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Outline 2/31

Current progress in Fundamental Physics slow
Need: Guiding principles for developing new theories

In particular: Extract essential structures

What is ... Category Theory?

°
°
°
o = Use Category Theory!
°
o Examples of Applications
°

New Example: Non-Abelian Self-Dual Strings
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Progress in Fundamental Physics is Slow 3/31

Recent Progress in Fundamental Physics has been slow:
o Standard Model of Elementary Particles (1973-1974)
o New particles, just confirming model:

o 1974 J/1) meson, charm quark . a |- 2 [ o
' @ | @ @
o 1975 Tau uw harm top || gon fhag:
o 1977 Y, bottom quark W@ ”8 " ®
Qo 1979 GlLIOn down strange bottom photon
o 1983 W and Z bosons e e 7
.99 O
o 1995 Top quark oecian J|_mion |t [ zoown | B
o 2000 Tau neutrino I N e [N
L Lo L w W
o 2012 Higgs G skem | | o || weosn | 3

o Neutrino oscillations (1960, 1998, 2001)

o Open Problems:

o Neutrino masses
o Dark Matter and Dark Energy
o Matter-Antimatter Asymmetry

o No 50 deviations from Standard Model
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Good News: Gravitational Waves

One of the open problems of the Standard Model: Gravity

Success detecting Gravitational Waves
o First direct detection on 15.9.2015 by LIGO:
20ms, 50xall power radiated by all stars in visible universe

2nd detection on 24.12.2015

New “eye” on universe
Tests of GR, etc.

upper limit of Mcraviton

© © © o

But: No Quantum Gravity
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Bad News: Discoveries at the Large Hadron Collider

Discoveries at the Large Hadron Collider to date:

(*]

© 06 06 606 06 o o o

(*]

2011: Improved bounds on various extensions of SM
2011: New Bottomonium b (3P)
2012: Higgs

2012: “golden test for SUSY" fails
2013: Anomaly in B-meson decay
2014: New excited states of =
2013-2015: New Exotic Hadrons
2015: 750 GeV diphoton excess
2016: 750 GeV diphoton excess goes away

2016: W -mass at precision levels of Tevatron

Note: Fundamentally new discoveries less and less likely
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Need: Guidelines for Intelligent Model Building.

From above: No new data for theorists from experiment.
o No experimental guide for Extensions of Standard Model
o Conventional Model Building: rather arbitrary

Need new guidelines:
o Essence of our current models
@ Mathematics

The latter: argument for String Theory
= Focus on: extract essential structures

Important for my interests:
o Quantum Geometry

o M-theory
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Conclusion: Use Category Theory 7731

Mathematicians been there (less guidance?): Category Theory

©

Meta-mathematical language/framework

(+]

A way of thinking about mathematics
(as String Theory is a way of thinking about QFT)

©

focus on composition of operations, instead of objects

©

abstract structures from meaning: “Abstract nonsense”
Norman Steenrod

©

Purpose: “To show that which is trivial is trivially trivial”
Peter Freyd

formalize the terms analogy, structure

transfer and specialization of structures very easy

Even: Alternative Foundation of Mathematics Lawvere

© © o o

Applied in: Mathematics, Physics, Computer Science, Biology,
Linguistics, Haskell (Facebook Spam Filters), ...
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Attitudes Towards Category Theory 8/31

Some quotes:

o “We will need to use some very simple notions of category
theory, an esoteric subject noted for its difficulty and
irrelevance.”

G. Moore and N. Seiberg, 1989

o “We'll only use as much category theory as is necessary.
Famous last words...”
Roman Abramovich

o “Category theory is the subject where you can leave the
definitions as exercises.”
John Baez
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The Essence of Category Theory | o/31

Categories
%: Classes of objects a,b,... € %y and morphisms f,g,... € €1
o Write s,t : 61 = %) t(f) = a < b=s(f)
/ g
o Associative composition always possible: a3 b "¢
h=fog
id, .
i i . ) . & f (@] ldb — f
o Each object has identity morphism: (2, =
Examples:
idg idg idq idg idq ido
o 0l () also () (dorlE() () ()
0 0——1 0——1 2

o Set: Sety: sets, Set;: functions between sets
o Vect: Vecty: vector spaces, Vect;: linear maps between them
o Mfd>: Mfdg®: smooth manifolds, Mfd{“: smooth maps
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The Essence of Category Theory |l 10/31

