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String Field Theory

“If you ask me anything | don't know, I'm not going to
answer.”
Yogi Berra
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Lightening Review: String Field Theory

Idea: cf. ncatlab.org
Particles Strings
worldline > worldsheet
scattering amplitudes +»  string scattering amplitudes
worldline formalism / 1d QFT  « 2d CFT correlators
Quantum Field Theory e String Field Theory
Feynman perturbation series <+  string perturbation series

Achievements:
o Understanding of tachyon field: Sen's conjecture confirmed.
o Construction of interesting classical actions

Problems:
o Has been studied as a classical theory
o bosonic open SFT most accessible,
closed and supersymmetric more involved
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String Field Theory Actions 5/40

Example: Cubic open string field theory Witten 1986
o Action: S(¥) = L(U|Qp|V) + (¥, U, )
o Number of axioms, satisfied e.g. by Chern—Simons theory
This theory requires extensions:

o Supersymmetric case, COSFT develops singularities.
Wendt 1989
Remedy: new theory based on A..-algebras
Erler et al. 2013

o Closed String Field Theory: needs L..-algebras
Zwiebach 1992

o Open-closed requires a mix, e.g. OCHA
Kajiura,Stasheff 2004

Let's look at higher homotopy algebras, in particular Loo—algebras.J
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Lo-algebras and Higher Structures

“We will need to use some very simple notions of cate-
gory theory, an esoteric subject noted for its difficulty and
irrelevance.”

G. Moore and N. Seiberg, 1989

“We'll only use as much category theory as is necessary.
Famous last words...”
Roman Abramovich

Christian Samann L ~o-algebras of Classical Field Theories



Lightening Review: Higher Categories

Categories
o Observation: Mathematical objects come with morphisms.
o Package both in the notion of a category 4 = % = %o

o Examples:

o Vector spaces and linear maps — Vect
o Groups and group homomorphisms — Grp

o Provides meta-language, “essence” of mathematical structures

W

More freedom with categories/higher categories:
o Set theory: objects a,b. Either a = b or a # b.

o Categories: objects a,b. Relating morphism f: a< b

o However: Morphisms only [ =g or [ # g.
fi

o 2-categories: a @ b, morphisms: set — category
P

o etc. to oo-categories
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Homotopies: Relations between

proofs: Parallel Transport

_ of Strings
Assumptions

x Proof 1 R:e|> Proof 2 b ﬂ o

Theorem

“Indeed, the subject might better have been called ...
archery.”
Steve Awodey
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Why should You care?

“Before functoriality, people lived in caves.”
Brian Conrad

“It's like déja vu all over again.”
Yogi Berra
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Because they are everywhere ... 10/40

In String Theory:

o Point particles — Strings : Manifold M — Loop Space LM
Bundles over LM correspond to higher bundles over M

©

Higher form fields: Connections on higher bundles

o Kalb—Ramond B-field: connective structure on gerbe
o Higher forms coupling to Dp-branes: higher gerbes

©

T-duality/Generalized Geometry:
o Courant algebroid = symplectic higher Lie algebroid
o Double/Exceptional Field Theory: gnrlzd Courant algebroids
o generalized manifolds, e.g. orbifolds = stacks € bicategory
String Field Theory:

o Closed SFT based on higher Lie algebras
o Open (s)SFT based on higher associative algebras

©

©

(2,0)-theory, (1,0)-theories in F-theory: Higher gauge theories
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Because they are everywhere ... 11/40

In Supergravity:
o Higher form fields (as above) belong to higher bundles
o Tensor hierarchies in gauged SUGRA are higher gauge theories

In Quantum Gravity:
o Quantum spacetimes:
o Noncommutative geometry only first approximation.
o Nonassociative spaces from higher geometric quantisation
o Ultimately: C°°(some manifold) — some A..-algebra
o Visible in string theory:

o D1-branes ending on D3-branes: Fuzzy funnel with fuzzy 52
o M2-branes ending on M5-branes: Fuzzy funnel with fuzzy S°
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Because they are everywhere ... 12/40

In Generalizing/Deforming mathematical objects:
o Category theory extracts essence of mathematical notions.

o Mathematically consistent generalizations become obvious.

