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Underlying Idea of Twistor String Theory

Marrying Twistor- and Calabi-Yau geometry

7

. with supermanifolds: Witten, hep-th/0312171
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Motivation for Twistor String Theory

AdS/CFT correspondence

Our understanding of gauge theories is far from complete

AdS/CFT correspondence

N =4 SYM on §*

equivalent to
type 1IB string theory on AdSs x S°

Is there a simpler description?

Preserve symmetry of target space PSU(4|4),
try spaces... ... arrive at CP3/%:

supertwistor space and Calabi-Yau supermanifold

= Define a topological B-model on CP3,
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Motivation for Twistor String Theory

MHYV scattering amplitudes

QCD scattering amplitudes very complicated, but:
MHV amplitudes

amplitudes with helicities (++———...)
treelevel: holomorphic functions on twistor space C P>
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Motivation for Twistor String Theory

MHYV scattering amplitudes

QCD scattering amplitudes very complicated, but:

MHV amplitudes

amplitudes with helicities (++———...)
treelevel: holomorphic functions on twistor space C P>

Holomorphy: earmark of the topological B-model
but: ©P? is not a Calabi-Yau space.

Think ... ... and arrive again at CP3*:
supertwistor space and Calabi-Yau supermanifold

=- Define a topological B-model on CP3,

(Calculation of scattering amplitudes relevant for LHC)
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Twistor Spaces and Supertwistor Spaces

What are Twistors?

Aim: unified description of GR and QM
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Twistor Spaces and Supertwistor Spaces
What are Twistors?

Aim: unified description of GR and QM

Light rays

X = xg* + tp**, where x** ~ xto®
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Twistor Spaces and Supertwistor Spaces
What are Twistors?

Aim: unified description of GR and QM

XOf

& ai i ad i
= xg" + tp**, where x** ~ xtoy,

Shift x§*, decompose into 2-spinors:

XO = DY 4+ NG

Contract by A4 and choose ¢ = (%)) !

Incidence Relation
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Twistor Spaces and Supertwistor Spaces
Twistor correspondence

Incidence Relation: w® = x“%)\,

Twistor correspondence

Point x*® corresponds to sphere CP! 5 g4

A twistor Z' is incident to a plane of points x*% = ng + gAY

Decompactification

CP> s the twistor space of 5% or S?

CP? take out 00

P2 s the twistor space of R* or C*
@Pio is described by \s; = 0, therefore:

P3 = 0(1)® O(1) —» CP*

Homog. coords. Ag on CP! and w® in fibres
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Twistor Spaces and Supertwistor Spaces
Twistor correspondence

Incidence Relation: w® = x“%)\,

Twistor correspondence

Point x*® corresponds to sphere CP! 5 g4

A twistor Z' is incident to a plane of points x*% = ng + gAY

Decompactification

CP> s the twistor space of 5% or S?
CP? take out 00
P2 s the twistor space of R* or C*

@Pio is described by \s; = 0, therefore:
P3 = 0(1)® O(1) —» CP*

Homog. coords. Ag on CP! and w® in fibres
Moduli of sections of P3: x®% ¢ C*
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Twistor Spaces and Supertwistor Spaces
The Double Fibration

Incidence relation w® = x¥*)\,
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Twistor Spaces and Supertwistor Spaces
The Double Fibration

Incidence relation w® = x¥*)\,

Double Fibration

7)3 (wa, )\d)
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Twistor Spaces and Supertwistor Spaces
The Double Fibration

Incidence relation w® = x¥*)\,

Double Fibration

C* x CP! (X2, Xa)
733/ (w®, A'{
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Twistor Spaces and Supertwistor Spaces
The Double Fibration

Incidence relation w® = x¥*)\,

Double Fibration

C* x CP! (2, Xa)
/N N
P3 og (@, Aa) (x*9)
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Twistor Spaces and Supertwistor Spaces
The Double Fibration

Incidence relation w® = x¥*)\,

Double Fibration

C* x CP! (2, Xa)
/N N
P3 og (@, Aa) (x*9)

We can read off:

Twistor correspondence

projective line (DP}( in P> « point x in C*
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Twistor Spaces and Supertwistor Spaces
The Double Fibration

Incidence relation w® = x¥*)\,

Double Fibration

C* x CP! (2, Xa)
/N N
P3 og (@, Aa) (x*9)

We can read off:

Twistor correspondence

projective line (DP}( in P> « point x in C*

point pin P2« null two-plane (D,QJ in C*
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Twistor Spaces and Supertwistor Spaces
Superextension of P3

The Supertwistor Space P3
Start from CP3X take out CP'WV at infinity:

PIN .— 2 g O(1) ® N ® no(1) — C Pl
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Twistor Spaces and Supertwistor Spaces
Superextension of P3

The Supertwistor Space P3
Start from CP3X take out CP'WV at infinity:

PIN .— 2 g O(1) ® N ® no(1) — C Pl

Incidence Relations

w® = Xaa)\d

ni = 1N
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Twistor Spaces and Supertwistor Spaces

Superextension of P3

The Supertwistor Space P3

Start from CP3?V take out CPV at infinity:

PV =22 0(1)® CVN @ NO(1) — CP!

