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Motivation for Twistor String Theory

1. our understanding of gauge theories is far from complete
however: nice dictionary from AdS/CFT correspondence:

N =4 SYM on S*
equivalent to
type 1IB string theory on AdSs x S°

Simpler description? Preserve symmetry of target space
PSU(4|4), try spaces... ... arrive at CP3%:
supertwistor space and Calabi-Yau supermanifold

=- Define a topological B-model on CP3.
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Motivation for Twistor String Theory

2. MHV amplitudes (++———...), at treelevel:
holomorphic functions on twistor space CP>.
Holomorphicity: earmark of the topological B-model
but: €CP3 is not a Calabi-Yau space. Think ...
...and arrive again at C P34
supertwistor space and Calabi-Yau supermanifold

= Define a topological B-model on CP3,
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The Twistor Space P3

cpP? is the twistor space of 5% or S?
CP! take out 00
O(1) ® O(1) — CP* s the twistor space of R* or C*

P3 = 0(1) e O(1) — CP*

Homogeneous coordinates \; on CP! and w® in fibres

Section of O(1): homogeneous polynomial of degree 1 in A4
= w = x4\,

Moduli x*¢ e C*
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The Twistor Correspondence

Incidence relation w® = x“ )\,

C* x CP?

T T
P/ \1® 4

projective line (DP}( in P>« point x in C*

point p in P>« null two-plane (Df, in C*

after introducing a real structure: P3 = R* x CP! — R*
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The Supertwistor Space P34

Start from (DP3‘4, take out CPY* at infinity:
P = 0(1) ® O(1) ® NO(1) ® NO(1) ® NO(1) & NO(1) — CP*

Additional homogeneous GraBmann coordinates 71, ..., 74
Incidence relations: w® = x“*\s and 7; = 7% A4

Double fibration:

C48 x ¢P?
o m
7)3|4 A8

Chern number of P3*: TCP! 2, O(1) 1, NO(1) -1,
in total: ¢; = 0.
Therefore, there exists a holomorphic measure Q30040
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Penrose-Ward Transform on P34

Topological B-model on P34

)

holomorphic Chern-Simons Theory on & — P3I%:
J Q3OO N g (A0 A GACE + FAO A ACL A AOL)

with EOM 9A%T + A01 A A1 =0
()

Holomorphic vector bundles over P3/4

0

Solutions to the A" = 4 SDYM equations on C*/8:
fp=0, Vaax® =0,
069 +2{x*, xh} =0, VaaX3¥ — [xh, "] =0
& Lkl [T N P k]
€ 7vcvazG,-y(; +{Xaan } [QZ’[J,VQ(;QZ’ ]] =0
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Fermions in different bundles, e.g. MO(1) & MO(3).

e Consider fattened complex manifolds (C.S., hep-th/0410292)
Combine fermionic coordinates to even nilpotent ones, e.g.

Y1 =172, Y2 = 137a.
Concept of infinitesimal neighborhoods (y” = 0) in mathematics:
e H. Grauert, 1962

e M. Eastwood, C. LeBrun, late 1980s
“Thickening/Fattening of complex manifolds”

e M. Kontsevich, 1997 “partially formal supermanifolds”



Variation |: Fattened Complex M

Variation |: Fattened Complex Manifolds

How can one describe subsectors of AV = 4 SDYM?

e Consider weighted projective spaces
(A.D.Popov, M.Wolf, hep-th/0406224)
Fermions in different bundles, e.g. MO(1) & MO(3).

e Consider fattened complex manifolds (C.S., hep-th/0410292)
Combine fermionic coordinates to even nilpotent ones, e.g.

Y1 =172, Y2 = 137a.
Concept of infinitesimal neighborhoods (y” = 0) in mathematics:
e H. Grauert, 1962

e M. Eastwood, C. LeBrun, late 1980s
“Thickening/Fattening of complex manifolds”

e M. Kontsevich, 1997 “partially formal supermanifolds”

e A. Konechny and A. Schwarz, 1997
“(k @ g|/)-dimensional supermanifolds”
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Variation |: Fattened Complex Manifolds

Field theories one can capture:
® Y = Mn2n3na:
Spsero = [ dixtr (Gdﬁfdﬁ>
® Y1 =12, Y2 = 1304
57;392\0 = f d*x tr (G(mfdf)’ _ ¢(1D¢2)>
Advantages:

e Equivalence to a topological string theory

e Twistor and string machinery for constructing solutions
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Variation |: Fattened Complex Manifolds

Field theories one can capture:
¢ Y =mn2n3na:
Spseio = [d*xtr <Gdgfdﬂ>
® Y1 =72, Y2 = 137a4:
Spasan = [ dxtr (G5F,; — 61067
Advantages:
e Equivalence to a topological string theory

e Twistor and string machinery for constructing solutions

e More manifolds for testing mirror symmetry
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Variation |: Fattened Complex Manifolds

Non-trivial result:

Yau's theorem valid for CY supermanifolds only under additional
assumptions (M. RoZek, N. Wadhwa, hep-th/0408188)
e.g. on WCPH(1,1]2), there is no Ricci-flat metric.

Define trace & determinant for matrices with even nilpotent entries
= on WCP'0(1,1 @ 2|.), there is no Ricci flat metric.

Fattened complex manifolds fit nicely in the picture!
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Variation IlI: Matrix Model

10d string theory: LEEA of D-branes is SYM theory.

