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After clarifying the different approaches to supermathematics, we present an iso-
morphism between superfunctions and differential forms on supermanifolds and thus
construct a new representation of the supersymmetric Fock Space. Furthermore, we
examine an arbitrary one-dimensional Fermi system after canonical quantization
and find that this is a Fermi oscillator. We define all the quantum mechanical tools
(dual product, path integrals, extension to SUSY-oscillator, etc.) necessary to work

with this system and compare our results with the approach of B.S. DeWitt.
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Chapter 1

Introduction

“All pure natural sciences contain only as much proper science
as mathematics can be applied in them.”

Imanuel Kant

While the representation of bosonic quantum mechanical states by functions of the
Hilbert Space La(R) is quite clear, an analogous representation for fermionic states
is not obvious. This is to be expected since there are no classical fermionic states
as there are in the bosonic case, and thus we do not have a classical system for
fermions to quantize.

But even if we want to construct a pseudo classical model, we face new difficulties.
In a true classical system, the dynamical variables are real and thus commute, as the
field of real numbers is abelian. Then canonical quantization means basically that
the dynamical variables become operators, and the commutation relations between
them are given (in first order of i) by the Poisson brackets of the classical dynami-
cal variables. Since the algebra of fermionic operators is given by anticommutation
relations, we cannot start with commuting real variables, but we need objects which
anticommute: §°607 + §70° = 0.

This problem gave rise to several different approaches to an extension of complex



calculus called “Supermathematics”. The most obvious approach was founded by
F.A. Berezin, who simply introduced a set of Graimann variables {#'}; which an-
ticommute and defined derivatives and integrals over these variables. Though this
approach is followed by most physicists today, it has one disadvantage: while real
variables represent an element of the field R, Gra3imann variables do not represent
elements of a special set, but are rather elements of a ring themselves. A more logical
step would be to construct an algebra A by interpreting the Grafimann variables as
generators. This approach was followed by B.S. DeWitt, who developed a calculus
over the elements of A, the supernumbers, rather than over Graimann variables.
In both approaches we end up with a Zs-graded algebra, i.e. an algebra whose
elements are even or odd, which has a lot of properties known from the algebraic
formulation of supersymmetry, so that the next step is obviously to look for repre-
sentations of the SUSY algebra in terms of supermathematics.

The simplest supersymmetric model is the SUSY oscillator. Since the Bose oscillator
is already well known, it remains to consider the Fermi oscillator. We will repeat
the representation proposed by B.S. DeWitt and then compare this to a new repre-
sentation which is based on a new approach to supermanifolds by P. Cartier. The
new representation of the Fermi oscillator is easily extended to the SUSY oscillator
and from there to a supersymmetric Fock Space.

The second main focus of this thesis is to work out several aspects of the new ap-
proach of P. Cartier. The advantages of this approach compared to those of B.S.
DeWitt and F.A. Berezin/T. Voronov are a simple construction of symmetric super-
manifolds and a tensorial way of defining integration, which should be very useful
for constructing path integrals over fermionic variables. We will show that the sym-
metric supermanifolds of P. Cartier are algebraically isomorphic to those of B.S.
DeWitt, which simplifies a lot. Furthermore, we will find de Rham complexes in

the set of differential forms and superfunctions on symmetric supermanifolds which



allows us to construct a new representation of a supersymmetric Fock space in terms
of differential forms.

Since the work of P. Cartier is still in progress and several steps are not yet fully
understood in mathematical rigour, this presentation is by no means complete and
the true value of this approach cannot be estimated yet.

The structure of this thesis is as follows: In chapter one the reader is familiar-
ized with the basics of supermathematics as it is done by T. Voronov and B.S.
DeWitt. The second chapter repeats simple definitions of objects on ordinary mani-
folds and extends them on naive Graimannian manifolds. Chapter three introduces
the symmetric supermanifolds of P. Cartier and shows how to reduce an arbitrary
supermanifold of B.S. DeWitt to these symmetric ones. In the fourth chapter we
introduce terms of homology like chains, which can be regarded dual to differential
forms, and de Rham complexes. Chapter five examines symmetric supermanifolds
and shows the isomorphism between superfunctions and the de Rham complex of
forms. This is used to construct a representation for a supersymmetric Fock space
out of differential forms on supermanifolds. The sixth chapter deals with the dis-
cussion of the Fermi oscillator and its representation on symmetric supermanifolds.
This representation is eventually extended to a SUSY oscillator and from there on

to a supersymmetric Fock space.



Chapter 2

Introduction to

Supermathematics

“The Lord created the natural numbers, everything else is the work of man.”

Leopold Kronecker

Supermathematics has its historical roots in the need of anticommuting objects for
describing fermionic fields in modern quantum field theory. The set of commuting
(c-)numbers (R, C, etc.) is extended by anticommuting (a-)numbers and both to-
gether form the set of supernumbers.!

The known definitions of linear algebra and analysis can easily be extended to su-
pernumbers, the definition of superforms and supermanifolds is less straightforward.
The pioneer in constructing supermathematics was F.A. Berezin; B.S. DeWitt and
A. Rogers proposed an alternative approach to supermanifolds, which will be fol-
lowed here.

Unfortunately, both of these different approaches are needed for this thesis. The

mathematically more appealing way of B.S. DeWitt is used in section 7.2 (Fermi

!The term “c-"number originally means “commuting” number and not complex number, so that
there are no such objects as the “anticommuting c-numbers” mentioned by S. Weinberg.



oscillator according to B.S. DeWitt), while P. Cartier’s new representation of the
supersymmetric Fock space is formulated in a different way, which is followed by
most physicists nowadays, worked out e.g. by Voronov.

At first, we will give an introduction to Graffimann variables and superspaces as

done by Voronov, then we will present the basics of B.S. DeWitt’s approach.

2.1 Graflmann Variables

Ordinary variables representing real or complex numbers commute, that means that?
2'xd = 272" or [2%,29]_ = 0. Though we can not write down the anticommuting
equivalent of real or complex numbers, we can consider a set of anticommuting

variables {£%};:

Def. 2.1.1 Let {¢'}1<;<n be a set of anticommuting variables, i.e. £¢) = —€I¢t,

These variables are called Gralmann variables.
Because the Graimann variables anticommute, obviously
()P =¢¢=-¢¢=o0. (2.1)

Analytic functions of ordinary variables can be expanded in a Taylor series, e.g. for
functions of one variable x: f(z) = Y22, c;a’ where ¢; = f@)(x)/il. Because of

(2.1), the corresponding Taylor series of N Gramann variables is much simpler:

Remark 2.1.1 A general analytic function of N Graf$mann variables has the form:

N
1
1 N ;
f(f ’ 75 ) = Z -*'Cal...aigal---ga (22)
1!
=0
ZNote that in this thesis, the commutator brackets [,] known from quantum mechanics will

denote the supercommutator introduced below. A sign added to the brackets indicates a pure
commutator (—) or anticommutator (—).



where the cq,..q, are complex numbers, and the sum over the a; has to be taken
according to Einstein’s sum convention.® The set of functions of N Grafimann

variables will be denoted by AN .

As on ordinary variables, we would like to introduce a derivative that works similarly

to &%aj” = O0uz¥ = 55. We define:

Def. 2.1.2 The left-derivative with respect to a Grafgmann variable (acting from the

left) is a linear operation, whose action is completely defined by:

—

0

pent’ = 0" = (2.3)

A simple example of how this derivative works:
(145 +36%¢Y) = 011 + €5 + 3% =0+ 5+ h3(—¢£'¢%) =5 — 3¢%

Note that the derivative and the corresponding Grafimann variables have to be
next to each other, this is accomplished by commuting the variables. Considering

010261¢2 = 0105(—€2¢1) = —1 we easily see that:

Lemma 2.1.1 The partial derivatives with respect to Grafimann variables anticom-

mute: 8,0, = —,0, and, because of this, are nilpotent: (8,)* = 0.
To calculate with these derivatives, we will need the modified Leibnitz-rule:

Lemma 2.1.2 The Leibnitz-rule for derivatives with respect to Grafimann variables

Proof: If none or both o and 3 contain a &, then the product is zero. The first

case is clear. For the second one we assume without losing generality that we can

decompose a = £'a’ and 3 = £'3'. Our formula gives: Oci(aB) = o/ B+ (—-1)%f =

8 The factor 1/i! reflects the non-ordered indices ai...a;, and does not correspond to the 1/i! in
the real Taylor series.



Q€8+ (—1)&/+1§ia’ﬂ/ = 0. Now assume that only a contains a . Then it is
Oci(af) = (Gga) B, Ogi3 = 0, the formula is true. The remaining case is that
only 3 contains a £ Jgua = 0 and Ji(af) = (=1)%0: (Ba) = (-1)% (9 B)a =
(—1)¥(=1)M4 D08 8 = (—1)3ade: B.#

From this simple derivative, we can construct a general differential operator:

Remark 2.1.2 An arbitrary differential operator can be written as

P=> cMtloy. (2.5)

Here the c;.M are complex numbers, L and M are multiindices, so cp™ = ey,

b =¢h i and Oy = Omy -+-Om,; . The expression has to be summed for all possi-
ble values of i and j (0..N where N is the number of Graffmann variables) and the

M

corresponding multiindices. So c;™ can be regarded as a complex 2N x 2N -matriz.

It can easily be shown that:

Lemma 2.1.3 An arbitrary operator that maps a function of Grafimann variables

on another such function is always a differential operator.

Proof: (by construction): Given two functions of Grafimann variables f and g as
in (2.2). Let h be the monomial of f that is of highest order in the £!. There is
obviously a differential operator of the form P’ = ady,, --Om; where « is a complex
number and j the order of the monomial, that yields: P’h = P'f = 1. Now we

define P = gP’, which is also a differential operator as it can be written in the form

(2.5).#

The next step has to be the introduction of an integral of functions of Grafimann
variables. As we do not have anticommuting numbers that can be plugged in for
the variables, there will be nothing analoguous to the ordinary definite integral.

Nevertheless, we can define an indefinite integral of a function u(¢?, ..., V): I(uw).



Because of lemma 2.1.3, we know that I will be a differential operator. We decide

to take the simplest one that satisfies the following condition: Vi : I(9;u) = 0.

Def. 2.1.3 Given a function f of N Grafimann variables. The Berezin integral
I(f) is defined by:

where Z is a complex constant. For algebraic calculations, Z is often set to 1,
but to get similarly looking formulse for the Fourier transform, one has to set?
Z = (+2mi)~ 12,

It is easily shown that this integral has the desired property: I(9;u) = Z0;...0n0; f =
0, as exactly one of the nilpotent partial derivatives appears twice.

It follows immediately that 0;1 = 0 as well.

Given a function of Grafmann variables as in (2.2), then the Berezin integral is

equal to the coefficient of the monomial of degree N:

U = ug + Zuzfl e ul__Nfl...gN = I(u) = U]._N- (27)

The integral is often written as® / det. .deN f(€r, ..., €N). Then our definition of the

Berezin integral is equivalent to
Remark 2.1.3 The Berezin integral is a linear map, satisfying

/dgﬁ =0 and /dgﬂ'gi = 769, (2.8)
The fact that the Berezin integral is defined by a differential operator gives rise to

an unusual property: Consider a linear transformation of coordinates & = Lijfj

where L is a complex, non-singular N x N-matrix. Then we obtain:

o 9 .,
e oLyg 2

g
4The “old” Z of B.S. DeWitt’s will be explained later. In his new book, he has switched to this
convention.
SWe prefer to use the operator-notation for the integral.




This leads immediately to the transformation property of the integral:

, o o I R B
Wu)/Z = 8751857]\[“: (L7 oEi (L7 @-"(L ) 3§jzvu
= etz 22 L 9 9 L 1w)/z2.10)

9T 9N " T det(L) 01 T 9EN " T det(L)
The determinant (which is an alternating multilinear form) appears because the
partial derivatives anticommute and thus give rise to exactly the alternating multi-
linearity needed for the determinant.

The last aspect we have to consider for A" is the Fourier transform. We define:

Def. 2.1.4 The Dirac delta-function for Grafsmann variables is defined by:
6(&) =27 and § = 5(¢N..&Y) == Zz71eN et (2.11)

This definition obviously preserves properties of the ordinary delta- function as:
1(6) =1 and I(§ f) = f(0) for f € AV.
Considering the delta-function as the Fourier transform of the constant function 1,

we can calculate Z:
§ = Z7Y¢ = /d/{e%i”gi = /dﬂ(1+2wi/€§i)
= +2mi¢’ / drk = +27ig' Z. (2.12)

This equation fixes Z = (+2mi) /2.
AN can be extended to functions of real and Grafimann variables. Those functions

are functions on the space R(""):

Def. 2.1.5 R(™") s defined by the functions that can be defined on this space. These

functions have the shape:
1
F(x!, .. ™t ) = Z SjCara; (zh, ..., x")EM . g% (2.13)
i=0

The differences to B.S. DeWitt’s space R} x R will be discussed in section 4.1.



2.2 B.S. DeWitt’s Formulation

In this section, we present shortly B.S. DeWitt’s approach to supermathematics.
Instead of using {¢'}; as anticommuting variables, he uses them as generators for
an algebra, the ring of supernumbers Ay, which extends the field C to a ring with

commuting and anticommuting numbers.