Incidence Relations Double Fibration

W = X%

i = 1 Aa pIN
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Twistor Spaces and Supertwistor Spaces

Superextension of P3

The Supertwistor Space P3

Start from CP3?V take out CPV at infinity:

PV =22 0(1)® CVN @ NO(1) — CP!

Incidence Relations Double Fibration

. CH2V x ¢P?
W = X%\, /
ni =N Ae PIN
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Twistor Spaces and Supertwistor Spaces

Superextension of P3

The Supertwistor Space P3

Start from CP3?V take out CPV at infinity:

PV =22 0(1)® CVN @ NO(1) — CP!

Incidence Relations Double Fibration

. CH2V x ¢P?
w® =x"Aq / \
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Twistor Spaces and Supertwistor Spaces

Superextension of P3

The Supertwistor Space P3

Start from CP3?V take out CPV at infinity:

PV =22 0(1)® CVN @ NO(1) — CP!

Incidence Relations Double Fibration

, CH2V x ¢P?
w® =x"Aq / \
i =1 Aa P3N 412N

Chern number of P34

TCPL 2,
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Twistor Spaces and Supertwistor Spaces

Superextension of P3

The Supertwistor Space P3

Start from CP3?V take out CPV at infinity:

PV =22 0(1)® CVN @ NO(1) — CP!

Incidence Relations Double Fibration

, CH2V x ¢P?
w® =x"Aq / \
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Twistor Spaces and Supertwistor Spaces

Superextension of P3

The Supertwistor Space P3

Start from CP3?V take out CPV at infinity:

PV =22 0(1)® CVN @ NO(1) — CP!

Incidence Relations Double Fibration

, CH2V x ¢P?
w® =x"Aq / \
i =1 Aa P3N 412N

Chern number of P34

TCP! 2, 0(1) 1, NO(1) -1,
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Twistor Spaces and Supertwistor Spaces
Superextension of P3

The Supertwistor Space P3

Start from CP3?V take out CPV at infinity:

PV =22 0(1)® CVN @ NO(1) — CP!

Incidence Relations Double Fibration

CH2V x ¢P?
i =1 Aa P3N 412N

Chern number of P34

TCP! 2, O(1) 1, NO(1) -1, in total: ¢; = 0.
Therefore, there exists a holomorphic measure 3040,
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Penrose-Ward Transform on P34
Outline

topological B-model on P3/4
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Penrose-Ward Transform on P34
Outline

topological B-model on P3/4

)

holomorphic Chern-Simons theory on £ — P3I4:
J Q3040 N g1 (A%L A DAOL + 2 AL A A% A AOT)
with eom 9A%L + A% A A% =0

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Penrose-Ward Transform on P34
Outline

topological B-model on P3/4

)

holomorphic Chern-Simons theory on £ — P3I4:
J Q3040 N g1 (A%L A DAOL + 2 AL A A% A AOT)
with eom 9A%L + A% A A% =0

)

holomorphic vector bundles over P34
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Penrose-Ward Transform on P34
Outline

topological B-model on P3/4

)

holomorphic Chern-Simons theory on £ — P3I4:
J Q3040 N g1 (A%L A DAOL + 2 AL A A% A AOT)
with eom 9A%L + A% A A% =0

)

holomorphic vector bundles over P34

)

solutions to the N = 4 SDYM equations on C*8

Field contents: (f,3, X, qﬁ’f],X”k] G[’Jk/])
f(;'v['ﬂ =0 R vadia’lk [X ¢jk] o 0
Vaax™ =0, e Vaa G 4 =0

0¥ +2{x* x,} =0,
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Penrose-Ward Transform on P34
The Real Case

One can introduce a real structures 711 related to Kleinian and
Euclidean metrics on the real moduli space R*/®.
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Penrose-Ward Transform on P34
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One can introduce a real structures 711 related to Kleinian and
Euclidean metrics on the real moduli space R*/®.

Consequences:

@ Double fibration reduces to single fibration Pi‘f — R,
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Penrose-Ward Transform on P34
The Real Case
One can introduce a real structures 711 related to Kleinian and

Euclidean metrics on the real moduli space R*/®.

Consequences:

@ Double fibration reduces to single fibration Pi‘f — R,
o Field expansion of hCS gauge potential A%
Ao = A Aad( ) + 77iX£y( )+ % ninj A% ¢ZQ(X) +
ik
+92 J iy A AP ()

. »
+93 & mmjmen 33 39 59 Gy () 5

i S ~iik
As = Pnimy 07 (x) — VP A% L (x) +
2y mimmen AC ABG”M( ) -
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Matrix Models

Two ways of obtaining the matrix models:
e Dimensionally reducing the moduli space C*8 — C0I8:

e
P e
e
S e
P e AT
R
S
e
5

ENISETLENT Models And ranes In Twistor String Theory



Matrix Models via Dimensional Reduction

Matrix model of N = 4 SDYM theory

S = tr <Gd3 (—%Eaﬁ[Aad,AﬂﬂD + %gijkIdeUk[AamX(ﬂ]

