Multisymplectic Geometry — Applications to String theory
Christian Saemann

Notes for Talk given at Workshop on Multisymplectic Geometry
KU Leuven - 11.9.2020

Abstract

In this talk, I will discuss a number of reasons why people working in
string theory are interested in multisymplectic geometry. I will present
some previous work related to string groups and Courant algebroids, but
I will also focus on relevant open questions.

1. Outline

e Motivation

e Quantization of S3

e String Lie 2-algebra

e Vinogradov algebroids
e A few questions...

Note:

e Not quite sure what I should talk about (I haven’t used the term ‘multisym-
plectic’ in a while in a paper), but then much of my work is still connected.
Hopefully you get some pleasure out of the appearances of multisymplectic
geometry.

e References complicated, ask me

e very personally biased perspective

2. Motivation
String theory:
e Theories of strings moving through M!?
e Also contains Dp-branes, p-dimensional objects moving through A9

e strings and Dp-branes can end on Dp-branes



e Roughly: we live on a D3-brane, and endpoints of strings are photons
e QFT is the “shadow” of string theory

e World-lines of point particles couple to 1-form, world volume of string couple
to 2-form potential (connective structure of gerbe). Non-degenerate curvature:
2-plectic geometry.

e SUSY: higher curvature forms, higher n-plectic geometries.

However: # of different string theories > 5.
M-theory:

e Theory of M2- and M5-branes moving through M*1:10
e M2-branes worldvolume couple to 3-form potential: 3-plectic geometry.

e M2-branes can end on M5-branes with a 1d boundary (“self-dual string”)

These strings can lead again to 2-plectic geometry

String theory is shadow of M-theory:

o MU0 — g1 5 pf19
o M2 wrapping S': string
o M2 transverse to S': D2-brane

o M5 wrapping S': D4-brane

Understanding of String Theory is okish; need to understand M-theory.
In particular:

e Multiple Dp-branes give rise to a gauge theory, a physical theory of a connection
on a principal bundle on the submanifold described by the Dp-brane

e Multiple M2-branes form Chern—Simons-matter theory
e Multiple M5-branes: (2,0)-theory, “holy grail of string theory”

Simple/important configuration: D1-branes ending on D4-brane (see e.g. [1, Section
1] and [2, Section 2]) !!sketch!!

e cach point on D1-brane polarizes into fuzzy/geometrically quantized sphere S?
e Chern class of prequantum line bundle is # of D1-branes

e End(H) is interesting gauge algebra



Lift to M-theory: M2-branes ending on Mb-brane !!sketch!!
e cach point on M2-brane polarizes into fuzzy S3?

e Need to know!

3. Quantization of S3

Quantization:
e Map functions f to endomorphisms f on Hilbert space
e such that [f,§] = ih{/f,—g\}
Recall S? C R3:
o {2t a7} = eWkak — [ 29] = iheF ik,
1st attempt: quantize functions on S* C R* (cf. [3] and references therein)
o {2t ¥ 2"} = e A Nambu-Poisson structure
e Doesn’t quantize nicely
e R? x R? does not work as expected

2nd attempt: qunatize multisymplectic observables (cf. Antonio’s and Leyli’s talks,
[4, 5])

e w = volgs is 2-plectic
e Hamiltonian 1-forms a € QL(S?): da = t1x, w
o Lie 2-algebra or 2-term L.-algebra Ilgs ,:
o C®(S3) — QL (5?)
oum(f)=df, mp(a,p)= LXLXgW s pa(a, B,7) = tx,txstx,

e We “categorified,” and this is a recurring theme in going from QFT to string
theory and from string theory to M-theory.

o Potentials/connections gain a form degree
o principal bundles become gerbes

o Lie algebras become Lie 2-algebras

Quantization (in principle, cf. [6])



e Prequantum gerbe ¢ with DD class w
e Prequantum Hilbert space

o Sections (i.e. morphisms from trivial gerbe into ¢): bundle gerbe modules
o Hermitian vector bundle with connection

o One sees higher-rank analogues of Ilgs ,, arise.

e But: polarization, explicit constructions hard, may need diffferent approach...