2.2.1 Supernumbers

The set of supernumbers is the algebra (a vector space with a vector-vector multi-

plication) generated by Grafimann variables:

Def. 2.2.1 Let £ a = 1,...,N be a set of Grafimann variables. The algebra gen-
erated by this set is called a Gralmann algebra and will be denoted by An. For
an infinite number of generators we will write Aow. The Elements of Ay or Ay are

called supernumbers.

Note that here Ay equals A" in the first approach. So a supernumber is basically
a function of N Graffmann variables.

A basis of the vector space Ay is given by the set {1,¢&!, ..., &N €1¢2 . ¢l N}
Each generator can appear to the 0-th or to the 1-th power in a basis vector, i.e.
there are two possibilities for each of the N generators, so the dimension of the
vector space Ay is 2V, but dim(A>) = R as there is obviously a bijection between
the basis vectors and all the finite subsets of the natural numbers.

A supernumber z can be decomposed in
z=2zp+zs (2.14)

where zp (the body) is an ordinary complex number and zg (the soul):

N/oo 1

5= oy an€T £ (2.15)

n=1

10



where the c,, 4, are complex numbers and antisymmetric under the exchange of
two neighbouring indices.® Each of the a,, ..., a; runs from 1..N, and the expressions
have to be summed up. Sometimes it is more convenient to have the a,,...a; ordered
and get rid of the % In this case, capital letters will indicate the ordered sequence
Ap.. Aq.

Consider zév +1

for the soul of a supernumber z € Ay. Each of the monomials in
zév +1 has total power N + 1 in all the €', and it is not possible to distribute N + 1
powers on N generators without one having power two. Because of (2.1), this means

N+1 _ q.
Zg =0:

Lemma 2.2.1 For z € Ay it follows that zé\url = 0. If&% = 0 for all a then

2 =cth . &N for z € Ay and z =0 for z € Aw.

Theorem 2.2.1 Let z be a supernumber with zg # 0. Then its inverse is uniquely

given by:
N/oo

_ _ zs\"
=25 ) <_z3> : (2.16)
n=0

Note that this sum is always defined, as it is actually not an infinite sum. Let M
be the number of different Graimann variables in zg, then all powers with N > M
will vanish anyway.

We want to check that zz~! = 1. Let M again be the number of different Gramann

variables in zg.

N/oo n 2 3 M
z z z z z z
22l = (zptas)ep' Y (—S> = (1+S> (1— sysr 2= )
e ZB ZB 2B ZB B ZB
2 2 M M M+1
T R I R R R R R (2.17)
2B 2B 2B ZB 2B ZB ZB

The terms j—;i cancel each other. The last term vanishes because of lemma (2.2.1).

It is not possible to define the inverse of any nilpotent object (especially not for

SNote the similarity of ¢q;...q,£%"...£%" and an n-form.

11



supernumbers without body), as we would lose the associativity of multiplication:
LA =0 = =042 = (27 ) !

Since supernumbers do not have an inverse, if their body is vanishing, they do not
form a field, but only a ring. This implies problems in generalizing objects as vector
spaces to supernumbers. A supervector space will be a module over a ring rather
than a module over a field.

As supernumbers introduce anticommuting objects beside the ordinary, commuting

ones, we have to define terms for handling the parity of supernumbers.

Def. 2.2.2 A c-number u commutes with every other number z: uz — zu =0, an
a-number v; anticommutes with every other a-number vo: vive + vov; = 0. C, is

the set of all c-numbers, C, the set of all a-numbers.

A supernumber z can obviously be uniquely decomposed in a commuting supernum-

ber u € C. and an anticommuting one v € Cy:

234—§: ,ala%£”“ 5“-%}2 @n +])cm“ﬂ@ﬁn§”wﬂnfm (2.18)

u v

Such a decomposition is given e.g. by:

2= 244834 43¢ + e3¢t (2.19)
N N — e
eCe €Cq

So Ay is decomposed in C,. and C, which have both dimensions 2V¥~!: C.®C, = Ax.
We can distinguish between c-numbers, a-numbers and supernumbers of mixed type.
As we will often have to include factors of (—1) in our formule depending on the

type of numbers plugged in, we introduce a parity function which allows to write

(=1)%.

12



Def. 2.2.3 The symbol z indicates the parity of a supernumber z:

1 ifz€C,
z2=< 0 if z € C, (2.20)

undefined otherwise (mized type)

From now on, objects constructed from supernumbers will be characterized by their

type. An a-type object has parity 1, a c-type object parity 0.

Now we can introduce the general supercommutator, valid for all kinds of superob-

jects, which replaces the ordinary commutator and anticommutator brackets.

Def. 2.2.4 The supercommutator of two objects created from supernumbers is

[A,B] := AB — (-1)"8BA (2.21)
For pure supernumbers A, B it is always [A, B] = 0. For two supervectors (see
below) vy, vg, the commutator [v1,v5] is used, where v5" denotes the transpose of

vo. We easily obtain the following results:

[A,B] = AB - (-1)"8BA=—(-1)*3(BA - (-1)284B)
= (~)*P*[B, 4 (2.22)
[A,B+C] = AB+ AC — (~1)ABYO(BA £ CA) = [A, B] + [A, (] (2.23)

The last formula is obvious, if B and C are of the same type, otherwise, we just
define the commutator bracket to satisfy this condition.
Finally, we would like to distinguish between real and imaginary supernumbers. We

define:
Def. 2.2.5 The generators £ are real, that is (£%)* = £2.

Furthermore we need rules for complex conjugation of supernumbers:

13



Lemma 2.2.2 Analogue to matriz calculation we obtain the rules:

(z42)" = 242" (2.24)

(z2')" = 2"z (2.25)

and particularly: (€7..£%)* = ¢n..& (2.26)
= (—1)n=D/2¢a  gan (2.27)

The simplest definition for real and imaginary supernumbers is:
Def. 2.2.6 A supernumber z is called real, if z* = z and imaginary if z* = —z.

A supernumber is obviously real iff body and soul are real. The soul is real iff the
coefficients in (2.15) are real for $n(n — 1) even and imaginary otherwise. (This is
a result from the inverted order of the generators after complex conjugation. The
minus sign from the complex conjugation of the imaginary coefficient is compensated

by the minus from the reordering of the generators.)

Def. 2.2.7 The real supernumbers R. and R, are the subsets of the real elements

of C. and C,, respectively.

Note that R, is a subalgebra, while this is not the case for R,. It is sufficient to
regard single components of a supernumber as in (2.15). Let ¢ and ¢’ be coefficients
for two real c-numbers (€ R.) for monomials of nth and n’th order resp., so n and
n/ have to be even. Furthermore c is real if n is a multiple of 4 and imaginary
otherwise, the same is true for ¢/. If we multiply the coefficients, we get a coefficient
for a monomial of degree n +n’ which will be real if both or none of n and n’ where
a multiple of 4 and imaginary else. By analogous consideration, it is easy to show
that the product of a real a-number and a real c-number is an real a-number, while
the product of two real a-numbers is an maginary c-number.

An alternative definition for real supernumbers is: supernumbers, where all the

coefficients are real. This definition would imply that both R. and R, would be

14



subalgebras.
Since complex conjugation plays a big role in quantum mechanics, we keep the first

definition.

2.2.2 Vectorspaces of Supernumbers

Usually, a vector space is defined to be a module over a field, i.e. an abelian group
G together with a field F' and a scalar multiplication G x F — G.

Working with supernumbers, we have no field but only a ring. B.S. DeWitt solves
this problem by defining a supervector space as a module over a ring. Another
approach is followed by T. Voronov, who represents a supervector space R™V by
n ordinary variables (z'); and v GraBmannian variables (£%); as coordinates. A
function on such a supervector space for fixed ordinary coordinates is a supernumber
in the formalism of B.S. DeWitt, which obviously contains T. Voronov’s approach

as a special case.

Supervector Spaces

Def. 2.2.8 A supervector space is a module over the ring of supernumbers:
Let A a Graffmann algebra and o be an abelian group with maps o X ¢ — 0o,

A x 0 — o and o0 — o with the following properties:

1. (o,+) is an abelian group:

VX,)Yeo): (+(X,)Y):=X+Y =Y + X) satisfying

(a) (+) is associative
(b) existence of a neutral element: (3 0)(V X €0): (X +0=X)

(c) existence of an inverse element: (3 — X € 0): (=X + X =0)

2. Multiplication of a supervector with a supernumber:

Fap,agp: Axo—o0):(ap(X) =aX, ar(X) = Xa) satisfying
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(a) both maps bilinear

(b) normalization: (V X €0):1X =X, X1 =X

(¢c) associativity: (V X € o,a, € A) : (aX)f = a(XP) = aXp

(d) multiplication with c-number: (¥ X € o, € A) : aX = Xa for a € C,

(e) decomposition in an even part U and an odd part V:
(VX € 0)(Funique U,V € 0)VaeC,) : (X =U+V, aU = Uq,
oV =—-Va).

3. Complex conjugation of a supervector:

(3*:0—0) with (¥ X €0): *(X):=X* and
(a) X =X

(b) (X +Y)* = X*+Y*

(c) (aX)* = X*a* and (Xa)* = o X*

Then o is called a supervector space.

We obtain immediately obvious results in supervector spaces as 0X = X0 = 0 for
a supervector X and a0 = Oa = 0 for a supernumber «, where 0 is the neutral
element of the abelian group o, the “zero supervector”.

Bases of Supervector Spaces

The definition of a basis follows closely the ordinary one:

Def. 2.2.9 A set {;e} is called basis for a supervector space o iff it is linear in-
dependent: c¢' ;e = 0 = ¢ = 0 and every supervector X € o can be constructed by

linear combination: (3 X € A) : (X = X e).

Einstein’s summation convention is modified. Instead of two different positions

for indices there are four in the case of supermathematics. Sums are taken over
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indices which appear in upper-lower and left-right position only, so i.e.: in X%e
and *Xe; the sum over i is performed but not in X’e;. Otherwise, index dependent
powers of (—1) must be introduced.

Note that “linear independence” as used in the definition for the basis has a slightly
different meaning in the case of supervector spaces. A vector X can be linearly
independent to a vector Y but become linearly dependent by multiplication with an
odd supernumber: vX. Now the linear combination v(vX )+ 0Y = 0 is zero without

forcing all the coefficients to vanish.

Def. 2.2.10 A basis is called pure, if it consists only of m c-type and n a-type

supervectors.

The dimension of a vector space with an (m, n)-basis is d = m-+n. Every finite basis
{ie} can be transformed into a pure basis (;f,xg) where ;f are c-type vectors and
19 a-type vectors. This transformation is given by unique matrices with ; f = ;M ie
and g = 1, N%e. Here, jMi is obviously an m, m + n and N’ an n, m + n matrix.

Analogue to the parity of supernumbers, we define:

Def. 2.2.11 Given a supervector X = U +V where U the even part and V the odd

part. Then parity symbol X indicates the parity of the supervector X :

1 ifU=0
X=<o ifV =0 (2.28)

undefined otherwise

The parity symbol i (in a supervector space with dim (m,n)) indicates the parity

of the pure basisvector with index i:
i=e= - (2.29)

A special basis which is very useful for calculating complex conjugates is the standard

basis:
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Def. 2.2.12 A pure basis where the c-type supervectors are real and the a-type su-

pervectors are imaginary is called standard basis.

A standard basis is characterized by ;e* = (—1)21'6. We get for a real supervector:
Xtie = (—1)4eX™ and X* = (—1)X x°.

Working with supervectors and the supermatrices introduced in the next section
requires several rules for the bookkeeping of indices as e.g. for shifting indices, of

which the first is:”

Def. 2.2.13 (Shifting indices) Let X be a pure supervector and ‘X, X* coordi-
nates in a pure basis. Then

iX = (1) ¥ X (2.30)
defines a possible shifting convention.

Shifting indices for impure supervectors is certainly given by separate shifts of the

pure parts.

Dual Supervector Spaces

A dual space is the set of all linear functionals of the original space, i.e. linear
functions mapping to the field or ring the original space is constructed over.
As in the ordinary case, there is always a dual supervector space for each finite

dimensional supervector space:

Def. 2.2.14 Let o be a supervector space. The space dual to o, denoted by o* is the
set of all linear mappings w : 0 — A with the notation w(X) = Xw (dual product).

The dual space can be extended to a supervector space by the rules:

TA table which summarizes all the shifting conventions can be found at the end of this section.
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Def. 2.2.15 Let o* be a dual space to a supervector space 0. Let X € 0 and a € A

and w, T € o*. We define:

Xw+71) = Xw+ X7 (2.31)
X(aw) = (Xa)w (2.32)
X(wa) = (Xw)a:= Xwa. (2.33)

As for finite dimensional linear spaces the dual space is isomorphic to the original

space, we obtain a basis by the following theorem:

Theorem 2.2.2 Let ;e be a basis of . Then a basis € of its dual o* is uniquely
defined by jee’ = ;6. An element w € o* is uniquely fized by its action on the basis

supervectors: ;w = ;ew and w = €' ;w.

The dual of a pure basis is pure, the dual of a standard basis is a standard basis for
the dual with (¢?)* = e’. If o has dimensions (m,n), o* has same dimensions (m,n).