+ Leiiwd! [Ana, [A*, oM + Eijkl¢UXakX£y>
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Matrix Models via Dimensional Reduction
Matrix model of N = 4 SDYM theory

S = tr <Gd3 (—%Eaﬁ[Aad,AﬂgD + %gijkIdeUk[AamX(ﬂ]

+ Leiiwd! [Ana, [A*, oM + Eijkl¢UXakX£y>

Matrix model of N' = 4 hCS theory

S = /CPth/\ tre®fx, (3X9+[«40P1, ])

with
w = Q3’0|4’0]@P1 W = :l:d/\i/\d’nfc...dnflIE

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Matrix Models via Dimensional Reduction

The equivalence via Penrose-Ward transform is conserved,
e.g. in the real case:

Xo = A Aas +mixt + 7 & mm A o0 +
92 g mmm A N R
a 38 37 ikl
+’Y a1 77177177k77/)\ A7 A Gaﬁ,y’
lk
A;\ = 777177](/) - 77:77177k)‘a Xa

ikl
+2y g A AP G

(Further technicalities suppressed.)
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Matrix Models from Non-Commutativity

Noncommutativity on the moduli space
%24, £99] = igoass
with (k = £1)

gli22 _ g2l _ _op g g1220 = _g2i12 _ gy
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Matrix Models from Non-Commutativity

Noncommutativity on the moduli space
2%, £08] = igesh
with (k = £1)
012 = g2 = dikeh and 012 = 4?12 = Dich
representation: two oscillator Fock space with |0, 0)

3~ +82 and A~ 82U
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Matrix Models from Non-Commutativity

Noncommutativity on the moduli space
2%, £08] = igesh
with (k = £1)
U2 — g2 = dineh and 9121 = 2112 = 2ieg
representation: two oscillator Fock space with |0, 0)
o~ 452 and 3~ %2 - 5M
derivatives become inner derivations of the above algebra:
0
ox1i

fr 822, F], etc.
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Matrix Models from Non-Commutativity

Noncommutativity on the moduli space
2%, £08] = igesh
with (k = £1)
U2 — g2 = dineh and 9121 = 2112 = 2ieg
representation: two oscillator Fock space with |0, 0)
o~ 452 and 3~ %2 - 5M
derivatives become inner derivations of the above algebra:

0
ox1i

fr 822, F], etc.

integral becomes trace: [d*xf — (270)? tr g f
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Matrix Models from Non-Commutativity
Noncommutativity on the twistor space

Induced algebra:
[21,23] = 2(k—1)ersd,  [21,23] = —2(k —1)edad,
[21,21] = 2(ke — A1 24)0,  [28,2] = 2(keA_A_—-1)0,
22,22] = 21 —erhiAy)0, [22,2%] = 2(A_X_ —er)d,

Matrix Models
All operators can be seen as infinite dimensional matrices.

| N
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Matrix Models from Non-Commutativity
Noncommutativity on the twistor space

Induced algebra:
[21,23] = 2(k — 1)eXsh , [21,23] = —2(k —1)eX16,
[21,21] = 2(ke — A1 24)0,  [28,2] = 2(keA_A_—-1)0,
[22,22] = 2(1—erdiAy)0, [22,22] = 2(A\_X_ —¢ek)d,

| N

Matrix Models

All operators can be seen as infinite dimensional matrices.
Matrix models consistently defined for SDYM and hCS theory
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Matrix Models from Non-Commutativity
Noncommutativity on the twistor space

Induced algebra:
[21,23] = 2(k—1)ersd,  [21,23] = —2(k —1)edad,
[21,21] = 2(ke — A1 24)0,  [28,2] = 2(keA_A_—-1)0,
22,22] = 21 —erMAy)0, [22,2%] = 200X —en)d,

Matrix Models

All operators can be seen as infinite dimensional matrices.
Matrix models consistently defined for SDYM and hCS theory
relation via a Penrose-Ward transform.

| A
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Matrix Models from Non-Commutativity

Noncommutativity on the twistor space

Induced algebra:
[21,23] = 2(k—D)ersd, [Z1,2]] = —2(k—1)els0,
[21,21] = 2(ke — A Ay)0,  [2,2E 2(keA_A_ —1)0,
[22,22] = 2(1—erdiAy)0, [22,22] = 2(A\_X_ —¢ek)d,

Matrix Models

All operators can be seen as infinite dimensional matrices.
Matrix models consistently defined for SDYM and hCS theory
relation via a Penrose-Ward transform.

| A\

Large N limit

N: rank of gauge group, limit N — oo:
all matrix models equivalent
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D-Brane Interpretation
N = 2 String Theory

Fundamental A/ = 2 strings

o target space with dimension four (R*? or R??)
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o effective field theory SDYM theory
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D-Brane Interpretation
N = 2 String Theory

Fundamental A/ = 2 strings

o target space with dimension four (R*? or R??)
o effective field theory SDYM theory
@ after extension N' =4 SDYM theory
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D-Brane Interpretation
N = 2 String Theory

