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Motivation

Clarifying the mathematical structures underlying Double Field Theory.

Aim: Clarify mathematical structures behind Double Field Theory J
Double Field Theory (DFT)

o target space formulations useful (SUSY YM, SUGRA)
o T-duality very interesting
o Success, e.g.: DFT action on R2P:

} DFT
Tseytlin, Siegel, Hull, Zwiebach, ...

G = /d2DQ? 672d (%HA/INGJWHKLONHKL o %H}\/[NBIWHKL(?LHKN

— 200" Harn + 4Harn 0" d0" d)
Harn: generalized metric, d: DFT dilaton

o Reproduces SUGRAs previously not derived from string theory

o sensible? strange truncation of string modes? seems to work
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Motivation

Clarifying the mathematical structures underlying Double Field Theory.

Manifest invariance under T-duality, coordinates z*

1
@ g and B transform differently, combine in generalized metric:

(1 b 1#)
/} ! 9/“/ B ,U,K',g H)\B B /Lh,g e
MN — < v

o Level matching: Fields ¢ in DFT satisfy

*g'uﬁBm/ g;w >
Op=0
o Algebra of fields: strong section condition:

M pdyh =0
o Generalized Lie derivative wrt. X = X#

2]

o .
o + Xugg,
LxHun = X 0pHun+(0uXT =07 Xar)Hpn+(OnX T =07 Xn)Hurp

o Lx form Lie algebra, but not representation of Lie algebra

LxLy —LyLx = Luxy) »

o 12(X,Y) known as C-bracket, actually: part o; L-algebra .



Motivation

Clarifying the mathematical structures underlying Double Field Theory.

©

Issues to address in a mathematical formulation:

©

o Issue 1: Section condition is ugly/coordinate dependent:
M Orp =0

Issue 2: Section condition is often too strong

(*]

©

Issue 3: Reasonable version of Doubled Riemannian Geometry
Tunk = — 2(POomP)Nk) — 2(p[NPpK]Q — Pn" Py ?)0p Pou
L4
D—-1

Issue 4: Global formulation of DFT

(PM[NPK]Q + PJ\/I[NPK]Q) (5Qd + (Papp)[PQ])

Issue 5: Same for Exceptional field theory (M-theory analogue)
=] = = E ay



Outline of Arguments 5/2

Massless string modes: metric g, 2-form B, dilaton ¢.
Recall: B-field belongs to gerbe/categorified principal bundle
Generalized Geometry: Courant/Lie 2-algebroid T'M & T M
Captures Lie 2-algebra of symmetries (gauge-+diffeos)

In particular: Courant/Dorfman brackets

Similarly: GR coupled to n-form fields

Picture allows for an extension to pre-Lie 2-algebroids

Lie 2-algebra with C- and D-brackets

Categorified Jacobi relations < weakened section condition
Fully algebraic and coordinate independent picture

Know how to twist pre-Lie 2-algebroids

© 06 06 06 06 06 06 006 o o o o

Potential global picture (work in progress)
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Part | : Generalized Geometry
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Recall: Generalized Geometry

Generalized Geometry provides a nice geometric description of the B-field.

Ingredients: massless string modes: metric g, 2-form B, dilaton ¢. )

Gerbes

o Well-known: B belongs to connective structure of a gerbe
Gawedzki 1987, Freed&Witten 1999

Manifold M, cover Y = L;U; — M, Y& = U, ;U; 0 U;, ...
Principal U(1)-bundle over M:

UQ) = P— M, gign=gi, Ai=g; (4;+d)gy
o U(1)-gerbe & over M:

(]

©

uQ) % Y B M
! N W—
* 7 Y M

hijuhike = hijehjee , Aij — Ask + Ajx = dlog(hiji) , Bi — B; = dA;;

©

Categorified spaces = categorified symmetries! )
= = = = DAV
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Generalized Geometry, Local Description

Generalized Geometry provides a nice geometric description of the B-field.