Functors ® : € — 2, oty 2y d(a) 2 o(b)
P
%ﬂl Emm— @1
get: commutative diagrams as ls ls etc.
Cgo L _@0

(Small) Categories + Functors: Category Cat

Natural Transformations o : ® = ¥ for &,V : 4 — 2
o(f)

a(a) 29 o ()
[
a—t b (\M a(a) a(b)
Y ) 2D, g

“Indeed, the subject might better have been called ... archery.”
Steve Awodey
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Fun with Categories |: Internalization 1/31

Internalization in a category &
o Math. notion as objects, arrows, and commutative diagrams.

o Restrict objects/arrows to those of category %

Group G as morphisms:

1:+—G, (-)':6G—G, m:GxG—G

id
¢ " 6xa
such that identities hold: (id,]l)J{ \ J/m , etc.
GxG—F1—G
Examples:
o Group (object) internal to Top: topological group

Group (object) internal to Mfd>: Lie group
Group (object) internal to Cat: strict 2-group
Category internal to Mfd®: 2-space

© © ©
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Fun with Categories |l: Principal fiber bundles 12/31

Recall: Lie groupoid is 2-space with invertible morphisms
The cover LI, U, of a manifold M encoded in the Cech groupoid:
|_|Uab = |_|U(, , (z,a,b)0(z,b,¢c) = (x,a,c) .

Principal G-bundle
o Transition functions are functor g : €(U) — (G = *)

o Equiv. relations/Isomorph./Gauge trafos.: natural isomorph.
Yab

UUy —————— G AV T
I [ Jo
UlU, —————— % * (%7,;) *
9abgbe = Jac 9a9ab = JabJb

Generalization: replace (G = x) something else, e.g. strict 2-group.

Christian Samann How Category Theory Simplified My Life



Fun with Categories Ill: Associated vector bundles 13/31

Recall:
o Principal bundle P with transition function ¢
o Vector bundle £ associated to P via representation p
o E has transition function p(g)
Category theory:
o Principal bundle is functor g from ¢ (U) to G = =
o Representation is functor p from G = * to Vect
o Vector bundle is composition of functors:

U Uy gab G - Vect;
uu, . * r Vect

o Morphism of vector bundles: natural transformations

Generalization: replace (G = %) and Vect

Christian Samann How Category Theory Simplified My Life



Fun with Categories Ill: Vertical Categorification

o A a group internal to Cat is a strict 2-group.

o A vector space internal to Cat is a BC 2-vector space.

Vertical Categorification or Weak Internalization
o Math. notion as objects, arrows, and commutative diagrams.
o Restrict objects/arrows to those of category 4.

o Lift commutativity of diagrams by natural transformation.

Example: Lie algebra internal to Cat is a Lie 2-algebra
o 7. Vector space internal to Cat
o [—,—]is now a functor ¥ x ¥ — ¥
o Alt: [z,y] = [y, 7]
o Jac: [z, [y, 2]] = [[z,yl, 2] + [y, [z, 2]]
o Coherence axioms for Alt and Jac
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Applications 15/31

Examples of applications of things seen so far:
o Groupoids (Categories with invertible morphisms)
o Gauge theory: (Fields x Gauge trafos) = Fields
o Lie groupoids form stacks, needed for moduli spaces
o Vertically categorified groups lead to higher principal bundles

o Consistent parallel transport of extended objects
o Abelian: gerbe (string theory’s B-field)
o Non-Abelian: (2,0) theory (M5- and NS5-branes)

o Vertically categorified Lie algebras lead to L..-algebras

o Deformation theory
o String field theory actions
o Higher Chern-Simons theory

o Higher associated line bundles

o Categorified geometric quantization (prequantum line bundles)
o Twisted K-theory

o Higher knot invariants (?)

o Elliptic cohomology/Categorified Dirac operator
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Stumbling block: Bicategories 16/31

Looking for right, general notion of a categorified category leads to:

Bicategory

A bicategory & = (By, B1, Bs) consists of a collection By of
objects a,b, ... € By and, for any pair of objects a,b € By, an
assignment (a,b) — € (a,b) where € (a,b) = (Co(a,b),Ci(a,b)) is
a category. The objects By are called 0-cells, the objects Cy(a,b)
are called I-cells or 1-morphisms, and the morphisms C(a,b) are
called 2-cells or 2-morphisms. Composition of 2-morphisms in
C'(a,b) will be called vertical composition and denoted by o...