Fundamental A/ = 2 strings

o target space with dimension four (R*? or R??)
o effective field theory SDYM theory
@ after extension N' =4 SDYM theory

v

D-branes in A = 2 string theory

@ NS and R sectors connected via N/ = 2 spectral flow

\
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D-Brane Interpretation
N = 2 String Theory

Fundamental A/ = 2 strings

o target space with dimension four (R*? or R??)
o effective field theory SDYM theory
@ after extension N' =4 SDYM theory

v

D-branes in A = 2 string theory

@ NS and R sectors connected via N/ = 2 spectral flow

@ A- and B-type boundary conditions

\
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D-Brane Interpretation
N = 2 String Theory

Fundamental A/ = 2 strings

o target space with dimension four (R*? or R??)
o effective field theory SDYM theory
@ after extension N' =4 SDYM theory

D-branes in A = 2 string theory

@ NS and R sectors connected via N/ = 2 spectral flow
@ A- and B-type boundary conditions

e for B-type boundary conditions: dimensional reductions OK
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D-Brane Interpretation
N = 2 String Theory

Fundamental A/ = 2 strings

o target space with dimension four (R*? or R??)
o effective field theory SDYM theory
@ after extension N' =4 SDYM theory

D-branes in A = 2 string theory

@ NS and R sectors connected via N/ = 2 spectral flow

@ A- and B-type boundary conditions

e for B-type boundary conditions: dimensional reductions OK

@ SDYM and dimensional reductions
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D-Brane Interpretation
N = 2 String Theory

Fundamental A/ = 2 strings

o target space with dimension four (R*? or R??)
o effective field theory SDYM theory
@ after extension N' =4 SDYM theory

D-branes in A = 2 string theory

@ NS and R sectors connected via N/ = 2 spectral flow
@ A- and B-type boundary conditions
e for B-type boundary conditions: dimensional reductions OK

@ SDYM and dimensional reductions

First interpretation

The matrix models describe D-branes in A/ = 2 string theory:
dim. red. MM: DO0|8-branes, NC MM: D4|8-branes + B-field
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D-Brane Interpretation

D-Branes in Type IIB String Theory

e D(-1)-, D1-, D3-, D5-, D7- and D9-branes
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D-Brane Interpretation

D-Branes in Type IIB String Theory

e D(-1)-, D1-, D3-, D5-, D7- and D9-branes

@ stack of N D-branes comes with rank N vector bundle
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D-Brane Interpretation

D-Branes in Type IIB String Theory

e D(-1)-, D1-, D3-, D5-, D7- and D9-branes
@ stack of N D-branes comes with rank N vector bundle
o effective action: U(N) SYM reduced from 10 to p + 1
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D-Brane Interpretation

D-Branes in Type IIB String Theory

e D(-1)-, D1-, D3-, D5-, D7- and D9-branes

o stack of N D-branes comes with rank N vector bundle
o effective action: U(N) SYM reduced from 10 to p + 1
o curved spaces: F%2 = F20 =0 and k9t1 A F = ~k¢
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D-Brane Interpretation

D-Branes in Type IIB String Theory

e D(-1)-, D1-, D3-, D5-, D7- and D9-branes

o stack of N D-branes comes with rank N vector bundle
o effective action: U(N) SYM reduced from 10 to p + 1
o curved spaces: F%2 = F20 =0 and k9t1 A F = ~k¢

@ arising Higgs fields: normal fluctuations of D-branes
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D-Brane Interpretation
D-Branes in Type IIB String Theory

e D(-1)-, D1-, D3-, D5-, D7- and D9-branes

o stack of N D-branes comes with rank N vector bundle
o effective action: U(N) SYM reduced from 10 to p + 1
o curved spaces: F%2 = F20 =0 and k9t1 A F = ~k¢

@ arising Higgs fields: normal fluctuations of D-branes

BPS bound states, e.g. D3-D(—1)-branes

@ Perspective of D3-brane:
SYM+BPS condition: SDYM equations
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D-Brane Interpretation
D-Branes in Type IIB String Theory

e D(-1)-, D1-, D3-, D5-, D7- and D9-branes

o stack of N D-branes comes with rank N vector bundle
o effective action: U(N) SYM reduced from 10 to p + 1
o curved spaces: F%2 = F20 =0 and k9t1 A F = ~k¢

@ arising Higgs fields: normal fluctuations of D-branes

BPS bound states, e.g. D3-D(—1)-branes
@ Perspective of D3-brane:
SYM+BPS condition: SDYM equations
@ Perspective of D(—1)-brane:
field theory for D(—1)-D(—1)-strings and D(—1)-D3-strings
ADHM equations.
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D-Brane Interpretation

B-Type topological Branes

e D(-1)-, D1-, D3-, and D5-branes
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D-Brane Interpretation

B-Type topological Branes

e D(-1)-, D1-, D3-, and D5-branes

@ stack of N D-branes comes with rank N vector bundle
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D-Brane Interpretation

B-Type topological Branes

e D(-1)-, D1-, D3-, and D5-branes
@ stack of N D-branes comes with rank N vector bundle

e effective action: GL(N, C) holomorphic Chern-Simons theory
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D-Brane Interpretation