Ordinary geometry: “Local” Atiyah Algebroid for U(1)-bundle

0— M xiR — TM @®iR s TM — 0

o Gauge potential A : T'M — iR is defined by section of pr
o Infinitesimal symm. (diffeos+gauge): sections of TM @ iR

v

Generalized Geometry: Courant algebroid for U(1)-gerbe

0 T*M =" TMeT*M 25 TM =0

0 g+ B:TM — T*M again from section of pr
o Infinitesimal symm. (diffeos+gauge): sections of 7'M & T M

X+A

not complete picture: ° ﬂf °
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N(@Q-Manifolds

NQ@-manifolds, known from BRST quantization, provide very useful language.

N-manifolds, N@-manifold
o N-graded manifold with coordinates of degree 0, 1,2, ...
M()%M1<—M2%...

/ ~N\

manifold linear spaces
o NQ@-manifold: vector field Q of degree 1, @Q*> =0
o Physicists: think ghost numbers, BRST charge, SFT

o symplectic NQ-manifold: w nondegenerate, closed, Low =0

v,

Examples:
o Tangent algebroid T'[1|M, C>®(T[1]M) = Q*(M), Q =d
o Lie algebra g[1], coordinates £ of degree 1:

0
Q - _% gbfagb agc

Jacobi identity< Q? =0
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L..-Algebras, Lie 2-Algebras

NQ@-manifolds provide an easy definition of L..-algebras.

Lie n-algebroid or n-term L..-algebroid:

Mo My My ...+ M, + %4 %+ ...
Lie n-algebra or n-term L..-algebra:

)= My Mo+ ... My + % % ...

Important example of NQ-manifold: Lie 2-algebra

x < W[l < V[2] < %+ ..., coords. w*, v’
Q= fmélvii — Iméww i —m? -wavii — f,mflb(:waw w*
owe 2 owe o ovi 3
pa(ri) =mita ,  p2(Ta, ) = MapTe

Examples of symplectic NQ-manifolds:

@ Symplectic manifolds:

ovt’
o %
; M3(Ta7 Tb, 7—(?) = MabeTi

(M,w) ,
o Poisson manifolds:

Q=0
T [1]M =dp, Adz" = o
M, w=dp, z, Q=7 pu@x”
=] = = = ay
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The L.-algebra of a symplectic L. -algebroid

Every symplectic Lo.-algebroid comes with an L..-algebra.
An underappreciated /widely unknown fact:
All symplectic Lie n-algebroids M come with Lie n-algebra L(M)
M) = M) S o, M) e M)
Lot (M) 25 LioM) -2 .2 LLM) X LiMm)
0 £eC®,(M)=Loy(M
0= { 4y 2500100
¢ CelogM
s, ) = ({06 2} £ o)) o= { @F Q2O
ps (01, bo, €3) = — 15 ({{601, b2}, L5} £ ...)

Christian Samann

Roytenberg, Rogers, Fiorenza, Getzler
“Higher derived brackets” (Kosmann-Schwarzbach, Voronov,
Important class of examples next.

)

Extended Riemannian Geometry and Double Field Theory



The Courant Algebroid as a Symplectic NQ-Manifold

The key geometric structure behind generalized geometry is locally 77 [2]T[1] M.

The symplectic NQ-manifold T [2]T'[1] M
Local description, choose R” as base manifold.
T*2ITHRY =R? @ RP[1] @ RP[1] @ RP[2
at & Cu Py

0

QZ&“@—FPM@ w = dz* Adp, + d€* Ad(,

Lie 2-algebra of M := T*[2]T[1]RP”: symmetry algebra of gerbel!

° C(CJ)O(M) — CloC(M) - LI(M) — LO(M) X+A
0 C°(M) = Lo(M) =T(TM @& T*M) . /ﬂf\«
o Dorfman: vy(l1,0s) = {641,402} M

o Courant: /Lg(f1,€2> = %({5%1,?2} + {(%2,€1})

12/24
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Part of Larger Family: GR + n-form potentials 13/24

The above picture is part of a larger story, involving GR coupled to n-form potentials.

More generally: Couple GR to n-form gauge potential

Vinogradov algebroids V,,(M)
Locally as a vector bundle: V,,(M) := T*[n|T[1]M
coords: (z#, &, Cyu, pyu) of degrees (0,1,n — 1,n)

©

©

(*]

Homological vector field: @ = &2, + pu%
Symplectic form: w = da* A dp, + d&€* A d(,

©

Geometric picture: principal n-bundle or n — 1-gerbe
diffeos+gauge: degree n — 1 functions of V,,(M).
Higher Courant/Dorfman brackets

© © o0 o

Full Symmetrie Lie n-algebra: Lie n-algebra of V,, (M)

How to extend this to Double Field Theory? J

o F = = E DA
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Part Il : Double Field Theory / Extended Geometry
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Weakening the Definition of Symplectic NQ-Manifolds s/«

There are two properties that offer themselves to a weakening.

