1)⊕ ΠO(1) → CP1

to

CP1|4 := ΠO(1)⊕ ΠO(1)⊕ ΠO(1)⊕ ΠO(1) → CP1
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Variation II: Matrix Model

Resulting action:

Sred :=

∫
CP

1|4
ch

dλ± ∧ dλ̄± H± tr
(
εαβX±

α ∂̄λ̄±
X±

β + 2A± [
X±

1 ,X±
2

])
where H± := dη±1 dη±2 dη±3 dη±4

Equations of motion:

[X+
1 ,X+

2 ] = 0 and ∂λ̄+
X+

α + [A+,X+
α ] = 0

⇒ “Matrix Quantum Mechanics with complex time”
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Variation II: Matrix Model

Insert λ, λ̄-expansions for Xα and A determined by geometry:

S = tr
(

G α̇β̇

(
−1

2
εαβ[Aαα̇,Aββ̇]

)
+

1

8
φij [Aαα̇, [Aαα̇, φij ]] + ...

)

⇒ “Matrix Model of SDYM theory”

⇒ Construct Matrix Model solutions by twistor techniques
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Variation II: Matrix Model

Alternative approach:

Use diffeomorphism P3|4 ∼= R4|8 ×CP1 and make bosonic moduli
noncommutative:

[x̂11̇, x̂22̇] = 2θ , [x̂12̇, x̂21̇] = −2θ

Derivatives and fields become operators/matrices in a Fock space.

L̂± = εαβX̂±
α ∂̄λ̄±

X̂±
β + 2Â±

[
X̂±

1 , X̂±
2

]
⇒ “Matrix Quantum Mechanics with complex time”

⇒ “Matrix Model of SDYM theory”
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Alternative approach:

Use diffeomorphism P3|4 ∼= R4|8 ×CP1 and make bosonic moduli
noncommutative:

[x̂11̇, x̂22̇] = 2θ , [x̂12̇, x̂21̇] = −2θ

Derivatives and fields become operators/matrices in a Fock space.
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D-Brane interpretation:

In the topological B-model there are

D0-, D2-, D4- and D6-branes

which are

holomorphic submanifolds of the CY

and described by an appropriate

dimensional reduction of holomorphic Chern-Simons theory.

⇒ our action describes D1-instantons in P3|4.

Interesting, as similar instantons are used
to complete the SDYM picture to full SYM theory

for handling amplitudes.
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Variation III: Monopoles

Idea: SDYM on R4 → Bogomolny eqn. on R3

Fµν = 1
2εµνρσFρσ → Fab = εabcDcφ

New twistor space P2|4 := O(2) → CP1|4,

new bosonic incidence relation: z = y α̇β̇λα̇λβ̇

New double fibration:

P2|4

C3|8 ×CP1

�
�	

π2

C3|8

π1@
@R

⇒ Monopoles in background fields via twistors

(More natural description in terms of Cauchy-Riemann manifolds.)
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Conclusions

• Marriage of CY and twistors led to twistor string theory.

• interesting and useful by itself

• Varations to improve our understanding:
• Fattened complex manifolds help to describe subsectors of

SDYM and open a new testing ground for mirror symmetry
• A matrix model from the twistor string describes D-instantons

in twistor language and allows for comparison with BFSS and
IKKT

• Further variations like monopoles lead to interesting new
structures (CR manifolds) and their applications.

• Super Calabi-Yau geometry should be studied in more detail.
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