In Field Theory:
o Abstract Definition of TQFTs: higher categories of cobordisms
o AKSZ construction: based on symplectic higher Lie algebroids

o Moduli spaces to gauge field equations: stacks
o BRST/BV formalism:

o Any Classical Field Theory = Higher Lie Algebra/L..-algebra
o Any QFT vyields loop or quantum L..-algebra
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L.-algebras 13/40

Lie algebra in bracket picture:
o Vector space g
o Antisymmetric bilinear product [—, —] : A%g — g
o Satisfying Jacobi identity: > [(s(i); [{o(j)s Co(i)]] = O

L~o-algebra in bracket picture:
o Graded vectorspace L=---®L oDL_1BLyDL1DLaD. ..
o Complex:

K1 L, B L, B L B L B L, K1

o Graded totally antisymmetric multilinear products
pit NL—= L, |l =2—1
o Satisfying higher/homotopy Jacobi identity:

Z Z jiMi+1(u]'(€0(1)a s 7&7(]'))3 e(r(j+1)7 s aga(n)) =0
i+j=n ceSh(i,n—1)
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L..-algebras: Homotopy Jacobi |dentities 14/40

Homotopy Jacobi identity:

Z Z Ehit (Mj(go(l)a s 7&7(]’))7 é(r(j+1)7 s aga'(n)) =0

i+j=n oceSh(i,n—i)

First few homotopy Jacobi identities:

o p1(pi(f)) = 0:
111 is a differential turning L, into a complex

o p1(p2(lr,€2)) = pa(p1(f1), la) £ pa(fy, p1(fe)):
111 is a derivation with respect to jio

Qo M2(/42(£1a 52), fg) + cycl. = :|:/1,1(/L3(f1, 52, 63))
Jacobi identity violated in a controlled way, by cocycle
(last: typical for higher structures.)

L.-algebras are generalizations of dg Lie algebras. J

Christian Samann L ~o-algebras of Classical Field Theories



L..-algebras: Examples 15/40

Simple examples:

o Trivial L..-algebra: LN 2 T L LN
. ’ ’
o Liealgebra g: Lo =g, ...—th st g My By

o Lie algebra g, representation p : g — End (V)

po(ly,02) = [, 4]

lo=g, L =V
ne ! pa(lr,v) = p(ly)v
o de Rham complex on some M: Ly = Q*(M), up =d

Above: strict, that is y; = 0 for i > 2.

More interesting: string Lie 2-algebra (higher spin Lie algebra)

po(ly, ) = 1[4, o]

Lo =spin(n) , L1 =TR
o =spin(n) , L Hs(lr, b0, 03) = (01, [6a, L))

General construction principle: Extend L..-algebras by cocycles. J
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L..-algebras: Strict Morphisms 16/40

What are morphisms of L..-algebras?
Recall: L..-algebra has underlying complex (L., 1)

Naively: Chain maps ¢ : L — L’

H1 M1 M1 H1
Ly Lo Ly

J/(/j)l Lﬁn J{%

M1 / M / M
Lfl LO

such that

d1(pi(lay o ls) = pildr(€r), .., @1(f1)) -

These give only strict morphisms, more later. J
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L..-algebras: Inner Products 17/40

Inner product on Lie algebra g: (—,—) :gxg— R
o positive definite/non-degenerate
@ symmetric
o bilinear
o satisfying cyclic relation:

(€, [2, £3]) = (€2, €3, £a])
generalized naturally (more later) to

Cyclic structure on L-algebra L: (—,—):LxL— R
@ non-degenerate
o graded symmetric
o bilinear
o satisfying cyclic relation:

(1, pi(la, .. l1yq)) = £(lo, i (L3, ... 144, 01))
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Example: L..-algebras from tensor products

“dg commutative algebra ® L.-algebra yields L..-algebra”

J

Example: Q°(M,L) :=Q*(M) @ L = Pz Q. (M, L):
0 QML) :=(M)®L, & Q(M)@Lp_y & - & Q(M)DLs_g
o Higher products:
f1(aq ®@41) = dag @41 a1 @ py(ly)
il @by, ... 0 @4;) == £(ar Ao Aag) @ (b, ..., 6)

o Cyclic structure for compact manifolds and cyclic L:

(1 @ l1, 02 @ L2)ge(arL) = T / ar Aag (0, o)L
Jm
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Homotopy Maurer—Cartan Theory

“One ring to rule them all ..."”