In the dual case, we get the following shifting conventions:
Def. 2.2.16 A shifting convention for a dual supervector w is given by:
wi = (—1)1ETD . (2.34)

which yields w; = ;w* The alternative dual product is defined by:

wX = (-1)*“Xw (2.35)
with the further rules:
wX+Y) = wX+wY (2.36)
(wWH+1X = wX+7X (2.37)
forcing the shifting convention:
e 1= (—l)zie, ‘o= e, (2.38)



Linear Transformations in Supervector Spaces

Linear transformations in supervector spaces are given by left-multiplication of su-

pervectors with supermatrices as in the ordinary case:

Def. 2.2.17 A supermatrix is a table of supernumbers. The body of a superma-

triz is the table of the supermatrix element’s bodies, the soul is the remainder.

It is easy to see that a square supermatrix has an inverse (or is nonsingular) iff its
body is nonsingular.

To see how a linear transformation of a basis works, consider the following:

Let {;e} and {;e} be two bases of a supervector space o, related by ;& = ;(K 1)/ je.
Then a supervector X = X' ;e is transformed into X = Yi i€ with Yz = XJ jKi.

Let

A C
K = (2.39)
D B

If {;e} and {;e} are pure bases, then the elements of A and B are c-type, the elements

of C and D a-type. This can be seen from:

® © © O o o o @ o @
oo || |=]e and ® ool le|=]2¢o
o @ @ @ ) ® © © ® o

where @ denotes a c-type element and © an a-type element.
If {;e} and {;e} are standard bases, then A and B are real and C' and D is imaginary.
Finally, we again have to define a parity for supermatrices, which is a little more

complicated than that for supernumbers and supervectors:
Def. 2.2.18 Let K be a Matriz as in 2.39. The parity symbol K indicates the
parity of the supermatriz K :
1 if Aij = By =0 and Cyj = Dy = 1
K=% 0 if Ajj= B =1 and Cij = Dy = 0 (2.40)

undefined  otherwise
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As ordinary matrices, supermatrices can be transposed, but the parity of the ele-

ments has to be considered:

Def. 2.2.19 The supertranspose K~ of a supermatriz K is given by:
Ky = (—1)/ ) K (2.41)
For a matrix K in the block form (2.39), it follows:

AT DT
K~ = (2.42)

ct BT
where AT etc. denotes the ordinary matrix transposition.
The supertranspose of a product of two supermatrices is, as in the ordinary case
(KL)~” = LYK~. Furthermore, supertransposition commutes with inversion:
(K~)~1 = (K1)
We obtain further index shifting conditions by demanding e.g. that K~ = K.

From those, all others can be derived (see table at the end of this section).

Def. 2.2.20 Further index shifting rules are defined by:

L= (1)), (2.43)
MF = (=1)TTT (2.44)
iINV = (1) IN (2.45)
and
K = (=1)4K7 (2.46)
L'y = 'L (2.47)
Mzg = (_1)i1M] (248)
N9 .= INJ (2.49)
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The Supertrace and the Superdeterminant

B.S. DeWitt introduces the superdeterminant through its relation with the super-
trace. We know from ordinary linear algebra that dIndet(A) = tr(A='5A). The
analogue law in the super case together with fixing the superdeterminant for the
unit supermatrix defines the superdeterminant.

So at first, we need a sensible definition of a supertrace:

Def. 2.2.21 The supertrace is (only) defined for supermatrices with one upper

and one lower index:

K7 str(K) = (1) K = K (2.50)

L str(L) = (—=1)! Ly = (=1)'L¢;. (2.51)

From this definition we get some special cases: The supertrace of the unit matrix

is obviously str(1(,,)) = tr(1,) — tr(1,). The supertrace of a matrix and its

supertranspose are identical: str(K~) = str(K). As in the ordinary case, for the

supertrace of a product of two supermatrices, the order does not matter: str(MN) =

str(NM) and the supertrace is additive: str(M + N) = str(M) + str(N). Given a
supermatrix K as in (2.39), its supertrace is str(K) = tr(A) — tr(B).

Now we can continue with the definition of the superdeterminant:

Def. 2.2.22 The superdeterminant is defined by
dInsdet(M) := str(M~15M) (2.52)
together with the boundary condition
sdet(1(y, ) = 1. (2.53)

The superdeterminant will turn out to be a c-number. The In of this c-number is

the continuation on A of the complex In, see section (2.2.3)
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The properties of the superdeterminant are again quite similar to the ordinary case.

Given two supermatrices K and M with n the number of odd dimensions of M,

then we get the rules:

sdet(KM) = sdet(K)sdet(M)

sdet(M™) = sdet(M),if M € {;M?,"M;}

sdet(M™) = (—1)"sdet(M), if M € {*M?,;M;}

(2.54)
(2.55)

(2.56)

In the special case, where K is a supermatrix as in (2.39), its superdeterminant is

given by:

sdet(K) = det(A — CB~'D)(det(B))!

(2.57)

We see that the determinant is no longer a simple polynomial but a rational function,

as the contribution of B in the superdeterminant appears in the denominator.

Altogether, we have the following rules for shifting, complex conjugation etc:

definitions implications
sbasis e; 1= (—1)%1'6 std basis: ;e* = (—1)51-6
ie = ei ei* — e’i
SVectors X = (-1)XiX real X: Xi* = (—1)i X X1

(—1
Wt = (_1);(~+1) W

W =W




definitions implications
smatrices L = (—1)iH) L,
M = (_1)Z+3+23 M,
PN~ (_1)23 iNi
K = (~1)1 ;K7 K~ = (-1)7 K
Lij =1L, L~7 = (=1)4 L3,
My = (=1)" ;M M~y = (1) My
N ;= N N~ = (—1)4 N
strace K7 str(K) = (_1)5 K (L)) = tr(1m) — tr(1n)
iLj:str(L) == (—1)P1L; str(K™) = str(K)
str(MN) = str(NM)
str(M + N) = str(M) + str(N)
str(K) = tr(A) — tr(B)
sdet SInsdet(M) := str(M~15M) sdet(K M) = (sdet(K))(sdet(M))
sdet(1(mpn)) =1 sdet(M~) = sdet(M), {; M7, M;}
sdet(M™~) = (—1)"sdet(M), {* M7, ;M;}

2.2.3 Functions on Supernumbers

After the linear algebra is defined for the supercase, we want to proceed with a
super-analysis. At first, we will define superfunctions by “analytic continuation”
of complex functions. Afterwards, the derivative and the integral of such functions
are introduced, which will be an extension of derivatives and integrals of Grafimann

variables as already introduced in the first part of this chapter.

Remark 2.2.1 Given an analytic function f : C — C and a GrafSimann algebra

As. An analytic continuation of f on A is given by:

f2) = 3~ f (a2t (25%)
n=0
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where f™ is the ordinary n-th derivative of the complex function f.

We want to introduce a derivative for superanalytic functions. Therefore we have

to examine the variation of a function’s value due to variation of the argument:

Def. 2.2.23 Let Ao be a Graffimann algebra, f a function f: Aew — Aso. fis called

superanalytic, if it satisfies

d q
df(z) =d=z [dzf(z)] = [f(z)dz] dz. (2.59)

Certainly, all the on Ay, continued complex functions as in rem.(2.2.1) are always
superanalytic.
From the definition of a superanalytic function, we get two general solutions for the

cases where the domain of the function is pure.

Theorem 2.2.3 A general superanalytic function f : C, — Ay is a linear function:
f(v) =a+bv (2.60)

where a,b € Ao It is therefore superanalytic everywhere in C, without any singu-
larities.

A general superanalytic function f: C. — A has the form:
= 1 a a
fu)=>" —foran (W)L, (2.61)
n=0

where fo,. q,(w) is a analytic continued function of the form (2.58).

For linear functions, the definition of the derivative is obvious and implies:
Let f be a superanalytic function f : C, — As with f(v) = a + bv and the decom-

position in commuting and anticommuting parts b = b. 4 b,. It follows:

— «—

d d
ﬁf(v) = b. — by and f(v)a = bc + bq. (2.62)
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Furthermore:

= F)L for f:Cy—Cy
—f) = _ (2.63)
v —fv)L for f:Cq— Ce
Ef( ) = a : 2.64
T = Fw) L for f:C. — Ao (2.64)
and N - - —
d d d d dd
gl W= g, =) =0 (2.65)

B.S. DeWitt does not explicitly mention the derivative of the more complex functions
of the form (2.61), but it is obvious, what to do: The coefficients f,, 4, (u) have to
be linearized, the derivative is just obtained by substituting f,,. 4, (v) with the first

order term of its expansion.

2.2.4 Integral Calculus on Supernumbers

For the Integral Calculus, only functions on A are considered. Note that the defini-
tion of the Integral is modified as in the first part of this chapter, for getting again
a dimension-independent formula for the Fourier-transformed of a function. While
B.S. DeWitt uses [dzz = Z with Z = (27i)"/2, we put Z = (271)~/? and get the
Fourier-transformed of a function by: f(p) = [dxf(x)e?™P*. We are told that in

his forthcoming book, B.S. DeWitt switched also to this convention.

Definition of the Integral

The definition of the integral of a function with domain R, is straightforward, by
analytical continuation of the complex integral:
Def. 2.2.24 Let f(x) a continuated function f : R, — A as in 2.58, F(x) the

continuation of [dxf(z) and a,b € R., not singular. Then

b
/ dzf(z) = F(b) — F(a). (2.66)
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For functions on R, the definition is simpler, as there are only linear functions:

Def. 2.2.25 Let f(x) be a superanalytic function f : R, — A, thus f(x) = a+bzx.
The integral [dxf(z) is completely defined by:

/ dr = 0 (2.67)

/daja: = Z (2.68)

with Z = (2mi)~Y/2 = (2r)~1/2e="/* and the convention:

/ zdz = — / dzz (2.69)

As algebraists use the convention Z = 1, we will try to keep Z in all the formulae
instead of substituting it with its numerical value.

The integral here is given in physicist’s notation as an operator ([ dzz) rather than
a bracket operator ([ zdz). Up to a sign, both notations are equal.

As there is no difference between a definite and an indefinite integral for functions
of odd supernumbers, and the integral basically equals a derivative, we get the

following neat rules for shifts of the integration variable and partial integration:
/dxf(m +a) = /dxf(x) (2.70)
— —
[st@gio@) = [der@ o) (271)
vf(z)—g(z) = vf(2) gl .

Fourier Transform

The Fourier transformation is given by a definition of the delta-distribution (which

is actually a function in the case of R,), the Fourier transformed of the function 1.

Def. 2.2.26 The delta-distribution for x € R, is given by

o(x) ::/ dpe?™P* .= lim dpe?(pz—cp?) (2.72)
¢ e——+0 Rc



The delta-distribution for x € R, is given by
5(z) = Z La(= / dpe2™or) (2.73)
with Z = (2mi) =2 = (2r)~12e="/4 as in def. (2.2.25).

It is this definition, which fixes Z so as to conserve as many properties as possible
of the ordinary delta-distribution.

For x € R, we get the relation
[e.e] 1 n .
Ba) =Y oy (ep)el = 3(—a) (2.74)
n=0 """

which is similar to the delta-distribution in the complex case. It is easy to see from

the definition that this is different for x € Ry:
§(—2) = Z7 (—2) = —d(z) (2.75)
In both cases, we get the known formula

A f(z)d(z)dz = f(0) and A f(z)o(z)dz = f(0) (2.76)

Integration over R} x R

Before we start with defining the integral over® R? x R¥, we introduce a simplifying
notation by T.Voronov: c-type dimensions/indices and numbers will be denoted
by latin letters, a-type dimensions/indices and numbers by greek letters. If an

expression is valid for both types, capital latin letters will be used:
2t = (2%, Xx%) (2.77)

Furthermore, we will use the abbreviation

- = =
o 0 o 0

=2 99 9 2.
1511 ox! afoGmK ozl (2.78)

8Note that R? x RY is not a supervector space, as it is not closed under multiplication with
supernumbers.
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B.S. DeWitt defines the integral by giving “volume elements”. This approach is
often criticized by other authors, as strictly speaking, there is no measure for a-type
dimensions. Once more we come along situations in which volume elements can be

defined without the existence of a measure.

Def. 2.2.27 Without introducing a measure, we formally define the volume ele-

ments:
d"z = dz'.dz" (2.79)
d"y = i”(”_l)mdxl...d){” (2.80)
A = D24z damdy . dy” (2.81)

When integrating out the a-type dimensions, we get the formula

/ A"V af(x) = 2V (—i)/ =D/ / d"zg(at, ..., z") (2.82)

where g(x!,...,2™)x!...x" is the term of n-th order in the power expansion of f in

R,.
It is obvious that integration over a-dimensions is equivalent to differentiation:
9 9
dxtodx fz) = (1) 2Y fa) 2.83
[atav s = (-1 @) 575 (283)
(For the integral to be well defined, f must satisfy sufficiently rapidly:
lim f(z)=0. (2.84)

& p—00
We will not examine this constraint any closer and suppose that all functions ap-
pearing in B.S. DeWitt’s approach to the Fermi oscillator satisfy this condition.)