1d: BFSS Matrix Model

Dimensional reductions from 10d to{ 0d: IKKT Matrix Model

What is the analogue for the twistor string?
open string action: holomorphic Chern-Simons theory.

Dimensional reduction of
P =01) e 0(1) ® NO(1) & NO1) & NO(1) ® NO(1) — CP?
to

CPI* .= NO(1) ® NO(1) ® NO(1) ® NO(1) — CP!
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Variation IlI: Matrix Model

Resulting action:

Sred 1= /@ oy dAe Adhy HE tr (gaﬂngéxixgt +2A4F [Xf:,x,j])

where H* : —dn dn dn dn4
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Variation IlI: Matrix Model

Resulting action:
. « + +
Sted = /(DP D A dde HE tr (P2 XF + 24% [XF, X5

where H* = dnl dn2 dn3 dn4

Equations of motion:

[V, 2]=0 and d5 X +[AY, xf]=0
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Variation IlI: Matrix Model

Resulting action:

sgd:(/ dAiAdAiFF%r<‘Wk¢6M:ﬂ 2% (X, 25T )
(DP

where H* = dnl dn2 dn3 dn4

Equations of motion:

[V, 2]=0 and d5 X +[AY, xf]=0

= “Matrix Quantum Mechanics with complex time”
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Insert \, \-expansions for X, and A determined by geometry:

1 1 -
S = tr <Gaﬁ <—2€aﬁ[Aaa>A56]> + §¢U [AOLO'M [AOéOé’ ¢U]] + )
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Insert \, \-expansions for X, and A determined by geometry:
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= “Matrix Model of SDYM theory”
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Variation Il: Matrix Model
Insert \, \-expansions for X, and A determined by geometry:
S=tr(GY —}z—:aﬁ[A v Al +1¢U[A W [AYY ] +
- 5 ad g3 3 ads » Pij

= “Matrix Model of SDYM theory”

= Construct Matrix Model solutions by twistor techniques
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Variation IlI: Matrix Model

Alternative approach:

Use diffeomorphism P34 = R*8 x C'/P' and make bosonic moduli
noncommutative:

[)?117;(22] — 20, [X12 A21] — 29

Derivatives and fields become operators/matrices in a Fock space.
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Variation IlI: Matrix Model

Alternative approach:

Use diffeomorphism P34 = R*8 x C'/P' and make bosonic moduli
noncommutative:

22 =20, [8'2,5%) =26
Derivatives and fields become operators/matrices in a Fock space.
Ly = e RE8 XF + 245 [R7, 7]

= “Matrix Quantum Mechanics with complex time”
= “Matrix Model of SDYM theory”
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In the topological B-model there are
DO-, D2-, D4- and D6-branes
which are
holomorphic submanifolds of the CY
and described by an appropriate

dimensional reduction of holomorphic Chern-Simons theory.
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Variation IlI: Matrix Model

D-Brane interpretation:

In the topological B-model there are
DO-, D2-, D4- and D6-branes
which are
holomorphic submanifolds of the CY
and described by an appropriate

dimensional reduction of holomorphic Chern-Simons theory.
= our action describes D1-instantons in P34,

Interesting, as similar instantons are used
to complete the SDYM picture to full SYM theory
for handling amplitudes.
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Variation |ll: Monopoles

Idea: SDYM on R* —  Bogomolny eqn. on R3

1
F;U/ = §Euupan0' - Fab = EabcDCd)
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Variation |ll: Monopoles

Idea: SDYM on R* —  Bogomolny eqn. on R3

Fw/ = %Euupana - Fab = €abc D@
New twistor space P24 := 0(2) — CP*,
new bosonic incidence relation: z = yd‘ﬁ)\d)\B

New double fibration:
38 x ¢ P

o

7)2|4
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Variation |ll: Monopoles

Idea: SDYM on R* —  Bogomolny eqn. on R3

Fw/ = %Euupana - Fab = €abc D@
New twistor space P24 := 0(2) — CP*,
new bosonic incidence relation: z = yd‘ﬁ)\d)\B

New double fibration:
38 x ¢ P
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Variation |ll: Monopoles

Idea: SDYM on R* —  Bogomolny eqn. on R3

1
Fw/ = EEMVpUFpO' - Fab = €abc D@

New twistor space P2* := O(2) — (DPM'
new bosonic incidence relation: z = ydﬁ)\a)\g

New double fibration:

38 x ¢ P
71—,2/ \7:1
P24 38

= Monopoles in background fields via twistors
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Variation Ill: Monopoles

Idea: SDYM on R* —  Bogomolny eqn. on R3

1
F;U/ = jeuupana - Fab = €abc D@

New twistor space P24 — 0(2) — (DPM'
new bosonic incidence relation: z = ydﬁ)\a)\g

New double fibration:

38 x ¢ P
71—,2/ \7:1
P24 38

= Monopoles in background fields via twistors

(More natural description in terms of Cauchy-Riemann manifolds.)
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Conclusions

e Marriage of CY and twistors led to twistor string theory.

e interesting and useful by itself
e Varations to improve our understanding:
e Fattened complex manifolds help to describe subsectors of
SDYM and open a new testing ground for mirror symmetry
e A matrix model from the twistor string describes D-instantons
in twistor language and allows for comparison with BFSS and
IKKT
e Further variations like monopoles lead to interesting new
structures (CR manifolds) and their applications.

e Super Calabi-Yau geometry should be studied in more detail.
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