+ 3 commutative diagrams, 2 coherence axioms for structure maps
V.

= We haven't quite understood the right structure underlying this.
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Nerve of a category

Idea: Chain of composable arrows and compositions as simplex

b

red: spine of simplex

/ cb f ba

J’[:(I.
Nerve of category ¢ = (41 = %)) is simplicial set

[ SegaTa=q)

o face maps: composing or dropping morphisms

o degeneracy maps: inject identity morphisms
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Kan Simplicial Set 18/31

Nerve of category ¢ = (¢1 = %)) is simplicial set
{§%1 X%;Cg1 3%)1 :g%)o}

o faces: source/target or compositions/dropping morphisms
o degeneracies: inject identity morphisms

@ Any inner horn can be filled, outer horns for groupoids:

0 2 : ©0.2)

©

Horn fillers are unique.

(*]

Functors: simplicial maps

©

Natural transformations: simplicial homotopies
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Quasi-Categories and Quasi-Groupoids 10/31

Quasi-categories, co-categories Boardman, Vogt, Joyal, Lurie
o Simplicial set

o Any inner horn can be filled, not necessarily uniquely

1 1
(()/\2)
(0,1,2)
0 0.2) 2 (

Quasi-groupoid: all horns can be filled

1,2) (0,1
2 0
)

)
(0,2

©

©

n-category/n-groupoid: k-horns with k& > n have unique fillers

(%]

transfors much easier than in bi- or tricategories:

o Functors: simplicial maps
o Natural transformations: simplicial homotopies

©

model for (oo, 1)-categories

©

readily internalize: Lie quasi-groupoids via simplicial manifolds
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Final tool: Get rid of redundancy 20/31

N-manifolds, N@-manifold
o N-graded manifold with coordinates of degree 0, 1,2, ...

Mg%Ml%MQF...
/ SN

manifold linear spaces
o Morphisms ¢ : M — N are maps ¢* : C*°(N) — C*°(M)

o NQ@-manifold: vector field Q of degree 1, @Q*> =0
o Physicists: think ghost numbers, BRST charge, SFT

Examples:
o Tangent algebroid T'[1|M, C>®(T[1]M) = Q*(M), Q =d

o Lie algebra g[1], coordinates 5“ of degree 1:

_ 1 b
Q abg 5 dfc

Condition Q% = 0 is equivalent to Jacobi identity for f¢
ab
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Summary of first part 21731

Positives:
o Category theory provides useful framework

o Straightforward definitions of higher/categorified ...
vector spaces, groups, Lie algebras, principal bundles etc.

o Useful: many areas of string theory and mathematical physics

o Very complicated structures packaged in very compact form
Issues:

o Very complicated structures packaged in very compact form

o Unpacking of definitions is complicated, requires much work

o Concrete cases can be hard to work out

o Usually: Few available examples

Next: Address last point
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BPS configuration

Perspective of D1:
Nahm eqn.

L X0+ e[ XTI, XM =0

Long-sought example: The non-abelian self-dual string 2

BPS configuration

Perspective of M2:
Basu-Harvey eqn. (77)

A X#perrr[ XV, XP, X = 0

1 Nahm transform |

Perspective of D3:
Bogomolny monopole eqn.
Fij = €ijp Vi@

1 generalized Nahm transform |

Perspective of Mb:
Self-dual string eqn.
Hyvp = €uvpe0o®
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Problem: What is a non-abelian self-dual string?

Recall:
o Abelian Dirac Monopole: singular on R?
o Non-abelian 't Hooft—Polyakov Monopole: non-singular on R?
o Abelian Self-Dual String: singular on R*
Goal:
o Non-abelian self-dual string with non-singular solution on R*
Steps:
o Identity gauge structure
o ldentify equations of motion

o Find at least elementary (charge 1) solution
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|dentifying the right gauge structure, Monopoles 20731

Monopoles
o Solution to Bogomlny equation F' = V¢
o Abelian: singular on R3, Dirac strings
o Principal bundle over S?
o Non-Abelian: non-singular on R?