Under a transformation of coordinates, the superintegral behaves quite similarly to

the ordinary case:

Theorem 2.2.4 For a homogenous linear transformation ' = B! jz’ the volume

element transforms as:

AT = (det(B))~'d""x. (2.85)

29



For an inhomogenous transformation T = T'(x) the volume element transforms as:
d™'E = Jd"™"x with J = sdet(T" ;) (2.86)

Finally, we want to have a look a the result for a Gaussian integral:

Let M be a Matrix
A C
M = , (2.87)
-cT B
where A = AT, B = —B7T and Ai; € Re, B;j € iR, and Cj; € iR,. Then the

Gaussian Integral I is:

I:= / A"z exp(=a!  Myz”) = Z(H) (sdet(M)) 3. (2.88)
R7 xRY 2
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Chapter 3

Analysis on Manifolds

“The knowledge of the divine
cannot be obtained by the mathematically uneducated one.”

Nikolaus von Kues/Cusanus

For the representation of the supersymmetric Fock space proposed in this thesis, we
need a calculus on ordinary manifolds, from which (n,n)-dimensional supermani-
folds are derived by parity change of the fiber coordinates.

After briefly defining manifolds and the basic objects related to them, we will re-
peat the basic definitions and results for ordinary calculus on manifolds, before we

construct the supermanifolds.

3.1 Ordinary Manifolds

Manifolds are a generalization of points, lines, and surfaces to arbitrary dimensions.
With their help, calculus on curved spaces often needed in physics can be defined.
A rough definition of a manifold is: “something, that locally looks like R™”. More

exactly:

Def. 3.1.1 Let M be a topological space. Let {(U;, ¢;)}i be a family of pairs with U;
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open sets that cover M: |JU; = M and ¢; smooth homeomorphisms U; — U,L»/ e R™
with 1;; = ¢; o qﬁ;l infinitely differentiable for arbitrary i, j where 1;; is defined.

Then M is a manifold of dimension m. The pairs (U;, ¢;) are called charts, the
whole family {(U;, ¢;)}i is called an atlas. ¢;(x) is called the local coordinates of

x denoted by (x!,...,2™).

Figure 3.1: Two Charts ¢; and ¢; of a manifold M mapping open subsets of M on
open subsets of R", 1;; = ¢; o gbj_l is smooth where defined.

A simple example for a manifold is R™, a little bit more complicated one is the

circle, where

M = {(z,y)|z,y € R,z® +y* =1}
Ur = M\{(z,y)lz <0} ¢1(z,y) = arcsin(y)  ¢7'(A) = (cos(f), sin(6))
Uy = M\{(z,y)|z >0} ¢a(x,y) = arcsin(—y) ¢; " (0) = (cos(d), —sin(6))

In general, given a set N = {(a!,...,2")|f;(z},...,2") = 0} with arbitrary smooth-
ness of the f;’s and the matrix (0 f;(x)) having maximal rank for every point € N,
then N is a manifold. (In the case of the circle, we had f; = 22 + 3% — 1.)

The next object that is naturally defined, is a vector. Since there is no “origin” of a

32



manifold, and the meaning of the term “straight line” is rather useless, vectors can

only be tangent vectors at certain points:

Def. 3.1.2 Given a manifold M and a curve c: (a,b) — M where (a,b) is an open

dfl—(tt) 15 a tangent vector
t=0

interval containing 0. Let x = ¢(0). Then the vector
of M at x. The set of tangent vectors is called the tangent space T, M at x. The

union of all tangent spaces is called the tangent bundle TM :=|JT,M.

Figure 3.2: Infinitesimally varying the chart coordinates of a point x on M leads to
vectors in the tangent space T, M. In this case, the parameters of the curves on M
are the chart coordinates.

To find a basis for T, M, we consider the change of z under the change of its local

coordinates.

Remark 3.1.1 A basis for T, M is given by the tuple

O~ (xt, ..., 2™)
ozxk

(er)k = (Op)r = (

> . (3.1)
d() /) i

An arbitrary vector of T, M is given by X (x) = X*0,(x).

Note that the directional derivative X9, acts on functions f : M — R indepen-

dently of the chart. This allows us to define
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Def. 3.1.3 The action of a vector on a function is given by:
Xf=X[f]=X"Ouf (32)

Def. 3.1.4 If a vector X is assigned smoothly to each point of a manifold M, X (x)
is called a vector field on M at x. If X[f] is a smooth function for all smooth
functions f, then X is a vector field.

GraBmannian manifolds, i.e. manifolds with local coordinates (£¢); which obey
the GraBmann algebra £'¢/ = —¢&J¢%, can naively be defined in the same way as
ordinary manifolds, including tangent vectors and the action of vectors on function
(directional derivative). This is due to the fact that only linear combinations of
basis vectors but no multiplication of coordinates are needed in our definitions.
Nevertheless, we will introduce Manifolds with odd coordinates in another way,

allowing us to define an invariant volume element for Berezin integration.

3.2 Analysis on Ordinary Manifolds

The basis of modern analysis is the language of forms, which are a special case of
tensors (i.e. antisymmetric tensors of type (0,r)). Tensors are a generalization of
the concepts of scalars, vectors and matrices, so of objects which behave linearly

under suitable multiplication.

Def. 3.2.1 Let X be a linear space over a field K with the dual X' . The set T} (X)
consists of all multilinear forms M mapping p elements of X' and q elements of X
to K:

M:XTx . X"TxXx..xX->K (3.3)

The elements of TP (X) are called tensors of type (p,q) (p-fold contravariant and

q-fold covariant tensor).
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With this definition, a scalar is a tensor of rank (0,0), a vector has rank (1,0) and
a matrix (1,1).

The terms “covariant” and “contravariant” refer to the transformation properties
of a tensor under change of coordinates. Under such a change from coordinates
(2%); to coordinates (Z');, covariant tensor components transform like A; = %Aj,
contravariant components like A* = %Aj.

Two tensors can be multiplied to get tensors of higher types by the following rule:

Def. 3.2.2 The tensor product @ : T x ’Z;If/ — ’]Zf:;f/ of a tensor u of type (p,q)

and a tensor v of type (p',q') is given by:

(1@ V) (o 51, Ygrgr) =

lu’(xlv "'73317; Y1, "'7yq)y(l‘p+17 .”’:L,P-‘rp sYg+1s - yq-i—q’) (34)

where (2%); are covectors (from the dual space X') and (y;); are vectors (from the

space X).

An example for the tensor product is the combination of different subspaces of
the configuration space in quantum mechanics. While in classical mechanics, these
subspaces are combined to the configuration space by the direct sum X = @ X,
quantum mechanical subspaces are combined by the tensor product, e.g. |nim) =
[n) @ [lm) for the hydrogen wave functions. The subspaces of a Fock space, the
multiparticle Hilbert spaces are also created by tensor products of one particle wave
functions (H® = H!' ® H! ® H') which are the summed up to the Fock space:
F=¢gH".

The opposite operation that reduces the rank of a tensor is called a contraction:

Def. 3.2.3 The contraction maps a tensor of type (p,q) to a tensor of type

(p—1,9—1) by the rule
i) (3.5)

Contraction(t) = 7(...e
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where (e;); and (e'); are bases for the space and its dual resp.

An example for a contraction is the trace of a matrix A%;, which is simply A%. The
dual product of two vectors u' and v can also be interpreted as the contraction of
the tensor product (u! |[v) = (u ® v).

From now on, we will consider tensors on the tangent space of a manifold at a certain
point: T, M. The basis vectors of this space will be the vectors (e; = 0;); as shown

above. As T,,M is a vector space, there exists its dual, the cotangent space:

Def. 3.2.4 Given a manifold M and x a point on M. Then the dual space of the
tangent space Ty M s called the cotangent space Ty M. The union of all cotangent

spaces is called the cotangent bundle T*M = |JT; M.

The basis of Ty M will be denoted by (¢! = dz');. As the elements of T,M are
tensors of type (1,0), the elements of its dual have type (0,1) and by multiplying

these tensors and contracting we can define a dual product:

(da”, 80z = 0% _ v (3.6)

Ozt ®

(Note that due to linearity, the dual product is completely defined by the prod-
uct of the basis vectors.) The elements of T;M are also called “one-forms” the

generalization of which are differential forms:

Def. 3.2.5 A differential form of order r, or an r-form is a totally antisymmetric

tensor of type (0,r).

Note that the elements of Ty M were obviously of type (0, 1). Since these forms map
just one vector to a scalar, the antisymmetry in the exchange of the vectors does not
occur in this case. If one multiplied two r-forms by the tensor product to get forms
of higher order, the antisymmetry will in general be broken. So a new product is

needed:
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Def. 3.2.6 The wedge product of r one-forms is given by:
dztt Adat? AL Adat = ngn(P(l..T))dx“P“) ®@dzHP@ @ .. @ dzHPe (3.7)
P

where the sum is taken over all permutations P.

Immediate results are daz* A dz¥ = da* Q do¥ — do¥ @ da¥* = —dz¥ A dz* and

dz* A dx* = 0. Furthermore, it is:

dztt Adat? A oA datr = sgn(P)datPM A daHP@ A LA dat P (3.8)

The wedge product for two arbitrary forms is given by a trivial extension:
(w AN 7T)(X1, Xo, .ty XrJrS) =

1

Tl > sen(P)w(Xpy, - Xpe))T(Xper1), - Xpirs)  (3.9)

rls!
P(1..r+s)

where the X; are vectors.

With the wedge product, the general form of an r-form in explicit coordinates is:

1

W = =Wy, A A A2t A LA dat (3.10)
T

where the wy,, ,..., is totally antisymmetric:

Wurpg..pr = Sgn(P)wP(ul)P(M2)---P(M1~) (3.11)

so the 2-form w = 3da! A dz® + 6dz' A dz? has nonvanishing components w3 =
—ws31 = 3 and wis = —w91 = 6.

We will label the set of r-forms on a manifold M at a point p with Q7(M). Forms
of maximal order n = dim(M) are called top forms.

The set of all smooth fields of r-forms on M will be denoted by Q" (M) as particularly
C®(M) = Q°(M).

There are two other operations which allow to increase and decrease the order of a
form by 1. The first one is called the exterior derivative, the second operation is a

contraction with a vector.

37



Def. 3.2.7 The exterior derivative d, is a map Q" (M) — Q" TL(M) whose action
on a form as in (3.10) is defined by:

1
dyw = — <8aw ) dz” Adx#t A LA dakr (3.12)

T' v H1ye-- o

(dyw is often called the differential of w.) An element of ker(d,) is called a closed

r-form, an element of im(d,_1) is called an exact r-form.

The index r is often dropped. This definition implies df = g fl dz?, so d on a function

(a O-form) is the gradient of the function. If one considers a 1- and a 2-form on a

three dimensional manifold as vectors in the following sense:

Wy Wy
w1 = Wy and W = wyz (313)
Wz Wy

with bases (dz,dy,dz) and (dz Ady,dy Adz,dzAdx) resp., then the exterior deriva-
tive of a 1-form is the rotation (rot) of this vector, in the case of a 2-form, it is the
divergence (div) of usual, 3 dimensional vector calculus.

It follows also that d%w = 0, as

2
1 la Wiy ooy
(r+1)!r! 9xroxv

d*w = dz? A da” Ada ... A dar (3.14)

This expression has to be invariant under exchange of the dummy variables A and v,
i.e. symmetric. Since the partial derivatives are symmetric and the wedge product
is antisymmetric, the overall expression has to be antisymmetric. Now the only form
of order r > 2 being symmetric and antisymmetric at the same time is the form 0.
An example of the exterior derivative in a physical context: Given the electromag-
netic potential as the vector A = (¢, A), the electromagnetic tensor is given by

F = dA. Tt follows immediately that dF = d2A = 0, which summarizes the two

!Calling “0” a r-form with 7 > 2 seems a little strange, meant is a general r-form as in (3.10)
with coefficients wy, .4, = 0.
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Maxwell equations containing the magnetic field B. The opposite operation to the

exterior derivative which lowers the order of a form is the interior product?:

Def. 3.2.8 Let X, X, ..., X, 1 be vector fields over a manifold M (X, X; € X(M)).
The interior product is a map iy : Q" (M) — Q"~Y(M) acting on a form w € Q"

by the following rule:
in(le---,erl) = w(X,Xl,...,erl) (315)
If w € Q°, we define explicitely: ixw = 0.3

If a vector field is given by X = X#0/0z", then the action of the interior product

on a form in coordinates as in (3.10) is given by:

1

ixwm

XYwypy.. . dat® AN datT (3.16)

Since the exterior derivative, the interior product is nilpotent: (ix)? = 0. Given an

arbitrary r-form w of the form (3.10), then*

1
lX(lXCU) = iXWXVwVMQ...MdeHQ A A dl./lr
r— .
1 1,
= T 1)!X X Wpops..ppdat® A oA dahT. (3.17)

Again, the last expression has to be symmetric under exchange of the dummy vari-
ables ¢ and v. The exchange of the vector components is symmetric, but the ex-
change in wygy;.. . is antisymmetric. This causes ix (ixw) to vanish. The last object
we want to consider is the Lie-derivative Lx. The original reason for introducing
Lx is, that one wants to calculate the change of tangent vectors along a flow (a
special curve on a manifold, generated by a vector field). As tangent vectors at

different points of a manifold belong to different tangent spaces, their difference is

2which must not be confused with the inner product
3 This definition is analog to dw = 0 for w € Q™ (top forms) and yields the desired results for
the de Rham complexes in chapter 5.2.