Christian Samann Igebras of Classical Field Theories



Homotopy Maurer—Cartan Theory 20/40

Maurer—Cartan equation for differential graded Lie algebra, (g,d):
da+ila,a]=0, a€g.

Loo-algebras are generalizations of dg Lie algebras. )

Homotopy Maurer—Cartan equation:

f=wm(a)+ jp2(a,a) + Fpus(a,a,a) +---=0, acly
Nomenclature: a: gauge potential f: curvature
Bianchi identity:

pa(f) = p2(f.a) + 3ps(f,a,a) = Jpa(f,a,a,a) +--- =0

Homotopy Maurer—Cartan Action:

1
Snclal = 7221 m(a, pila, ... a)) .

hMC action: action for closed string field theory. |
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Example: Chern—-Simons Theory 21/40

Tensor product L..-algebra L = Q°(M) @ g with g Lie algebra:
o gauge potential
AelLi=0'M)og
o higher products:
fu=d and p=[—, -]

@ Homotopy Maurer—Cartan equation:
=dA+ 5 [A Al=0

o Homotopy Maurer—Cartan action:

SMC[A < A dA) 3%(14’ [A>A])> :
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Example: 4d Higher Chern—Simons Theory 2/40

For d = 4, need cyclic “Lie 2-algebra:” L =L | & L.

Tensor product L..-algebra L = Q*(M) @ L:
o gauge potential
A+Beli=Q'(M)® Ly P (M)®L_,

o higher products are 11 = d + p1, e, s
@ Homotopy Maurer—Cartan equation:

F=dA+ u2(A, A) + 1 (B)
H = dB + pa(A, B) — giu3(A, A, A)
o Homotopy Maurer—Cartan action:

Swc = [ {(B.da+ (4 A) + hm(B)+
M

+ %<M3(Aa A7A)7A>L} )

Generalizes to arbitrary dimensions d > 3! J
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Remnants in Field Theory: Classical BRST/BV-Formalism

If string theory is fundamental, shouldn't there be
some Lo-algebra in classical field theory?
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BRST formalism 24/40

Original Motivation: Want to “mod out” symmetries:

field space/symmetry group

e.g. for path integral computations, moduli spaces, etc.

But quotients like this are often badly behaved.

Modern approach: derived quotient: category, action Lie groupoid
(symmetry group X field space) = field space

o (9,®) g ®

This differentiates to the action Lie algebroid

SBRST = (Lie(symmetry group) K field space — field space)

BRST is essentially the dual of this picture. J
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(Q-Manifolds 25/40

@-manifold
o 7-graded manifold with coordinates of degree d € 7
MC+—ELDE_1...

/ N

manifold linear spaces
o (Q-manifold: vector field @ of degree 1, Q?> =0

o Functions on (M, Q) form differential graded algebra
“Chevalley—Eilenberg algebra”

Examples:
o Tangent algebroid T[1|M, C>*(T[1]M) =2 Q* (M), Q@ =d
o Lie algebra g[1], coordinates {“ of degree 1:

Q= _%fgvgﬁg“/— ., Jacobi identity & Q? =0

o higher Lie algebras and higher Lie algebroids analogously
o metric/cyclic structure: symplectic form on ()-manifold
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Chevalley—Eilenberg resolution 26/40

Let's return to the action Lie algebroid

§BrsT = Lie(symmetry group)[1] i field space = Lie(®)[1] x §
Coordinate functions:

® on § with |[®| =0 c on Lie(®)[1] with |¢| = 1 (“ghosts")
Homological vector field Qpgrsr:

QBrsT® := 6.0 and (QgrsrTc:= —%[c, c .