Requirements

Geometry built from spacetime

©

Symmetry Lie n-algebra structure from derived brackets

°
o Reduction to Vinogradov algebroids of Generalized Geometry
°

a few further points, related to global picture

Need to keep: graded vector bundle, symplectic form, |Q| = 1

Note: Q? = 0 not necessary everywhere for L..-algebra:

Lot (M) 25 Lya(M) -2 2 M) -2 Lo(M) — 0

Instead: something like {Q*—, —} = 0.

(Exceptional field theory: () does not have to be vector field.)

O = = E DA
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Pre-N(Q-Manifolds and L..-Structures

All relevant notions can be reasonably extended.

Definition: Symplectic pre-NQ-Manifold of degree n

Symplectic N-manifold (M, w) of degree n, i.e. |w| =mn,
compatible vector field () of degree 1, i.e. || =1 and Low = 0.

Definition: L..-structure

A subset L(M) of the functions C*°(M) such that the derived
brackets close and form an L..-algebra.

Theorem
(M, w) of degree 2.

L(M) = L1 (M) & Lo(M) C C>°(M), derived brackets close.
L(M) is Loo-structure iff for all f,g € Li(M), XY, Z € Lo(M):
{9} +{Q%, [} =0, {@X,f}1+{Q*f.X}=0

{{@*X, Y}, ZYixy,21=0
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Application to DFT: Weakened Section Condition 17/28

This framework is readily applied to reproduce DFT's strong section condition.

Start: M = R, double: T*M, coords. M = (xh, )
Wo(T* M) = T*[2]T[1](T*M), coords. (x™ &M Car,par)
w=dzM Adpy +dEM NG, Q = V2(EY 50w + P ply)
Crucial to GenGeo/DGT: T-duality group O(D, D)

Reduce structure group GL(2D,R) to O(D, D) by introducing

0 1
nun =0 = ( 1 0 >

© 06 06 0o o

o New coordinates:
1 ) 1 ,
oM _ M | pMN M _ M _MN
7\@@ " CN) B 75(5 " (N)

Polarize by putting L0

0 , 0
— M MN 2_, o MN 0
Q 81}M +p]\/[7] 00N ) Q pmM 8£CN 7&
o We obtain a symplectic pre NQ-manifoId,DEQ(ng). ) I
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Application to DFT: Weakened Section Condition

18/24

This framework is readily applied to reproduce DFT's strong section condition.

EQ(RD) _ RQD D RQDD] D RQDB]

M M
T o pM

0 N O
Q= HMW—I—;DAMMNW w = d;rM/\dpM+%77MNd9M/\d9N

Proposition

Let L = Lo @ Ly be Lo-structure on &(RP), f,g € Ly and
X =XyutM Y =Y 0™, Z = Z)0M € Ly. Then:

{Qf, 9} +{Q%g, f} =20 f Omg =0
{Q°X, [} +{Q*f, X} =20 X O f =0

{Q°X, Y}, Z}x v,z = 20" (0™ X1)(0m Y ™) Z) -0

[X,Y, 2]

Note: Fulfilled for 0" ¢ 0p11) = 0 = Weakened section condition

o (w1 =

Christian Samann

Extended Riemannian Geometry and Double Field Theory



Relation to Generalized Geometry

Extended Geometry is sandwiched between Generalized Geometries.

The picture we have:

o Symmetries of DFT are described by L..-structure on &(RP)

o Extended Geometry &»(IR”): polarization of GenGeo
o Reduce Ext. Geo. — GenGeo: Choice of L. -structure
o Example:

L= {F € COO(52(RD))|£F = 0}
12

0

Q=0

+py. w = d.ﬂlﬁ'u A\ dpu + d@u A d@u

0
oo

= Vinogradov algebroid V5 (IR”) of Generalized Geometry

o F = E A
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Action of Symmetries

An action of the symmetry Lie n-algebra can be defined.