4Strictly speaking, w has to be of rank > 2, for smaller rank, we have immediately (ix)?

w=0.
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ill defined. The Lie-derivative transports one of the vectors in the tangent space
of the other one and thus allows a comparison. Here we are only interested in the

action of the Lie-derivative on forms:

Def. 3.2.9 The Lie derivative of a form w is given by

Lxw = (ixd + dix)w. (3.18)

3.3 Fiber Bundles

The tangent and cotangent bundles of a manifold, TM and T*M, introduced in
the last section are spaces generated by assigning certain spaces to each point of a
manifold. These constructs play an important role for analysis on manifolds. They
are called fiber bundles and examples for them are vector bundles and principle

bundles.

Def. 3.3.1 Given two sets B, M and a surjective map m:
T:B—-M (3.19)

Then 7 is called a fiber, B is the bundle space and M the base space.

The inverse tmage of w is called the fiber F, over x:
F,:=n 1 (2). (3.20)

The fibers of different points of M are obviously disjunct and the complete bundle
space is obtained by the union of the fibers: B = |, ;. Because of the decompo-
sition in fibers, a bundle is often called a fiber bundle. (Furthermore, one does
usually not distinguish strictly between a bundle and its bundle space.)

A function, which assigns an object of F} to each point x of M is called a section

(or a cross section):
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Figure 3.3: An example for a fiber bundle: To each point of a one dimensional base
space B there is a one dimensional fiber F, assigned (three points are shown as an
example). The dotted line S represents a section of the fiber bundle.

Def. 3.3.2 A map s : M — B satisfying w(s(x)) = x for all x € M is called a

section of the bundle.

Let us look at an explicit example for the introduced objects:

Consider the space of complex numbers C together with the map 7(z) := Re(z).
The bundle is here obviously the projection of a complex number on its real part,
the bundle space is C, the base space is R. So for each x € R, the set iR has
been assigned. A section can easily be defined by (z, f(x)) where f(x) is a function
mapping a real number to an imaginary number.

If the spaces assigned to each element of the base space are vector spaces then
the fiber bundle is called a vector bundle. Examples for vector bundles are the
tangential space of a manifold T'M (tangent bundle) and the cotangential space

T*M (cotangent bundle):

Remark 3.3.1 Given a manifold M of dimension n (base space) with local coordi-

nates q',...,q° the tangential bundle TM (the bundle space, coordinates
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q',....q",d",...,¢") can be mapped on M by dropping the tangential coordinates
q',...,q". This operation will be denoted by wyr. For the cotangent bundle (co-

ordinates pi, ..., pp ), the cotangential coordinates are similarly dropped by wpy.

Considering the manifold of this example as the configuration space of a physical
system, we see easyly that the Lagrangian formulation of mechanics operates on the
tangent bundle, while the Hamiltonian formalism works with the cotangent bundle

(the momenta p; transform covariant under change of coordinates).

3.4 Naive Analysis on Grafimannian Manifolds

Grafmannian®

manifolds are manifolds with anticommuting chart coordinates. For
analysis on Grafmannian manifolds, analogue objects as in the ordinary case can be
defined. Due to the noncommutative algebra, an adjustments of the wedge product
has to be made, most of the other formulse remain unchanged, but can occasionally
be simplified. This analysis is called “naive”, as it is regarded to be not very
successful in covering all the properties of supermanifolds.

The definition of a tensor (Def. 3.2.1) is not changed. The field K is the set of
the complex/real numbers but coordinates in the linear space will be generators
for the GraBmann algebra (¢);. The additional fact, that the generators obey
the algebra £'¢7 = —¢&J¢% is simply ignored, a tensor remains a multilinear map of
elements of the linear space and its dual to the field. The same is true for tensor
operations. The tensor product and the contraction are unaffected by the use of
Graffmannian variables. The tangent space of a Graimannian manifold is spanned
by the vectors (0/0¢*),,, its dual, the cotangent space by (d&#),, so the dual product
is changed to (d&#,0/0¢") = 0&# /08" = &}, The first important difference between
ordinary and Grafmannian analysis appears in forms. Since differential forms are

totally antisymmetric for a symmetric algebra, we want Graimannian forms for the

®not to be confused with GraBmann manifolds defined for example in [8, p. 109)
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antisymmetric Grafimann algebra to be totally symmetric. (As we will see later on,
this definition will lead to a preservation of the property d?> = 0 for the exterior

derivative.)

Def. 3.4.1 A Graflmannian form of order r is a totally symmetric tensor of

type (0,7).

Similarly to this, the wedge product has to be adjusted by dropping the sign of the

permutation:

Def. 3.4.2 The wedge product of r Graffimannian I1-forms is given by:

dgM AdER AL AdERT =) dErro @ dEFPe @ . @ dgHPD) (3.21)
P

where the sum is again taken over all permutations P.

The missing sign of the permutation reflects the fact that the antisymmetry of the
wedge product together with the antisymmetry of the differentials of the generators
yields a total symmetry: d&¢® A d¢/ = —(—d&7 A dEY).

A difference, which will be important later on, is that for Gralmann variables &; we
get d&M A dEF # 0, while dz# A dz#* = 0 in the ordinary case.

The sgn(P) has to be dropped in all the formulee, especially in (3.8) which will read
deft AdER2 A LA dERT = dERPMD A dERP@ A LA dERPM (3.22)

and in (3.9).
The general form of a Graimannian r-form in coordinates equals again the ordinary

case.
1

0= = 0u . dEM A dEF2 A LA dEPT, 3.23
VR

but the o0y, 4,..4, is again totally symmetric:

Oprpz...pir = OP(u1) P(p2)...P(pr) (3.24)
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so the 2-form o = 3d¢ 1 /\d£2—|—4d§ 1 Ad€ I has nonvanishing components 012 = 021 = 3
and 017 = 8. (Note that the components with i equal indices are the bare compo-
nents multiplied by i!. In our example, we have two similar indices in 011, so we
have to take the bare coefficient 4 and multiply by 2!. This explains 0;; = 8.) The
two operations acting on forms, the exterior derivative (def. 3.2.7) and the interior
product (def. 3.2.8) remain unchanged.

The set of Grafimannian r-forms on a manifold Mg at a point p will certainly be
denoted by Op(M), the set of all smooth fields of GraBmannian r-forms on M by
O"(M).

The “top forms” are not as easily found as in the ordinary case, as there is no form
with maximal order due to the lack of total antisymmetry.

Though the differentials of Gralmannian variables are symmetric, this time the
partial derivatives are antisymmetric as discussed above (e.g. 0,0,£"¢ a = o =
0,0,E"€%a). This preserves the property d? = 0 for the same reasons as in the
ordinary case, see (3.14). Again, the interior product is nilpotent: (iz)? = 0. Look-
ing at equation (3.17) we note, that in the Grafmannian case the components of
the form are symmetric under exchange of the dummy variables, but this time the
coordinates of the vector field X are antisymmetric, making i=(izo) vanish again.

The Lie derivative also has to be adjusted by:

Def. 3.4.3 The Lie derivative of a Graffmannian form o is given by
ﬁEO = (iEd — diE)O. (3.25)

This definition differs from the ordinary case, but it makes the equations in theorem

(3.5.2) and in remark (3.5.2) look similar.
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Summarizing, we get the interesting properties:

Coordinates Partial Derivatives Differentials

ordinary z¥ symmetric 9/0x* symmetric dz® antisymmetric

GraBmannian | £¥ antisymmetric  9/0¢F antisymmetric  d¢* symmetric

3.5 Further Results Needed for the Operator Algebra

In this section, a generalized exterior derivative (the ey operator) is introduced and

its commuatation relation with the contraction are examined.

Def. 3.5.1 Let f be a function on a manifold M, f € C®°(M) and w a form on M.

The operator ef is a map Q" (M) — Q"TY(M) acting on a form by the rule:
erw:=df Aw. (3.26)
For functions and forms of Graf$mann variables, we define:
e40 :=do Ao. (3.27)
The following theorem is only a preparation for theorem 3.5.2:

Theorem 3.5.1 Let M be a manifold, X a vector field on M and w € Q" and
w € Q% forms on M. Then

ix(wA7)=(ixw) Am+ (=1)"wA (ixm) (3.28)
Proof: Let Xy, ..., X; 45 be vector fields on M and X; = X. Then

ix(wAT) (X2, .o, Xogs) = (wAT) (X1, Xoy ooy Xpts)
1
=—— Y sen(P)w(Xpgy, - Xpe)T(Xpei1) - Xp(is))

rls!
P(1..r+s)
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Furthermore

(in) A TI'(XQ, . Xr+s)

1
:m Z Sgn(P)W(leXP(Z)v'--vXP(r))Tr(XP(r—&-l)v'--aXP(r-l-s))
P(2..r+s)

w A (iXﬂ-)(XZa ey XT+S)

1
= m P(ZZ+ )Sgn(P)w(XP(l)v X XP(T+1))7r(X17 XP(T+2)7 ey XP(T‘+8))

After adding both lines, it remains to prove that

Z Sgn(P)w(XP(l)a “‘XP(T))W(XP(T-‘y-l)’ ey XP(r—i—s))
P(1..r+s)

= Z sgn(P)(rw(Xl, XP(Q), ceey Xp(r))Tr(Xp(r_;’_l), ceey XP(r+s))
P(2..r+s)

H(=1)"w(Xp@ys s Xper41))T( X1, Xpriays - Xp(rgs))

This is obviously true, as there are r places to put X; in the first term and s in the
second one. The (—1)" reflects the fact, that we get a minus sign from permuting

X1, X0,y Xpirs to Xo, oo, X1, X1, Xpi2, .., Xpgs on the r + 1th position for odd
r.4

Remark 3.5.1 Since forms on a Graffimannian manifold are symmetric, the (—1)"
has to be dropped in this case. So the last theorem would read:

Let Mg be a Graffimannian manifold, = a vector field on Mg and o € O" and

p € O°forms on Mqg. Then
iz(o Ap) = (iz0) Ap+ oA (i=p) (3.29)

Theorem 3.5.2 Given a manifold M, a vector field X on M and a smooth function
f on M. Then
iXef—i—efiX :Xf(: EXf) (3.30)
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Proof: Let w be an arbitrary form on M. From theorem (3.5.1) we get

iX(efw)+efin = (ide)/\w—i—(—l)ldf/\(ixw)—f—df/\(in)

= (ixdf) N\w=Xfw. #

Remark 3.5.2 Again, for Graf$mannian manifolds we get a similar result with an
other sign: Given o Graffmannian manifold Mg, a vector field = on Mg and a

smooth function ¢ on Mg. Then
izey — epiz = Ep(= L=0) (3.31)

After calculating the commutation relations between ey and ix, let us proceed with

the remaining relations:
Theorem 3.5.3 The operators ey and ix obey the following relations:

ereg +eger =0
1% Res] for ordinary manifolds and (3.32)

ixiy +iyix =0

€pey — eyep = 0 , .

for Grafsmannian manifolds. (3.33)
igiy —igiz =0

Proof: 1. Given an arbitrary form w = %wmm#rdfn“l.ndmur on an ordinary mani-

fold. Then it is:

1
efegw = dfAdgAw = ﬁwmmmdfAdg/\dx“l...dx“7‘
3.8 1
(38) —ﬁwm.“mdg ANdf ANdzttdat = —egepw
ixivw = ixYYwyu . daft AL Adat?

= X/\Y”(,u,,)\m_,M_zdzz:“1 A A dahr—2

(3.11) .
=" =YY"XPorr g dzt AL AdEF T2 = —yixw.
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2. Note that we used antisymmetric properties of the ordinary forms in (3.8) and
(3.11). The corresponding symmetric properties for GraBmannian forms are (3.22)

and (3.24), therefore the minus sign in the upper calculation has to be dropped:

egeyw = +e,eqpw and
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Chapter 4

Supermanifolds

“Structures are the weapons of mathematicians.”

Bourbaki

For supersymmetric models of field theory, it is sufficient to consider supermanifolds
with equally many bosonic as fermionic dimensions, as each particle has a super-
symmetric partner with opposite parity (the electron has the selectron, the photon
the photino, etc.).

Furthermore, we will show that each general supermanifold can be reduced invari-

antly to a symmetric supermanifold.

4.1 The spaces R("") and R” x RY

Essentially, there are two approaches to the definition of a superspace, i.e. a space
described by even and odd variables. T. Voronov’s superspace Sy := R(*) is de-
fined by the functions having Sy as their domain which are functions of n real and
v GraBmann variables. An element of B.S. DeWitt’s superspace Sp := R} x R} is
represented by a tuple of n real c-type and v real a-type supernumbers.

The most important difference is that in the first case (Sy ), the Gramann variables
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are used as coordinates while the elements of the tuples representing Sp are elements
of Ay, which is the algebra generated by infinitely many Grafimann variables.
While Sy can be considered as a vector space with n+v ordinary (c-type) vectors as
a basis, Sp is in general not closed under multiplication with a-type supernumbers
and thus not a vector space:

Assume e.g. n > v and multiply an element of Sp by an a-type supernumber. This
yields a tuple of n a-type and v c-type supernumbers which is certainly not an ele-
ment of Sp.