P rxid
///// ////’\\\\>x \\\\ﬂ
U(1)&——SU(2) = 53 SU(2)—— 52 x SU(2)
J]ﬂ L lil o JPF
-7 T
abelian, Dirac non-Abelian, 't Hooft-Polyakov

= Choose SU(2), as trivialization possible.
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|dentifying the right gauge structure, Self-Dual Strings 2/

Self-Dual Strings

Abelian: singular on R?*, Dirac strings
Solution to H = V¢

Gerbe over S?

Non-Abelian: 7

(%]

© 0 o

BU(
=8 T =
abelian non-Abelian ?

= Choose ¥, with 2-group structure: String 2-group
(many other reasons for this)
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Derive equations of motion 2631

Field Content with values in string(3):
Ac Q' (RY@su2), BePRHY®R,
pe XRHO R

Equations of motion: Schmidt, CS (2017)
o Straightforward category theoretical discussions yields:
H=dB+ §(A,[AA) =+Ve, F=dA+3[AA=0.

o Only abelian solutions, gauge invariance? = Drop F =0
o “Bianchi identity:"
dH = 3;d(A, [A, A]) = «0¢ .

w

o Anomaly cancellation in string theory suggests:
dH =FANF

o Need to modify equations of motion
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Derive equations of motion 21731

Field Content with values in string(3):
Ac ' RYosu2), BePRH®R,
pe XRYHYOR

Equations of motion: Schmidt, CS (2017)
o SU(N)-bundle: U(NV)-bundle + trivialization of U(1)-factor
o String(3)-bundle as Spin(3)-bundle + BBU(1)-factor yields
H=dB + 1(A,dA) + £(A,[A, A]) = xd¢ = dH = (F,F) = +0¢
o ¢ should “know" all about configuration, thus demand also
F=dA+ }[A Al = «F

o Note: Nice reduction of second equation to monopoles on R
o First equation requires only little more work, also reduces

o Equations are BPS equations for (1,0)-model (more later)
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SOIUtiOﬂ 28/31

Equations of motion:
F=dA+3}[A,Al=«F and dH = (F,F)=x0¢

Solution:
2 'y, 0i (@ — 20)”
A#(I) - T #2 - 2
i p?+ (z — )

, B=0, ¢=

Consistency checks:
o Globally non-singular on R*
o Approaches abelian solution x—lg as & — o0

o Moduli: same as instanton:

o Position
o Size (unexpected, conformal symmetry of F' = xF)
o Residual global SU(2) gauge symmetry
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Extension to (1,0)-theory

Recall:

o 6d (1,0)-model derived from tensor hierarchies
Samtleben, Sezgin, Wimmer (2011)

o Issue 1:Choice of gauge structure unclear

o lIssue 2: cubic interactions

o Issue 3: scalar fields with wrong sign kinetic term
Previous observation:

o Gauge structure has underlying Lie n-algebra
Palmer, CS (2013), Samtleben et al. (2014)

New: Schmidt, CS (2017)
o string(3) can be “"doubled” to carry suitable inner product:
su(2) « R —  su2) @R+ R* « Rasu(2)*
o Suitable gauge structure for (1,0)-model

o Solves Issues 1 and 2.
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Properties of resulting (1,0)-theory

Field content:
o (1,0) tensor multiplet (¢, x*, B), values in R2, ¢ = ¢+ ¢r, ...
o (1,0) vector multiplet (A, \?, Y'), values in su(2) ® R
o C-field, values in R & su(2)*

Action (schematically):

S = /]RLS (<H’ *H> + <d¢7 *d¢> - *<>Z~¢7X> +Hs A *</_\7"/(3)>\> + *<Y7 /_\>XS
+ d)g((‘F? *]:) - *(Yv Y) + *(5‘ W)‘)) + <5‘]:> A *Y(2)Xs
4+ 11(C) A My + By A (F, F) + By A ([A, A], [A, A}))

Reduction to 4d SYM:

o Compactify along 2'%, 27 interpret as (¢) = L

1
m2RioRy — 7I'2R?0
o Strong coupling expansion around (¢;) (cf. M2 — D2)

o This yields 4d N' = 2 SYM with gauge group SU(2)!
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Conclusions

Summary and Outlook.

Summary:

o Progress in fundamental physics slow
Not much guidance from experiments
Category Theory can come to the rescue

Certainly helpful in string/M-theory

© © o o

E.g. New non-abelian self-dual string

o Better understanding of derived actions etc., e.g. (1,0)-theory
Soon to come:

> Categorified Integrability

> Access new superconformal field theories

> Better understanding of M-theory
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