Chevalley—-Eilenberg complex:
Hom(ALie(®), 4> (F)) = €,°(3BrsT) >

yields the resolution:

0 — T(3/8) = HOF/6) — G5 (Forst) ——+ €7 (pRst) — -

Essentially: BRST formalism <+ Chevalley—Eilenberg resolution J
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Koszul-Tate resolution o0 8

Classical observables:
field configurations modulo symmetries satisfying eom J
o Field space §
o Enlarged: Fpy := T*[-1]F coords. fields ®*, “antifields" @z
o Symplectic form: wpy = (—1)!®4l6®4 A 507
@ action Spy = S satisfies {Spy, Spv} =0
o Sy and wpy define Qv = {SB\/, *} with QQBV =0
o Thus, §gv is @-manifold
o Note: QBV‘PX = {SBv, @X} = 0paS, classical eoms.
o Note: Qpyv(¢°>(T*[—1]F)) = J, ideal vanishing on solutions

Koszul-Tate resolution:
S ENTF) D G 1F) — HUT 1) = 67(§)/7 — 0
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Classical BRST-BV formalism 28/40

Essentially:

Classical BRST-BV _ Chevalley—Eilenberg n Koszul-Tate

formalism resolution resolution

That is:
o Field space §, coord. functions ¢ of degree 0
o Infinitesimal symmetries Lie(®)[1], coords. of degree> 0
o BRST (pre-)@-manifold: §prst = Lie(®)[1] X §F, @BRST
o BV @Q-manifold: §pv = T™[—1|§BrsT, @BV = S + ...

What is the L..-algebras dual to the BV Q-manifold? J
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The L..-algebra of a Classical Field Theory

Recall dualization (invert sign) and shift by one:
Lie algebra g «+— (g[1],Q = ...) «— dg algebra (¢*(g[1]), Q)

Translate coordinate functions to elements of vector spaces.

Example: Gauge theory

o Field ® of degree 0 +— d ey
Ghost ¢ of degree 1 «— c€ Ly
antifield ®T of degree -1 «+— & c L,
antifield of ghost ¢ of degree —2 +— ¢ €3
etc. for higher gauge theories

(*]

© 0 ©o

Altogether:
Lo Ly Lo Ls
gauge | physical | equations of | Noether
transf. | fields motion identities
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Example: Yang—Mills Theory 30/40

Classical BV formalism:
o Manifold M, Lie algebra g, Coord. functions: A, A", ¢, ¢

o Symplectic form: w :/ {(6A,6A4T)g — (5¢c,6ct)q}
M

o Action: S = /M {%(F, *F)g — (AT, Ve)g + (et e, c]>g}

o Homological vector field: @ :={S,~} with Q*=0
o This is the dual of an L..-algebra.
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Example: Yang—Mills Theory 31/40

L.-algebra picture:

Complex:

QM. g) = ol g) =M Qdl(arg) 4220 0l g)

—— —— —_——— ——
Lo Ly Lo Ls

Higher Products:
pi(er) ==der , p(Ar) :=dxdA;, pi(A]) = dAl+ .
pa(cr, ca) = [er, 2], paler, A1) = [e1, A1],  paler, AY) == [c1, AS ],
MQ(ChC‘j) = [Cl,(;;] ’ NQ(AMA;—) = [AlA;} )
ua(Ay, Ag) := dx[A1, Ag] + [A1, *d Ag] + [Ag, xdA4] ,
ws( Az, Ag, Ag) i= [A1, x[Ag, As]] + [Aa, x[As, A1]] + [As, x[A41, A2]]

Homotopy Maurer—Cartan action with a = A is Yang—Mills action!
hMC action with a = cg+ A+ AT + ¢ is BV action!
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Examples of Applications
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Quasi-Isomorphisms 33/40

Recall: so far, only strict morphisms of L..-algebras.
Morphisms of ()-manifolds clear:

MM, Qod*=2*0Q

Morphisms of L..-algebras ¢ : L — L’ induced:
o ¢ consists of maps ¢; : AL — L', [¢;| =1 —1i.
o ¢1: chain map from complex (L, 11) to (L', 1))
o ¢;, 1 > 1, link higher products between L and L’
Recall from chain complexes notion of Quasi-Isomorphism:
o A chain map ¢ : C'— " (i.e. ¢ descends to cohomology)
o which induces isomorphism ¢ : H®(C') = H*(C")
Generalize: L..-algebras L and L’ quasi-isomorphic:
Thereisa ¢ : L — L' with ¢ : Hj (L) = Hj (L)

Example: (cf. “trivial pairs”)

© o

©

©

(*]

VI B Vi-1] & x— =

Consistency: Constructions mostly agnostic to quasi-isomorphisms!J
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Equivalence of Field Theories 34/40

Equivalent field theories o Quasi-isomorphic L.-algebras
FT~FT' L=L'

Examples:
o Field redefinitions
o Integrating out fields

o Constructing effective field theories

Advantages of this formulation:
o Simplifies computations

o Exhibits algebraic structures
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Example: First Order Yang—Mills Theory 35/40

Classical BV formalism:
o Manifold M, Lie algebra g,
o Coords: A€ Q' (M,g), B e Qi(]\f,g), At, Bi, c, ¢t
o Symplectic form w obvious/canonical, Action:

S = {<F7B+>g+%<B+-/B+>g_
M

— (4%, Ve)y — (BE, [By,dl)g + 3 e, |
o Yields L..-algebra Ly, Bv

Morphism of L..-algebras:

o Easy to check: H} (Lym,BY) = Hp, (Lym,BV)

o Moreover: We have ® : €°°(Fva,Bv) — €°°(Fym,Bv) with
P(c) == c, P(By) = —1F , @A) = A,
®Bf) =0, ®AT) = AT, &) = "

o This satisfies Qyn,py © @ = @ o Qyn,BY
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Minimal Model Theorem 36/40

Definitions
o Loo-algebra with p; = 0 for ¢ > 3: strict (also: dg Lie algebra)

o L..-algebra with ;11 = 0: minimal (not = to “smaller”)

Minimal Model Theorem
Every L..-algebra is quasi-isomorphic to a minimal one. J

Examples:
o Lie algebra g is minimal

o Vi =, V'[i — 1] has minimal model * —

id 0 4
o Lo-algebra L —— Ly — L, SN
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Minimal Models of L..-algebras of Field Theories 37740

Recall:
symm. fields eom Noether

Chern—-Simons Theory: (compact, orientable /)
0— QM) @g- (M) og - QM) og - B(M)og— 0

~

0— Hig(M)® g — Hig(M)®g — Hig(M)®g — Hig(M)@g— 0

Yang-Mills Theory: (compact, orientable M)

0— QM) ®g - Q' (M) ®g 25 QY (M) 0 g -5 Q4 M) 2 g — 0

~
=~

0 — MM @g— RM) ©g— QA (M)@g— QM) @g—0

~

0— Hip(M)®g — Hig(M)®g — Hip'(M)®g — Hig(M)®g — 0
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Tree level amplitudes 33/40

Let (L, 11;) be the L.-algebra of some field theory FT.

Note:

©

quadratic term (a, j11(a)): p1 encodes inverse propagator
o Minimal model /7; (L) encodes field theory FT'

o L H? (L) & FT ~FT'

o FT' has trivial propagator

Conclusion:

The higher products of the minimal model are
the tree level amplitudes of a field theory.
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Conclusions

Summary and Outlook.

Summary:

(*]

Every classical field theory corresponds to an L..-algebra L
Its action is the hMC action for L (BV is “superfield version”)
This can be seen as a remnant of String Theory

Equivalent field theories: L..-algebras quasi-isomorphic to L
L can be reduced to minimal model/cohomology 1 (L)

This encodes tree level amplitudes

©

Soon to come:
> MHV amplitudes from quasi-isomorphisms (WIP)
> Applications to Integrable Systems (WIP)
> Extension to QFT/Quantum L..-algebras

> Better algebraic understanding of Feynman diagrams
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Announcement

1 Postdoc (3 years) + 1 PhD position (3.5 years)
Mathematics of Mb5-branes

starting Sep/Oct 2019

More: Contact me if interested.
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