Nevertheless, Sp is a subset of a supervector space of dimension (n,v). Since we
encoded the parity of the vectors in their coordinate-tuples, the basis again has to
consist of n + v c-type supervectors.

The dimensions, counted in terms of real numbers are n+v for Sy and n-dim(R.)+
v-dim(R,) = oo for Sp.

Though the two spaces are algebraically equivalent (they have the same multipli-
cation rules for their coordinates), they will show different behaviour when we rep-
resent the phase space of the Fermi oscillator by them: While on Sp there are
infinitely many coherent state (this set is nevertheless undercomplete), on Sp the

only eigenstate of the annihilation operator is the vacuum state |0).

4.2 Symmetric Supermanifolds

Def. 4.2.1 A symmetric supermanifold is a topological space which can be lo-

cally described by n real coordinates and n Grafimann coordinates.

(Symmetric means here that there is an equal number of c-type and a-type coordi-
nates.) A neat way of obtaining a supermanifold of dimension (n,n) is by changing

the parity of the fiber coordinates of a tangent bundle or a cotangent bundle.
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Def. 4.2.2 The parity operator Il acts on a fiber bundle by changing the parity

of the fiber coordinates.

Given the tangent bundle T'M of an n-dimensional manifold as in remark 3.3.1,
then II replaces the fiber coordinates (¢*); by GraBmannian variables (£%);. While
an element of T, M was given by ¢'0;, an element of IIT,, M has the form £°0;.
Similarly, if we would start with a naive Grafmannian manifold Mg which has
Graflmann variables as local coordinates, the fiber coordinates of IIT Mg become
ordinary variables.

So the objects IIT'M, IIT* M, IIT Mg and IIT* Mg are symmetric supermanifolds.
The cartesian product of II7T, M and IIT; M at each point of M will be denoted by
XM

Yy =UTM x IT*M (4.1)
M

Here the symbol X s indicates that the tangent and cotangent spaces are combined
over equal points of M.

¥ has obviously coordinates (¢!, ..., ¢, &4, ..., €™, 71, ..., ™), where the ¢ are c-type,
the ¢ and the 7' are a-type. Such an object will be called a dualized symmetric

supermanifold:

Def. 4.2.3 Given an ordinary manifold of dimension M. Then ¥ is called a

dualized symmetric supermanifold.

We will basically work on dualized symmetric supermanifolds, as the tangent and
cotangent spaces remain dual to each other, and allow us to define invariant objects.
It is obvious, that by dropping one group of a-type variables, we obtain a symmetric
supermanifold.

A superfunction is a function which depends on c-type and a-type variables:

m

Def. 4.2.4 Given a set of commuting variables x', ...,x™ and a set of anticommut-
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ing variables n', ... n". A map
"1
Fla,n) =) 5icara(@)n™ " (4.2)
i=0
where the cq, . q,(x) are functions mapping m commuting variables to R, is called a
superfunction.

Given an ordinary manifold M of dimension n with parity-changed tangent and
cotangent bundle IIT'M and IIT*M. Functions on IITM and IIT*M are obviously

superfunctions.

4.3 General Supermanifolds and their Reduction to Sym-

metric Supermanifolds

We want to define a general supermanifold as introduced by B.S. DeWitt and show,
that it can be reduced to a symmetric supermanifold without loss of generality.

As manifolds are topological spaces, we have to introduce a topology® for a super-
vector space which induces the topology on the supermanifold.

First, we define two projections: 7, which maps R}’ x R? on R™ by stripping the

soul off the coordinates:

m(zt,a™ xt o x) = (2h, ., 2) (4.3)

and b, which maps R} x Ry on R} x RY essentially in the same way as m but without

changing the type or the number of coordinates:
bz, ..., 2" xt o xY) = (zh, ..., 2%,0,...,0) (4.4)

Obviously, m(x) = w(b(x)) for each supervector z. Now we are ready to define a

topology on R x RY.

LA topology is the set of subsets of a space, which we want to be open. At least the empty set
(@) and the space itself have to be open. Furthermore, the union and the intersection of open sets
have to be open again.

02



Def. 4.3.1 A subset X of R? xRY will be called open, if it has the form X = 7= 1(Y)

and Y is an open set in R™.

With this definition, we loose all information on the soul components of the super-
vectors. There have been also attempts to introduce a topology for the soul compo-
nents, but they were rather unsuccessful. This is most likely related to the fact, that
soul components can be considered being infinitesimally close to the body compo-
nent: Just take the example of supernumbers. For each supernumber z = zp + zg
there is a IV which is larger than the number of different generators appearing in
the soul zg so that zfqv = 0. Similarly to €2 = 0 for infinitesimal €, this can be
interpreted as an infinitesimal distance between two supernumbers with the same
body. As differences between supervectors are expressed in terms of supernumbers,
it is clear that this concept is also valid in the case of supervector spaces.

Furthermore, our space is not Hausdorff> any more but only projectively Hausdorff.

Now we are ready to generalize the definition of a manifold by:

Def. 4.3.2 A supermanifold of pseudo-dimension (n,v) is a topological space
which is locally diffeomorphic to the space® R? x RY.

L. 2" (c-type) and n',...,n" (a-

Locally, such a supermanifold has coordinates x
type). An arbitrary coordinate transformation should not change the number of a-
type and the number of c-type coordinates as otherwise stating that a supermanifold
has pseudo-dimension (n,v) instead of (n + v) was senseless. B.S. DeWitt allows

the following coordinate transformations (CT1):

~ X (xB)

"= 1l LTyt (4.5)
;)g ox'y .0z
v oo

n 85Xﬂ r(xB)

o= D) gt (4.6)
r=0 s=0 B Y"B

2A space is called Hausdorf, if for two different points there is always an open set containing
only one of them.

3 Since the space R x RY, is not a supervector space, we call (n,v) "pseudo-dimension” to clarify
the difference to n + v, the dimension of the supervector space containing RY x Ry .

93



r(r+1)/2 ir(r=1)/2

where ¢y = *—7— and ¢g = *—— are just complex constants and the X™(xp)

or X#(xp) are C°°- functions with values in R, or R,, so that the parity of the
equation is matched.

These expressions basically correspond to a Taylor expansion in several variables.
One could think that it is possible to assign a body to each point in the following
way:

“Given a supermanifold M of pseudo-dimension (n,v) with a chart ¢ mapping M

on R” x R”. Then for a point p in M its body is given by ¢~ o bo ¢(p).”

R™-RY,

Figure 4.1: The naive definition of the body pp = ¢~ o bo ¢(p) of a point is not
invariant under (CT1).

Unfortunately, this definition is not invariant under (CT1), what is easy to prove.
Invariance would require: b(z(x)) = z(b(z)). Considering the explicit formulee for
(CT1), we see that for b(z(z)) only contributions for 7 = s = 0 can remain, as all
other terms contain Grafimann generators. We are left with b(z™) = ¢1b(X"(xp)
and b(77*) = 0. In the case of Z(b(x)) we get again only terms for r = s = 0, as all
other terms of x originally containing Grafimann variables vanish from b(z). Thus
we are left with 2 (b(z)) = c1 X"(xp) and 7*(b(z)) = co X}(zp). One could try to

adjust (CT1), e.g. by starting the sum for the odd coordinates with » = 1, but even
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then, usually ¢1b(X["(xp) # a1 X{§"(xB).
Another approach that could be tried is to call the “even part” of the supermanifold,
i.e. the inverse image with fixed odd coordinates, the body. It is easy to see, that

this breaks invariance under (CT1) even more seriously. Invariance would require:

Z(xz,0) = z(x,n) (4.7)

i(z,0) = 0, (4.8)

and those equations are obviously not satisfied when (CT1) is applied to arbitrary
coordinates.

As we want to create a structure on the supermanifold, to reduce its arbitrary com-
plexity and eventually to obtain isomorphic symmetric supermanifolds, we would
like to define at least the body of a supermanifold. As parts of such a manifold can
obviously not be defined to be the body without loosing invariance under (CT1), we
have to take the whole manifold and combine subsets by an equivalence relation to
points. This is the approach also followed by B.S. DeWitt (see “Supermanifolds”,
p.55).

We define the subsets by:

Def. 4.3.3 Given a supermanifold M with chart ¢ mapping M on R x RY, then

the set A(x) :== ¢ L or~tomo¢(x) is called an aura.

Instead of the term aura, B.S. DeWitt uses “soul subspace”, the term “halo” was
discarded as it is already used in mathematics in a different context.? Obviously,

A(z) contains = and is invariant under coordinate transformation (CT1) which is

4 According to esoteric teaching, the aura surrounds the body of entities and consists of their
different “souls”, so the analogy fits.
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R%RY

Figure 4.2: Aure, as the one shown here (shaded area), are invariant under coordi-
nate transformation: gzﬁi_l omrlomog; = ¢j_1 or lormo ¢; This enables us to define
the body of a supermanifold.

easily seen:

ab(Xg'(zp)) = ab(Xg'(zB))
m(x™(z+xg)) = w(@™)

m(Z(z +x5)) = w(z)

m(Z(x+xg)) = 7(T(z)+zs)

The manifold M’ = {A(z)|x € M} which has aurse of M as points and the chart
7o ¢ mapping M on R™ takes over the topology of M which ignores completely the

aura. Altogether M’ is an ordinary real manifold, which we can call the body of M.

Def. 4.3.4 The real manifold M' = {A(x)|x € M} with chart ©o ¢ mapping M on
R"™ is called the body of M.
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We now introduce an equivalence class where elements are said to be equivalent, iff

they are elements of the same aura
1~ x9 & A(xr) = A(xa). (4.9)

Choosing a representative of each aura we obtained a slicing of our supermanifold:
the set of representatives forms an ordinary manifold Mp and fibers at each point
x of Mg are given by the sets of points in M equivalent to z: F, = {p € M|p ~ x}.

We will call this picture a sliced supermanifold.

T

Figure 4.3: A sliced supermanifold consists of a real manifold R, which is the set of
representatives for the aurae. The fiber at a point x is the set of equivalent points to
the representative x: F, = {p|p ~ x} and can thus be regarded as the aurz attached
to each representative.

This “slicing” can be considered invariant: The aurse are certainly invariant, but
much more important is the fact that a different choice of representatives for each
aura is just a section of the slices. Since there is no metric on the manifold and no
topology on the aurse, replacing the manifold with a section on its fiber does not
destroy isomorphy, especially since the fibers are independent of each other. Partic-

ularly, there is no need to impose any kind of smoothness condition on the choice
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of representatives, since, again, the topology is not influenced by soul components.
A sliced supermanifold is locally described by n real coordinates referring to the body
of the supermanifold and n c-type and v a-type coordinates, containing Graimann
generators: (x!, ... 2" y' ...y n',...,n”). The intrinsic coordinate transformation

for such a sliced supermanifold is (CT2):

" = X™(x) (4.10)
e oY (o)

g" = ZZ@ngm...ygsn“’&..n“l (4.11)
r=0 s=0
& Y T

’r_]'u‘ = ZZCQWynl...ynsnur...nul. (412)
r=0 s=0

The constants are the same as in (CT1), X™(z) is an arbitrary bijective function,
mapping real numbers to real numbers and Y™, Y* are functions® R” — R.\R or
R — R, so that the parity of the equations is matched.

The next step is to really linearize the slices. It is clear, that varying (y%); and (n*),
for one x by bodyless values, we obtain the whole slice at x. Since the coordinates
are bodyless themselves, multiplication with a supernumber does not change this
and we can consider this space as a vector space over the ring of supernumbers. The

intrinsic coordinate transformations here are linear maps:

o= X™(z) (4.13)
yro= Y(2)yt + Y ()" (4.14)
= Ty +Y(z)in”, (4.15)

where Y (z)™ and Y(z)} are maps R” — R, and Y (z)™ and Y(z)}, are maps R" —
R,.
Up to here, we reduced an arbitrary supermanifold of pseudo-dimension (n,v) to

a manifold of dimension n with an even vector bundle of dimension n and an odd

SExcluding R makes sure, that the range consists only of supernumbers without body.
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vector bundle with dimension v. Using an ordinary Manifold Mp with dimension
large enough, this means:

M ~TMg A?R T ~TMp A;R OT*Mp ~ ... (4.16)
The isomorphism ~ is not exact, M is usually (i.e. for n # v) isomorphic to a
subset of Mp. This reduction certainly works only if we only care for the algebra
of the coordinates and if we are not interested in the way it is represented (i.e. by
Grafimann and ordinary variables or variables allowing bodyless supernumbers.)
It is possible to add the bodyless even coordinates and the coordinates on the mani-
fold to new coordinates: z° = z* 4 y'. As the splitting in body and soul is unique,
this mapping can always be inverted. Furthermore, considering the even fibers to-
gether with the real manifold as a new (product) manifold, we finally obtained the
set of coordinates 2! for the manifold and fiber coordinates n’. This construction is
isomorphic (again, using the right amount of dimensions and dropping the super-
fluous ones) to a symmetric supermanifold, if we consider only the algebra of the

coordinates and not their representation:
M ~1ITMpg (4.17)

Summarizing, all the work we do on symmetric supermanifolds can be directly
translated on arbitrary supermanifolds (e.g. those proposed by B.S. DeWitt) which

will simplify our work considerably.
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Chapter 5

Homology Groups and de Rham

Complexes

“Math is like love; a simple idea, but it can get complicated.”