B-Type topological Branes

e D(-1)-, D1-, D3-, and D5-branes

@ stack of N D-branes comes with rank NV vector bundle

e effective action: GL(N, C) holomorphic Chern-Simons theory
o ie FO2=F20=0
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D-Brane Interpretation

B-Type topological Branes

D(-1)-, D1-, D3-, and D5-branes

stack of N D-branes comes with rank N vector bundle

effective action: GL(N, C) holomorphic Chern-Simons theory
ie. F92=F20=0

stable physical D-branes subset of topological branes.
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D-Brane Interpretation
Holomorphic Chern-Simons Matrix Model

hCS MM and topological D-branes

hCS MM with gauge group GL(N, C): stack of n D1|4-branes
wrapping CPHA P34,
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D-Brane Interpretation
Holomorphic Chern-Simons Matrix Model

hCS MM and topological D-branes

hCS MM with gauge group GL(N, C): stack of n D1|4-branes
wrapping CPHA P34,

expand Higgs-fields X, = X0 + Xin; + XInim; + ...
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D-Brane Interpretation
Holomorphic Chern-Simons Matrix Model

hCS MM and topological D-branes

hCS MM with gauge group GL(N, C): stack of n D1|4-branes
wrapping CPHA P34,

expand Higgs-fields X, = X0 + Xin; + XInim; + ...
[Xlov‘XZO] =0 5
[, X9+ [0, 4] = 0,
(A, ) — (A, 2y [ A9+ [, a0 = o,
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D-Brane Interpretation
Holomorphic Chern-Simons Matrix Model

hCS MM and topological D-branes

hCS MM with gauge group GL(N, C): stack of n D1|4-branes
wrapping CPHA P34,

expand Higgs-fields X, = X0 + Xin; + XInim; + ...
[Xlov‘XZO] =0 5
[, X9+ [0, 4] = 0,
(A, ) — (A, 2y [ A9+ [, a0 = o,

bodies X0 can be diagonalized: positions of the D1|4-branes
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D-Brane Interpretation
Holomorphic Chern-Simons Matrix Model

hCS MM and topological D-branes

hCS MM with gauge group GL(N, C): stack of n D1|4-branes
wrapping CPHA P34,

expand Higgs-fields X, = X0 + Xin; + XInim; + ...
[Xlov‘XZO] =0 5
[, X9+ [0, 4] = 0,
(A, ) — (A, 2y [ A9+ [, a0 = o,

bodies X0 can be diagonalized: positions of the D1|4-branes

Observation:
Fermionic directions are “smeared out” even classically.
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ADHM and the Matrix Model

ADHM-Equations from String Theory

Bound state of D3-D(-1)-branes (D9-D5-branes + dim. reduction)

Perspective of D3-brane

D3-D3-strings + BPS condition:

\ \\
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ADHM and the Matrix Model

ADHM-Equations from String Theory

Bound state of D3-D(-1)-branes (D9-D5-branes + dim. reduction)

Perspective of D3-brane

D3-D3-strings + BPS condition:
SDYM equations

\ \\
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ADHM and the Matrix Model

ADHM-Equations from String Theory

Bound state of D3-D(-1)-branes (D9-D5-branes + dim. reduction)

Perspective of D3-brane

D3-D3-strings + BPS condition:
SDYM equations
D(-1)-brane: instanton, nontrivial chy

\ \\
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ADHM and the Matrix Model

ADHM-Equations from String Theory

Bound state of D3-D(-1)-branes (D9-D5-branes + dim. reduction)

Perspective of D3-brane

D3-D3-strings + BPS condition:
SDYM equations
D(-1)-brane: instanton, nontrivial chy

Perspective of D(-1)-brane
D(-1)-D(-1)-strings:

N = (0,1) hypermultiplet (Aua, X")
D(-1)-D3-strings:

N = (0,1) hypermultiplet (wg, ")

\ \\
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ADHM and the Matrix Model

ADHM-Equations from String Theory

Bound state of D3-D(-1)-branes (D9-D5-branes + dim. reduction)

Perspective of D3-brane

D3-D3-strings + BPS condition:
SDYM equations
D(-1)-brane: instanton, nontrivial chy

Perspective of D(-1)-brane
D(-1)-D(-1)-strings:

N = (0,1) hypermultiplet (Aua, X")
D(-1)-D3-strings:

N = (0,1) hypermultiplet (wg, ")
D-flatness condition/ADHM egs:

ﬁ&'aﬂ-(v_vﬁwd T Z\aﬁAad) =0

\ \\
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ADHM and the SDYM Matrix Model

@ Perspective of D(-1)-branes
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ADHM and the SDYM Matrix Model

@ Perspective of D(-1)-branes

@ Supersymmetrically extend ADHM
equations:
Aca — Aaa + N5 Xia and wg — ws + 10
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ADHM and the SDYM Matrix Model