Altogether: the multisymplectic observables Ilgs , seem correct approach, even if
difficult.

4. String Lie 2-algebra

Recall D1-branes on D3-branes: (52, w)
e w = ¢; of principal bundle over S?
e For ¢; = 1, Hopf fibration S* — S% — 52
e 53 carries group structure: SU(2).
e “First interesting” gauge Lie group.
For M2-branes on M5-branes: (S* w), cf. e.g. [7, section 2]

e w = dd of abelian gerbe over S* (central groupoid extension)

For dd = 1, “categorified Hopf fibration:” BU(1) -+ ¥ — S3

S3 carries 2-group structure: String(3)

Recall: Whitehead tower:

... — String(n) — Spin(n) — Spin(n) — SO(n) — O(n)
(Each arrow kills one homotopy group ;, starting with m for orientability.)
e Indeed important as a gauge group in description of M5-branes
String Lie 2-algebra string(g) (by higher Lie differentiation):
e R — g, g quadratic Lie algebra
o 1 =0, pa(w1, w2) = [¥1, 23], ps(@1, w2, w3) = (w1, [2, 73]).
Observation: (Rogers, Baez [8]):

e The string Lie 2-algebra string(3) is the subalgebra of Ilgs, for left-invariant
Hamiltonian 1-forms.



5. Vinogradov algebroids

String background: Riemannian manifold with B-field/gerbe: g, B,,. Symmetries:
e Diffeos + 1-form gauge transformations: B — B = B + dA
e described by sections of Courant algebroid T'M & T*M
e Generalized Geometry

More powerful perspective: Vinogradov algebroids (cf. e.g. [9, Section 3.3])

0 lnfln

o V,(M)=T*n|T[1]M, coordinates: x*,&", , ,p,

e Canonical symplectic form w = da* A dp, + d&{* A d(,

e Hamiltonian: Q = £#p,,, Vector field Q = gu% + pu%

¢ {Q,9}=0<Q*>=0.

e Can “twist” by closed n-form @ (multisymplectic!):

Q=¢&"p, + 1 Wy § L EHT

n!
e Every symplectic L.-algebroid comes with associated Lie n-algebra:

LIM) = C3°(M)— CFP(M)— ...— CX(M)— C2 (M)
= Lioi(M)— Lyo(M)— ...— Li(M) — Lo(M)

Y

with brackets

M2(£1,£2) = %({(561,62} :l: {(562,61}) >
ps(ly, 0o, bs) = —35 ({4001, Lo}, 63} £ .. )

where we abbreviated

0 else.

) :{ QU e CP(M),

e Note: On V,,(M), Lo(M) = X(M) & A" 1(M)
L describes symmetries (diffeos+gauge) of gravity + n-form potential

e V(M) is exact Courant algebroid £ =TM @ T*M



e V3(M) and higher for M-theory.
E.g. Symplectic manifold (M, w)

e Vinogradov algebroid V;(M), twisted by w

e Consider subset (X, f) € Lo(M)

e These form sub Lie algebra of L(M), which is Poisson algebra
E.g. 2-plectic manifold (M, w) (Rogers, [10])

e Vinogradov algebroid Vo(M), twisted by w

e Consider subset (X,, «) € Lo(M)

e These form sub Lie 2-algebra of L(M), which is [Ty

This generalizes and higher products given by evident formula: multisymplectic ob-
servables are a sub L.-algebra of the associated L..-algebra of symmetries of a
twisted Vinogradov algebroid (cf. also [11, Theorem 4.10]).

6. A few questions...

Multisymplectic observables don’t multiply. Is this really a problem?

e string is an extension of a Lie algebra by a cocycle. mgbrane is an extension of
that by a further cocycle. Multisymplectic geometry and observables with two
forms of different degree?

Quantization of S? directly, no Hilbert space?

Multisymplectic geometry sees more than symplectic geometry on loop space?

Transgress, minimal model, differences to Poisson algebra on loop space?
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