R. Drabek

After defining forms on manifolds, we want to examine subsets of our manifolds over
which we can integrate the forms. In the theory of homology groups, topological
spaces are usually constructed from simplices, which are the generators of chains.
Those chains provide possible areas of integration and thus can be considered dual
to the space of n-forms. Both the chains and the forms build de Rham complexes,

which are dual to each other.

5.1 Homology Groups

An n-simplex is the closed envelope of n + 1 points of the R™, which are not all
in a proper linear subspace. A homeomorph image of an n-simplex is a topologi-
cal n-simplex. In classical topology, one tries to construct topological spaces from

topological simplices, which does not work for general topological spaces. Therefore
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today the more convenient singular simplices are used:

Def. 5.1.1 The g-standard simplex A? is given by the set:
A= {z e RT™NVi € [0,1,....,q] : 7 > 0,20 + ... + 24 = 1}. (5.1)
From the standard simplices, the singular simplices are constructed by:

Def. 5.1.2 Given a topological space T. If f is a continuous map f: AY — T then

f is called a singular ¢-Simplex.

The simplest way of getting an (¢ — 1)-simplex from a g-simplex is obviously to take

the boundary of the second one. We define:

Def. 5.1.3 The boundary operator 0 acts on a g-simplex by the rule:

q

of = Z(—l)jf(j) where f(j)(xg,...,xq_l) = f(zo,....,j—1,0,2,....,xq-1) (5.2)
§=0

Note that the sum is just a formal addition, it is not a vector addition. Furthermore,
each fU9) is a singular, (¢ — 1)-boundary simplex provided with an orientation.

The singular simplexes can be used as basis of a vector space of chains:

Def. 5.1.4 Given a non-empty subset N C M with a relation “>7 for pairs (u,v)
with w,v € N. Iff for all u,v € N it is always w > v or v > u then N s called a

chain.

Def. 5.1.5 A singular g-chain is an arbitrary linear combination of singular q-
stmplices:

C:=a1f1+ ...+ amfm where ay,...,an, € R or C (5.3)

If T D im(f;) is a manifold and all the f; are smooth maps, then the chain is also

called smooth. The set of all smooth q-chains will be denoted by €q,(M)
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< X

Figure 5.1: The standard 2-simplex is a triangle with the corners on the coordinate
axes.

Note that the sum is again just formal but represents again the orientation of the
singular simplex in the chain. The orientation of the chain takes the role of the “>”
relation.

We can define sums of singular g-chains by adding the corresponding linear combi-
nations, so the sum of two ¢-chains is again a ¢-chain.

The boundary operator for chains is obtained by linear continuation of the boundary

operator for singular simplices:

Def. 5.1.6 Let C be a g-chain as in (5.3). The action of the boundary operator O
on C is given by:

0C :=a10f1 + ... + amOfm. (54)

Finally it remains to define the integral of forms on chains, which is also done by

linear continuation:

Def. 5.1.7 Given a q-form w and a q-chain C as in (5.3). Then the integral of w
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on C is given by:

/w::al/ w+...+am/ w. (5.5)
C 1 Im

5.2 De Rham Complexes

A de Rham complex is a special Hilbert complex, for which the linear operators
are the exterior derivatives of n-forms. Since the exterior derivative is an elliptic

differential operator, the de Rham complex is also an elliptic complex.

Def. 5.2.1 Let (H;)o<i<n be a sequence of Hilbert spaces and Hyn11 = {0}. Let
(Di)o<i<n be a sequence of linear operators Dy, whose domain Dy = dom(Dy) is
dense in Hy and im(Dy) C Hpyq1. We demand furthermore that im(Dy) C Dyiq
and Dgy1 0o D = 0.

Then the sequence

0— Dy 20 p, 21, Lop Pl (5.6)

is called o Hilbert complex, denoted by (D, D) where D = @ Dy and D = € Dy

The condition Dy11 0 Dy = 0 can also be written as im(Dy) C ker(Dj41).

If the direction of the sequence is reversed, the dual complex is obtained:
Def. 5.2.2 Given a Hilbert complex (D, D). Then the sequence

Di 4 D} o D§
0—D, — Dp_.1 — ...— Dy —0 (5.7)

is again a Hilbert complex. It is called the dual complex of (D, D) and denoted by
(D*,D*) where again D* = @ D;. and D* = P D; = @ Dp—r-

Now consider the following complex (the definitions of Q°® etc. are the same as in

chapter 3):
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Def. 5.2.3 Let QF(M) be the set of all smooth fields of k-forms on a manifold
M: QF(M) = C®(AFT*M) and Q°* = @ QF. Let d;, be the exterior derivative:

di : QF — QFtL. Then the sequence
000 Qo0 &, dnoogn g (5.8)
1s called o de Rham complex.
We can show that:
Lemma 5.2.1 The de Rham complex is the Hilbert complex (dg,€2).

Proof: Consider the scalar product (w,n) = [}, w A 1.1 Completion of QF with
respect to this scalar product yields obviously a Hilbert space. Since the action of
the operator dy, is well defined on QF, im(d;) € Q! = dom(dy4;) and dg1d = 0,

the de Rham complex has all the properties of a Hilbert complex.#

The dual of the de Rham complex is obviously given by (ix, §2):
0— QX on-t I, X 00 (5.9)

Note that ix can be applied to any QF. If we introduce the (superfluous) index
k to denote the action of ix on Q" F: ixk, we can write: im(ix ) C Qn—(k+1) —
dom(ix p41) and iy py1ix x = ixix = 0, as previously shown.

The dual of a de Rham complex will also be called a de Rham complex.

5.3 The Complex of Chains

Given an n-dimensional Manifold M, then we can construct two complexes on M:

the de Rham complex

00 do, ot &, T dngn g (5.10)

1The Hodge operator *’ is a map * : Q¥ — Q"% which shall not be introduced explicitely.
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and a complex of singular chains (or currents):

0—¢,-Le, 1 5. Le—o. (5.11)

Here, € is the set of points on M, €; the set of lines, etc. The manifold M itself is
an element of &,.
As we noticed above, we can always integrate a g-form w over a ¢-chain I'. In the
special case where ¢ = 0 (w is a function on M and T is the formal sum of points
on M), we define [pw = > w(T}).
As the integral is a linear map, we can regard €, and Q7 as dual to each other with
the dual product:

(T wy = /Fw, where I' € €,, w € Q% (5.12)

We see an obvious connection between forms and currents, if we write a current by

a form and a delta-function:
I"=d"z6""9(f(z)) for I € €, (5.13)

where the original singular chain is a solution of f(z) = 0.

With this substitution we can write:
/w = / M. (5.14)
r M

So we can assign an n — ¢g-form I' to each g-chain T, or equally identify Q7 with
Crg-

Now we change the index of the chains by raising the index, this, in the language of
Homology, is equivalent to inverting its sign: €,_, — €97,

Altogether, we obtained the Poincaré duality:

Q1 g =, 2 gnea (5.15)
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The two complexes now are:

0— Q0 Dord, dnon g (5.16)

0 1)

0— ™" et S0 —o (5.17)

where this time €77 is dual to QP.

Consider the following example of the dual product: (I';1) = 0 with I' € &°.
This is equivalent to I' = 9I” with I” € ¢~ !: Given the formal linear combina-
tion of lines IV, we have to evaluate the O-form 1 for each line at its endpoint
and its starting point and subtract them, which yields obviously 0. On the other
hand it is possible to construct a IV with IV = 9I'. Note that I' = > aypm and
(I'1) = > aml(pm) = >_am = 0. Each positive a,, in the sum represents an
endpointp,, of |a,,| lines, each negative a,, the starting point of |a,,| lines, so alto-
gether we have as many endpoints as starting points. By connecting them arbitrarily
and taking the formal sum of those lines, we constructed I with oI =T..

The next step is to define the action of several operators on chains. (A general dif-
ferential operator is an object of the form P = Y ¢,04, where « is a multiindex, the
set of all differential operators of order ¢ is denoted by DY, the set of all differential
operators by D* = @ D1.)

Def. 5.3.1 We define:

(TP, w1

9 Pw?) P : differential operator

(T %, 0wty = (T epw?™) = (079, df Awi™h)

) {
) {
Ty, w?™) = (79 ixw?™h)
(T=PFa) P () (

r—(r+a) ,wP A wd)
where '~ denotes a q-chain (element of € 1) and w? a q-form.

So, €7P is a D*-right module, and we can multiply a chain by a form and the

operators e(df) and ix.
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Together with PQw = P(Q(w)) it follows that TPQ = (I'P)Q. The special case
(I7P,wP) = (I'"PwP 1,) shows that the degree of a product of a form and a chain
should certainly be defined as deg(T'w) = deg(T") 4 deg(w).

Note that the products with chains are not explicitly defined, but only in the context

of its dual product with a form.
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Chapter 6

A New Representation of the
Fock Space

“An equation only makes sense to me, if it expresses a thought of God.”

Srinivasa Ramanujan

6.1 Invariant Objects on Manifolds and their Counter-

parts on Symmetric Supermanifolds

Our goal in this section is to introduce operators and invariant objects on an ordinary
manifold and its tangent and cotangent bundles and extend them to symmetric
supermanifolds.

Let us briefly consider the action of a linear change of coordinates on some of the
objects defined on Sy; = TM Xp T*M and Xy = IITM xp IIT*M. Given an
invertible matrix C' which transforms the basis vectors ¢; = C;J e; and thus the

coordinates of a vector with the inverse: z' = (C~1)%; z7. (Note that e; is a vector
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but 2% a real number.) We immediately get the transformation rules:

dz'  9z" da?

i Az’ N 1ve e

= W o )t (6.1)
i P |
% = o5~ omow G (62)

It follows, that #'0; is invariant, as expected. For the cotangent space we have to

consider the invariant dual product:

<pid.7}i, j:j8j> = <]51d.i‘z, i‘]53> (6.3)
Di - i (dxi, 8j> = p;- 7 <dji, (§J> (6.4)
pidt = piit (6.5)

The result is not only that p;4’ is invariant, but that p; transforms inversely to z*:
p; = Ci p; and, as p;dz? is invariant, dz° = (C~1)?; dz’. The fact that da’ and !
transform similarly is consistent with the picture that da’ is an infinitesimal part of
b

Altogether, objects with an upper index transform with C~! (covariantly) and ob-

jects with a lower index with C' (contravariantly):

covariantly transforming A; (gen. covector field) O; | pi | ™

contravariantly transforming | X (gen. vector field) ¢ | dazt | ¢ | &

A generic vector field is a smooth section in TM: X : M — TM and given by the
coordinates (¢, ..., ¢~ ,z'(q), ...,z (q)), a generic covector field is a smooth section
in T*M: A: M — T*M and given by coordinates (¢',...,¢", A1(q), ..., An(q)).

Invariant objects are now products of one co- and one contravariant transforming

object on M. We introduce the simplifying notation:

Def. 6.1.1 For the product of two opposingly transforming objects, we introduce

w o»

the abbreviation which will mean a - b = a;b' if a transforms covariantly and b

contravariantly and a - b = a'b; otherwise.
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Given a manifold M of dimension n with local coordinates ¢, ...,¢". The vector
bundle TM /T*M is the set of all tangential /cotangential spaces of all points on
M. Elements of T, M are described by coordinates ¢!, ..., ", elements of T M by

coordinates pi, ..., pn. So altogether we have the topological space

Sy i=TM x T*M (6.6)
M
with coordinates (¢, ...,¢", ¢', ..., 4", p1, ..., pn) and similarly Xj;:

S o= ITM x IT* M (6.7)
M

with coordinates (q!,...,q" &b, ..., &%, 1, oy Tn).

On T*M, we can define the following objects:

e the 1-form A :=p-dg

e the 2-form w := d\ = dp; A d¢

e the volume element (Liouville form) ﬁw A..Aw=dp Adg' A...Adpy AdgY
and the corresponding objects on IIT*M:

e the 1-form A := 7w - dq

e the 2-form w := d\ = dm; A dg*

e the volume element %w Ao Aw=dmr Adg' A ... Aday AdgN

The Poisson bracket is generalized to the Schouten bracket, which respects the parity

of the functions:

{uvv}p,q,Schouten = {u,v}pq = (aqi“) (apiv) - (=1) (apiu) (aq”)) . (6.8)
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6.2 ° as Ascending de Rham Complex

Imagine an ordinary manifold M with dimension n with the fields of forms given by
Q° =@, 0.

Q°® can be consideres as the de Rham complex
0— QM) S QM) S .S Qv M) S0 (6.9)

as seen in the previous chapter.

The complex ends on the right side, as d is a map Q*(M) — Q"1 (M) and all forms
QF with k > n vanish. (A form of order n+ 1 contains at least one of the n nilpotent
one-forms twice.)

Further operators acting on this de Rham complex are My which multiplies a form
by a function and thus is a map Q" x Q0 — Q", the Lie derivative £x which is
a map Q" x X(M) — Q" and the wedge product with an exact 1-form: ey =
[d, Mf] = dfA mapping Q" — Q"*1. Together with the last operator, all elements
of Q° can be constructed starting with the constant function f(x) = 1 on a manifold
Q% = C>®(M): Given an element of Q"(M): w(x) = w;, i, (x)dz"...dz'", we can

construct w(z) by w(x) = ey ...pin My, . (2) -1 and each element of Q* is just a

-----

sum of elements of Q"(M).