@ Perspective of D(-1)-branes

@ Supersymmetrically extend ADHM
equations:
Aca — Aaa + N5 Xia and wg — ws + 10

@ Drop the D(-1)-D3-strings, i.e. wg 20

Christian Samann Matrix Models And D-Branes In Twistor String Theory




ADHM and the SDYM Matrix Model

@ Perspective of D(-1)-branes 1
@ Supersymmetrically extend ADHM
equations:
Ani — Aas + ML Xia and wg — wg + nliab;
@ Drop the D(-1)-D3-strings, i.e. wy 10
o SDYM MM equations are ADHM-equations

e —e
\/ | \
) S
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ADHM and the SDYM Matrix Model

Perspective of D(-1)-branes

Supersymmetrically extend ADHM
equations:
Aca — Aaa + N5 Xia and wg — ws + 10

Drop the D(-1)-D3-strings, i.e. ws = 0
SDYM MM equations are ADHM-equations
How to obtain the full picture?
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ADHM and the SDYM Matrix Model

@ Perspective of D(-1)-branes

@ Supersymmetrically extend ADHM
equations:

Aci = A + 1k Xia and wg — wg + 1k
Drop the D(-1)-D3-strings, i.e. ws = 0
SDYM MM equations are ADHM-equations
How to obtain the full picture?

Incorporate D(-1)-D3-strings in MM
in hCS: D1-D5-strings.
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ADHM and the Extended Matrix Models

Extension of hCS MM

= 0,1
/@ (Bt fA0)
ch
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ADHM and the Extended Matrix Models

Extension of hCS MM

@ 3 071
/@ (Bt fA0)
ch

a=(3*, sections of O(1), fund. and antifund. of GL(N, C)
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ADHM and the Extended Matrix Models

Extension of hCS MM

@ 3 071
/@ (Bt fA0)
ch

a=(3*, sections of O(1), fund. and antifund. of GL(N, C)
(cv and 3 bosons not fermions as in Witten, hep-th/0312171)
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ADHM and the Extended Matrix Models

Extension of hCS MM

@ 3 071
/@ (Bt fA0)
ch

a=(3*, sections of O(1), fund. and antifund. of GL(N, C)
(cv and 3 bosons not fermions as in Witten, hep-th/0312171)

Equations of motion:

aX +[ACP17 OL] = O
[A1, Xo]+af = 0
da+A@P1a = 0 and dﬁJrﬁACPl =0
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ADHM and the Extended Matrix Models

Extended Penrose-Ward transform

. ’. T A AA iik
B = Xowa +¢'ni+ygmimAt g + 7 gmmm A Mol +

o = )\asaﬁv_vﬁqL

Truncate the SDYM field content (¢, {2, G’fg’ 0):
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ADHM and the Extended Matrix Models

Extended Penrose-Ward transform

. ’. T A AA iik
B = Xowa +¢'ni+ygmimAt g + 7 gmmm A Mol +

o = )\asaﬁv_vﬁqL

Truncate the SDYM field content (¢, {2, G’fg’ 0):

@ Higher fields in extension also vanish
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ADHM and the Extended Matrix Models

Extended Penrose-Ward transform

. ’. T A AA iik
B = Xowa +¢'ni+ygmimAt g + 7 gmmm A Mol +

o = )\asaﬁv_vﬁqL

Truncate the SDYM field content (¢, {2, G’fg’ 0):

@ Higher fields in extension also vanish

@ This expansion and the hCS MM equations yield
the full ADHM-equations.

Christian Samann Matrix Models And D-Branes In Twistor String Theory



ADHM and the Extended Matrix Models

Extended Penrose-Ward transform

. ’. T A AA iik
B = Xowa +¢'ni+ygmimAt g + 7 gmmm A Mol +

o = )\asaﬁv_vﬁqL

Truncate the SDYM field content (¢, {2, G’fg’ 0):

@ Higher fields in extension also vanish

@ This expansion and the hCS MM equations yield
the full ADHM-equations.

Conclusions:
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ADHM and the Extended Matrix Models

Extended Penrose-Ward transform

. ’. T A AA iik
B = Xowa +¢'ni+ygmimAt g + 7 gmmm A Mol +

o = )\asaﬁv_vﬁqL

Truncate the SDYM field content (¢, {2, G’fg’ 0):

@ Higher fields in extension also vanish
@ This expansion and the hCS MM equations yield
the full ADHM-equations.
Conclusions:

@ Extended hCS MM is dual to full hCS theory
(as SDYM«—ADHM).
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ADHM and the Extended Matrix Models

Extended Penrose-Ward transform

. ’. T A AA iik
B = Xowa +¢'ni+ygmimAt g + 7 gmmm A Mol +

o = )\asaﬁv_vﬁqL

Truncate the SDYM field content (¢, {2, G’fg’ 0):

@ Higher fields in extension also vanish
@ This expansion and the hCS MM equations yield
the full ADHM-equations.
Conclusions:
@ Extended hCS MM is dual to full hCS theory
(as SDYM«—ADHM).