Observations:
o Action of Lie algebra g on manifold M: hom. g — X(M)
o N-manifold M, X (M) is N-graded Lie algebra, is L..-algebra

Definition
Action of L..-algebra L on manifold M: Lo,-morph. L — X(M). J

Note: V5 (M) only encodes forms, not symmetric tensors.
Extension of Poisson bracket
{=—-1: CFM) xT(M) = T(M)
{f.9@h}:={f.gt@h+ (-1 WWWlg® {f n}

Definition: Extended tensors

Let L be L.-structure on M. Extended tensors are elts. of T'(M)
such that elements of L act on it via X > ¢ := {J X, ¢}.

TO T =% = vqQ
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Action Functionals

Action functionals are readily constructed from the generalized metric.

o Extended tangent bundle has structure group GL(m, R)

o Reduce to subgroup H by coboundary: h;; = v;ihi;v;
o Factor out H-equivalent coboundaries: #; = ;.
Action functionals for generalized metric 7, dilaton d:
S:/ e 2d de<Co7{A,1NaAJ’HKLaNHKL +C17{MN3AI'HKL8LHKN
M

+ o HMN (HEL Oy H e 1 )(HESONHRS) + cs HM N HEQ(HESOpHRs) (OmHNG)
+ csdMdON Hpsn + csHMNaMdaNd)
Examples:

o No reduction, ; are vielbeins, H = (g,,,), = GR

o GL(2D,R) — O(D, 1), yields GR + 1-form gauge potential

ern _ < g/w 79/1”141/
_Auglﬂ/

1+g"ALA, >
o GL(2D,R) — O(D, D) yields GR + 2-form gauge potential
Generalized Metric of Generalized Geometry. o
[=] = = ay



Comments on the Global Picture

The global picture seems to be in reach now.

o Surjective submersion Y — M, yi2l.—y XpmY, yil.— .
o For example, Y = ;U;, Y12 = 14, ,U; N U;

o Gerbe is a principal U(1)-bundle over Y2/ + data over YI¥!

o Trivial gerbe: Y = M, Y2 = M, 4 = M x U(1) = M x S'.
o T-duality on M x S': trivial gerbe, H = dB globally.

Non-trivial gerbe in Generalized Geometry
0 Vo(M) =T*2|]T[1]M and Q = f“% eru% only locally
o Assume nontrivial gerbe H, By, Az, hijr)
o Hitchin's Generalized tangent bundle over patches i, j:
(X, Awy) = (X5), A + txdAey)

9 d 3 d 1 9
© Q=¢&"5m +puge, — 31(ger H) g, + 21 Hmpat 6" 5
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Comments on the Global Picture: Double Field Theory 2

The global picture seems to be in reach now.

o L..-algebra of symmetries of DFT acts as Lie algebra
o Lie algebra can be integrated Hohm, Zwiebach, 2012

Proposal: Patch local descriptions by finite DFT symmetries
Berman, Cederwall, Perry, 2014

©

Papadopoulos 2014: This only works for trivial gerbes

No surprise, DFT reduces to GenGeo, where we need to twist!
Need to twist C-/D-bracket, just as in GenGeo.

Twist can be defined and studied in our framework.

We recover twists of Generalized Geometry as special cases.

Integrate twisted action

© 06 06 06 o o o

Global picture: Patch together with twisted transformations!

o F = E A
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Conclusions

Summary and Outlook.

Summary:

=] = = E ay
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Conclusions

Summary and Outlook.

Summary:
v Full algebraic and geometric picture for local DFT
v Picture is extension from GR coupled to n-form fields
v weakened section condition from algebra
v’ twist of symmetry Lie 2-algebra
V' Initial studies of global picture and Riemannian Geometry

Soon to come:

o F = E A
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Conclusions

Summary and Outlook.

Summary:

v Full algebraic and geometric picture for local DFT

v Picture is extension from GR coupled to n-form fields

v weakened section condition from algebra

v’ twist of symmetry Lie 2-algebra

V' Initial studies of global picture and Riemannian Geometry
Soon to come:

> Exceptional Field Theory (M-theory)

>> Full Extended Riemannian Geometry

>> Global Picture

o F = E A
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