@ D(-1)-D3-brane bound states correspond to
topological D(1)-D5-brane systems!
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Dimensional Reductions and the Nahm equations
Nahm-Equations from String Theory

(static) pair of D3 branes with D1-branes in normal directions

=1\
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Dimensional Reductions and the Nahm equations
Nahm-Equations from String Theory
(static) pair of D3 branes with D1-branes in normal directions

/ Perspective of D3-brane

[ static D3-D3-strings + BPS cond.:

\

=1\
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Dimensional Reductions and the Nahm equations
Nahm-Equations from String Theory
(static) pair of D3 branes with D1-branes in normal directions

Perspective of D3-brane

™~1 static D3-D3-strings + BPS cond.:
N ( Bogomolny equations
\[\_ \ (three-dimensional SDYM)
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Dimensional Reductions and the Nahm equations
Nahm-Equations from String Theory

(static) pair of D3 branes with D1-branes in normal directions

Perspective of D3-brane

™~1 static D3-D3-strings + BPS cond.:
N ( Bogomolny equations
\[\_ \ (three-dimensional SDYM)
D1-branes: monopoles
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Dimensional Reductions and the Nahm equations
Nahm-Equations from String Theory

(static) pair of D3 branes with D1-branes in normal directions

/ Perspective of D3-brane
L static D3-D3-strings + BPS cond.:
Bogomolny equations
(three-dimensional SDYM)
\ D1-branes: monopoles

=1\

Perspective of D1-brane

D1-D1-strings: Nahm equations (one-dimensional SDYM)
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Dimensional Reductions and the Nahm equations
Nahm-Equations from String Theory

(static) pair of D3 branes with D1-branes in normal directions

/ Perspective of D3-brane

™~1 static D3-D3-strings + BPS cond.:
N ( Bogomolny equations
\[\_ \ (three-dimensional SDYM)
D1-branes: monopoles

Perspective of D1-brane

D1-D1-strings: Nahm equations (one-dimensional SDYM)
D1-D3-strings: Nahm boundary conditions
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Dimensional Reductions and the Nahm equations

Geometries

Recall

All our MM considerations are based upon
Pl =0O(1)® O(1) @ ... —» CP* and its dim. red. CP4.
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Dimensional Reductions and the Nahm equations
Geometries

All our MM considerations are based upon
Pl =0O(1)® O(1) @ ... —» CP* and its dim. red. CP4.

The twistor space for the Bogomolny equations is O(2) — CP*.
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Dimensional Reductions and the Nahm equations
Geometries

Recall

All our MM considerations are based upon
Pl =0O(1)® O(1) @ ... —» CP* and its dim. red. CP4.

The twistor space for the Bogomolny equations is O(2) — CP*.

New Calabi-Yau supermanifold

Start from Q3% = 0(2) ® O(0) & C* ® NO(1)
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Dimensional Reductions and the Nahm equations
Geometries

Recall

All our MM considerations are based upon
Pl =0O(1)® O(1) @ ... —» CP* and its dim. red. CP4.

The twistor space for the Bogomolny equations is O(2) — CP*.

New Calabi-Yau supermanifold

Start from Q34 = 0(2) @ O(0) o C*®NO(1) -
Restrict sections O31*: w! = y(w}\d)\ﬁ-, w? = y1?
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Dimensional Reductions and the Nahm equations

Geometries

Recall

All our MM considerations are based upon
Pl =0O(1)® O(1) @ ... —» CP* and its dim. red. CP4.

The twistor space for the Bogomolny equations is O(2) — CP*.

New Calabi-Yau supermanifold

Start from Q34 = 0(2) @ O(0) o C*®NO(1) -
Restrict sections O31*: w! = yé‘ﬁ)\d)\ﬁ-, w? = y1?

Dimensional reductions

A 7f2l4 = 02)® C*®NO(1)
oM ¢ O = 00)® C* o NO(1)
CPI* = C¢*®No®)
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Nahm-Equations and Topological D-Branes

Q3 = 0(2) ® O(0) ® C* @ NO(1) res

Upon imposing a reality condition, hCS theory turns into partially
hCS theory (— CR manifolds, etc.) discussed in hep-th/0505161.
Equivalent to Bogomolny equations
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Nahm-Equations and Topological D-Branes

Q3 = 0(2) ® O(0) ® C* @ NO(1) res
Upon imposing a reality condition, hCS theory turns into partially
hCS theory (— CR manifolds, etc.) discussed in hep-th/0505161.

Equivalent to Bogomolny equations

P = O2)9 C* @ NO(1)

hCS equations from a holomorphic BF-theory: [ Q A BF??2
equivalent to Bogomolny equations

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Nahm-Equations and Topological D-Branes

Q3 = 0(2) ® O(0) ® C* @ NO(1) res

Upon imposing a reality condition, hCS theory turns into partially
hCS theory (— CR manifolds, etc.) discussed in hep-th/0505161.
Equivalent to Bogomolny equations

P = O2)9 C* @ NO(1)

hCS equations from a holomorphic BF-theory: [ Q A BF??2
equivalent to Bogomolny equations

Q% = 0(0)® C*®NO1)

hCS equations from a holomorphic BF-theory: [ Q A BF%2
equivalent to Nahm equations
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Nahm-Equations and Topological D-Branes

Q3 = 0(2) ® O(0) ® C* @ NO(1) res

Upon imposing a reality condition, hCS theory turns into partially
hCS theory (— CR manifolds, etc.) discussed in hep-th/0505161.
Equivalent to Bogomolny equations

P = O2)9 C* @ NO(1)

hCS equations from a holomorphic BF-theory: [ Q A BF??2
equivalent to Bogomolny equations

Q% = 0(0)® C*®NO1)

hCS equations from a holomorphic BF-theory: [ Q A BF%2
equivalent to Nahm equations

CPH* = C*®N0(1)
again: hCS and SDYM matrix models
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D-Brane correspondences

Summing up, we have

D5|4-branes in P34 « D3|8-branes in R*®
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D-Brane correspondences

Summing up, we have

D5|4-branes in P34 « D3|8-branes in R*®
D3|4-branes wr. P24 in P31* or O31* — static D3|8-branes in R*
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D-Brane correspondences

Summing up, we have
D5|4-branes in P34 « D3|8-branes in R*®
D3|4-branes wr. P24 in P31* or O31* — static D3|8-branes in R*
D3|4-branes wr. 9%* in O3l* — static D1/8-branes in R*8

Christian Samann Matrix Models And D-Branes In Twistor String Theory



D-Brane correspondences

Summing up, we have

D5|4-branes in P34 « D3|8-branes in R*®
D3|4-branes wr. P24 in P31* or O31* — static D3|8-branes in R*
D3|4-branes wr. 9%* in O3l* — static D1/8-branes in R*8
D1|4-branes in P31* < D(-1/8)-branes in R*/®
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D-Brane correspondences

Summing up, we have

D5|4-branes in P34 « D3|8-branes in R*®
D3|4-branes wr. P24 in P31* or O31* — static D3|8-branes in R*
D3|4-branes wr. 9%* in O3l* — static D1/8-branes in R*8
D1|4-branes in P31* < D(-1/8)-branes in R*/®

straightforward: add diagonal line bundle D24, defined by w! = w?
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D-Brane correspondences

Summing up, we have
D5|4-branes in P31* < D3[8-branes in R*®
D3|4-branes wr. P24 in P31* or O31* — static D3|8-branes in R*
D3|4-branes wr. 9%* in O3l* — static D1/8-branes in R*8
D1|4-branes in P31* « D(-1|8)-branes in R*®

straightforward: add diagonal line bundle D24, defined by w! = w?

D3|4-branes wrapping D?* in P3* < D1|8-branes in R*® .
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D-Brane correspondences

Summing up, we have
D5|4-branes in P31* < D3[8-branes in R*®
D3|4-branes wr. P24 in P31* or O31* — static D3|8-branes in R*
D3|4-branes wr. 9%* in O3l* — static D1/8-branes in R*8
D1|4-branes in P31* « D(-1|8)-branes in R*®

straightforward: add diagonal line bundle D24, defined by w! = w?

D3|4-branes wrapping D?* in P3* < D1|8-branes in R*® .

Note:

@ Branes extend only into chiral fermionic dimensions
o Field theories: Yang-Mills 4+ some BPS condition.
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Summary and Outlook
Matrix Models

Done:

@ Definition of twistor matrix models
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@ Definition of twistor matrix models
@ Technically, everything as expected

@ Various interpretations
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Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
@ Technically, everything as expected
@ Various interpretations

@ Extension of the matrix models for
o full ADHM-equations
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Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
@ Technically, everything as expected
@ Various interpretations

@ Extension of the matrix models for

o full ADHM-equations
e full Nahm-equations
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Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
@ Technically, everything as expected
@ Various interpretations

@ Extension of the matrix models for

o full ADHM-equations
e full Nahm-equations

To do:
@ Matrix Models dual and equivalent?

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
@ Technically, everything as expected
@ Various interpretations

@ Extension of the matrix models for

o full ADHM-equations
e full Nahm-equations

To do:
@ Matrix Models dual and equivalent?
@ Study mirror configurations?

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
@ Technically, everything as expected
@ Various interpretations

@ Extension of the matrix models for

o full ADHM-equations
e full Nahm-equations

To do:
@ Matrix Models dual and equivalent?

@ Study mirror configurations?
@ Study Nahm equations more closely, in particular:

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
@ Technically, everything as expected
@ Various interpretations

@ Extension of the matrix models for

o full ADHM-equations
e full Nahm-equations

To do:
@ Matrix Models dual and equivalent?

@ Study mirror configurations?
@ Study Nahm equations more closely, in particular:
o Myers effect for topological D-branes

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
@ Technically, everything as expected
@ Various interpretations

@ Extension of the matrix models for

o full ADHM-equations
e full Nahm-equations

To do:
@ Matrix Models dual and equivalent?
@ Study mirror configurations?

@ Study Nahm equations more closely, in particular:

o Myers effect for topological D-branes
e Bion core in the topological string theory

Christian Samann Matrix Models And D-Branes In Twistor String Theory



Summary and Outlook
Matrix Models

Done:
@ Definition of twistor matrix models
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e full Nahm-equations

To do:
@ Matrix Models dual and equivalent?
@ Study mirror configurations?

@ Study Nahm equations more closely, in particular:
o Myers effect for topological D-branes
e Bion core in the topological string theory
@ Carry over results from topological strings to physical ones
(e.g. Derived Categories).
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