We want to show that the set of superfunctions on II7T'M is isomorphic to Q°*(M):
C®(IITM) ~Q* (M) (6.10)
The structures of a superfunction and an arbitrary (dual) form are obviously equal:
F6) = 3 0 f@)i, il 6
k
wlx) = zk: %w(x)il,m,ikdx“ Ao A da'e

f(@)iy,....i,, and w(x);,,... 4, are both functions R — R and totally antisymmetric

under the exchange of an index, so the isomorphicity is clear.
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It remains to find the operators for superfunctions which correspond to the operators
for Q°. The multiplication with a function f € C'°°(M) remains obviously the same.
The exterior derivative becomes d — § = £'0,:, and from those two definitions
we obtain ey = [6, M] = (8,:f)&'. The obvious choice for the interior product is
ix = X0

With those operators, we can map the de Rham complex of forms on a de Rham

complex of superfunctions and vice versa.

6.3 V, as Descending de Rham Complex

As we saw in the previous chapter, the dual complex to the complex of forms is
the complex of chains which can be identified with the complex of forms, where €,
corresponds to 0"P. We denote this complex by V,.

Here, we want to show that this complex is isomorphic to a complex on C*(IIT* M),
where the only difference to the previous section is, that the odd coordinates (m;);
now transform covariantly, while the (£%); transformed contravariantly.

The structures of a superfunction and an arbitrary form are obviously equal:
1 -
F(z,m) = Z Ef(x) Ty - T,
— k!
1 . .
w(:c) = Z EW(.T)Zl""’lkdxz‘l A ... ANdzj,
— k!

where f(x)"% and w(x)" "% are contravariantly transforming real functions

which are totally antisymmetric under exchange of indices and
dz;, A ... Adx;, = /\ da’. (6.11)
I ik}
As dx;, A ... Adw;, is generated by contracting an invariant! top-form with a covari-

antly transformig tensor, it is clear, that this expression has to transform covariantly,

Lunder unitary transformations
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too.
After clarifying that the structure is identical, let us again proceed with defining
the operators.
The multiplication remains the same. The exterior derivative is d — § = Or,0,.
This leads to ey = [0, M¢] = (0, f)Or,. The obvious choice for the interior product
is ix = X'm;.
Again we have shown the isomorphism

C(IIT* M) ~ Vo(M) (6.12)

and found the corresponding de Rham complex on C*°(IIT*M).

Altogether, we have the relations:

on Q*(M) | on C*(IITM) | on Qe(M) | on C*°(IIT*M)
My My My My
d=da' A0, €0, €0, On,; Oy
ef =dfA (0ni )€’ (0pi f)e’ (0 f)Or;
ix by contr. X@g XidziA Xim;

6.4 Complexes on Gralimannian Manifolds

Obviously we could have also started with a Graimannian manifold, where IIT Mg
has coordinates (¢!, ...,€", o', ..., 2") and we would have found an isomorphism be-

tween naive differential forms on Mg and superfunctions:

CX(NITMg) ~ O*(Mg)

C®(IT*Mg) ~ Vi(Mg)

This is due to the fact that Grafimann forms are totally symmetric and thus not

nilpotent.
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Since the development of this formalism works in exactly the same way as in the
previous sections, we refrain from repeating this.

Altogether we see that a superfunction can be mapped on a wedge product of forms:
[e.9]
F(z,8) = > form (@) ..gF
i=0

o0 o0
= Z(Zam1,...,m]~;k1,...,kixml...$mj)§kl...§ki
i=0 j=0
o0 o0
ST Gy dE™ A AAE™) AdaP A LA b
i=0 j=0

12

So we can map a function on IIT'M on a form of M.

6.5 The Fock Spaces

A Fock space is basically given by an harmonic quantum mechanical oscillator for
each point in momentum /position space. In analogy to the bosonic case in quantum
mechanics, where states are represented by functions Ls(R) C C*°(R), we expect
fermionic states to be represented by functions of odd variables, which is shown for
the Fermi oscillator in the following chapter.

As we know, that the sets of superfunctions are isomorphic to sets of forms or chains,
we expect to find the structure of a Fock space in Q°.

The structure we are looking for is:

(Alz‘0> = 0
|:€Li, (?LH - = a,-dj F djai = 5ij

where ¢ runs over the degrees of freedom and the upper sign refers to a bosonic Fock

space, the lower sign to a fermionic one.

74



6.5.1 Fermionic Hilbert spaces

If we want forms to represent a fermionic Hilbert space, we have the following

operators available to act on them:
d,ef,ix,Lx (6.13)

As proven in chapter 3, the operators ey and ix follow (anti)commutation relations
similar to creation and annihilation operators. With a countable set of possible
quantum states (i); for each particle, we define the fermionic creation and annihila-
tion operators to be:

f1(i) = ey and f(i) = i, (6.14)
where e; = 0; (see 3.1). Certainly one could exchange “creation” and “annihilation”
in the previous identification and get Dirac’s hole theory; but this would lead to
two inconveniences, which will become clearer after discussing the bosonic Hilbert
space (first, we loose the common vacuum of fermions and bosons, second, we have
to work with codimensions in the bosonic case).

Thus we get from theorem (3.5.3) the relations:

(i)

~

FOFG) +FG)FG) = e, +iejie, =0 (6.16)

Eventually, theorem (3.5.2) yields the last relation:
FOFG) + FHDF ) = ieeps + epile, = dia? = 6] (6.17)

The vacuum state will be given by |0) = 1, all other states are generated by acting

with the fermionic operators f  on the vacuum state.

Remark 6.5.1 The n-particle fermionic Hilbert space is represented by all
forms of order n: H" ~ Q". The fermionic Fock space is the direct sum of all

Hilbert spaces: F = @H" ~ Q°.
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The fact, that the Fock space is an infinite direct sum over an infinite dimensional
space is mathematically not trivial. But since we only allow sums where nearly all
(all except for finite many) are zero, this representation of the Fock space is well-
defined.

To see how the Pauli principle works in this representation is quite easy: two par-
ticles in the same state would be represented by a form ...dz% A ... A dz?... which is
immediately zero.

Let us finally have a closer look at the action of the fermionic operators on different
states. It is

) 1 ,
fl)|w) = epiw= S@Wurep Azt A dzf A LA (6.18)
r!

0 if I(po.. ptr) * Wipg.oopr # 0
= dr’ ifw=10)=1 (6.19)

e Wipy . ATt A LA dahT (6.20)

= 40 if w=10)=1 (6.21)

6.5.2 Bosonic Hilbert spaces

For the bosonic Fock space, we proceed analogously to the fermionic case. We define

our bosonic creation and annihilation operators by:
b1(i) = egi and b(i) = i, (6.22)

From theorem (3.5.3) we get the commutation relations:

~ ~

b ()bT(j) — bT(j)bT (i) = egiees — egiegi =0 (6.23)
b(i)b(j) — b(j)b(i) = ieie, —iejie, =0 (6.24)
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and from remark (3.5.2) the last one:
b(i)bT(j) — bT(j)b(i) = ie;ees — egile, = &7 = 5. (6.25)
The vacuum state is again given by [0) = 1.

Remark 6.5.2 The n-particle bosonic Hilbert space is represented by all Grafs-
mannian forms of order n: H" ~ O™. The bosonic Fock space is the direct sum

of all Hilbert spaces: F = @H" ~ O°.

In this case, the Pauli principle does not yield any constraint as the forms are totally
symmetric and d¢? A d€? # 0. The action of the bosonic creation and annihilation

operators on states is given by:

R 1 )
bi(i)o) = ecio= O €T A AEM A A dE (6.26)
( 0 if o top form
de¢t ifo=10)=1
= : 0 (6.27)

(dEPA)™ 1 if o = (dEPA)"1

s . 1
b(i)lo) = 0= mowlumdﬁ’” Ao AdEFT (6.28)
1=10) if 0 = d¢?
0 if o= 0) =1
= (6.29)

r(d&A)TM if o = (dEPA)TL

A difference to the ordinary bosonic creation and annihilation operators is the fact
that only in the case of i, the occupation number of i is relevant.?
Nevertheless, the number operator bf(i)b(i), that counts the particles in a quantum

state 4, is still working. First two preliminary Lemmata:

2Usually it is bli) = /i|i — 1) and b'|i) = Vi + 1|i + 1).
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Lemma 6.5.1 Given a form o = (d€'A)"1. Its representation in coordinates is

o= (1/r)ou,. p,d&H ...dEH , where 0;. ; = r! and all other oy, .. ., = 0. It follows:

i 1
AT = O 081 E

| . . .
- ﬁdgl...dgz = r(d¢in) 11 (6.30)

Lemma 6.5.2 Given a state i and a form o not containing d¢*. Then for its rep-

resentation in coordinates oy, .. ., = 0 if one of the p; = i, which yields:

1
ieiO = mOiMQ._.“ndé.uQ...dgun =0 (631)

Remark 6.5.3 Given a state o = (d&'A)" A o, where o, is an arbitrary form not
containing d&'. Then:

@bio = B0, ([dEIA)"0,)
2 b 0) (i (AN or + (d€TA) (icr01))

(680LOSD) 5t () (n(de )" Lo, + 0) = n(d€'A) "0, = o (6.32)
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Chapter 7

The Harmonic Oscillators in

Quantum Mechanics

“Physics is actually too difficult for physicists.”
David Hilbert

In this chapter we review first the harmonic oscillators from the algebraic point of
view. Then we repeat the approach of B.S. DeWitt and eventually develop our own
representation in the framework presented in the chapters before.

As the bosonic oscillator is well-known and its representation by functions of even

variables is clear, we will explicitly discuss only the Fermi oscillator.
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7.1 Algebraic Considerations

7.1.1 Bose and Fermi Oscillators

A complete definition of the quantum mechanical, harmonic oscillators is given by

the equations:

and
ja % [a*,ah — hw (dT&i ;) .

The additional demand that H has at least one eigenvector. Here, the upper sign
defines the bosonic oscillator, the lower sign the fermionic one. af and a are called
creation and annihilation operators, |0) is called the vacuum state. All matrix
elements and energy eigenvalues can be evaluated from this set of equations, partic-
ularly no more commutation relations are needed.

To clarify the picture, let us comment the equations and introduce new identifiers

for the operators. Beside the vacuum, we define the state:

n operators

ot at
a'...a
—F——10) = |n 7.1
0 =) (7.1
The action of an operator Al is given by:
A A A\ T N
(oAt = Ala) and (AT> = A (7.2)

Thus we easily see that (i|j) = d;;, so that the states |i) form an orthonormal basis

of a vector space. Furthermore, & and &' act on |n) according to:

/\/\'I' /\'i' (1+ /\'|'/\) /\T
aal...a ala)...a n
a pr— pr— P— —_ —_— —_— ' —_— p— —_—
aln) N 0) N 0) = ... m\/n Un—1)=+/njn—1)
atatat.at Nl
ala'al...a n 4+ 1!
|0) In) =vn+1n+1)

V! Vn!
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The number operator N = afa has eigenvectors |n) with eigenvalues n:
Nin) = a'aln) = a'v/nn — 1) = n|n) (7.3)

Thus the Hamilton operator H = fiw (dT& + %) has the same eigenvectors, but with
eigenvalues hw (n + %)
From now on, we denote the bosonic creation and annihilation operators by bt and

l;, the fermionic ones by fT and f . We get the explicit equations:
{6, BT} —1, {B, 13] —0, [Z)T, zﬂ —0 (7.4)
H = hw (iﬂz} +1) (7.5)
and for the fermionic case:
7.7] =1 7.4 =0 [f1.41] =0 75)
+ + +
i = (fif-1) (7.7)
While the Bose oscillator has an infinite set of energy eigenstates: |n)p where n € N,
the nilpotence of the fermionic operators f2 = ( fT)Q = 0 allows only the eigenstates
|O>F and |1>F
There are many definitions for the pseudo-classical states of a harmonic oscillator,
called “coherent states”. They are states with minimal joint uncertainty of position

and momentum or eigenstates of the annihilation operator. We will use the last

property as a definition, so that a coherent state |a) satisfies:
ala) = ala) (7.8)
The coherent states for the bose oscillator are easily verified to be:

A LA AT 7.9
b) =e 2 In) =e” 27 e |0). (7.9)
n=1

They are overcomplete and linearly dependent.

In the fermionic case, eigenstates of the annihilation operator are more complicated
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to obtain. We can decompose an arbitrary state in |f) = f1]0) + f2|1) and thus we

get the equation
FIF) = (“D2£00) = F(£1]0) + f2[1)) (7.10)

where the (—1)f2 has to be included as f is a-type. The conditions for obtaining
eigenvalues are f-f; = (—1)f2f2 and f-fo = 0. A first solution is given by f = fo =0
(and f1 = 1 so that the state is normalized), a second one by f = — fo both a-type
objects with f2 = f2 = f-fo = 0 and f; = 1 again. So the number of coherent states
in the fermionic case depends on if and how many a-type objects we want to allow.
In any case, this set is undercomplete, as pure a-type objects do not have an inverse!,
so that it is impossible to obtain |1) from f5|1). B.S. DeWitt’s ring of supernumbers
allows an infinite number of a-type objects, while our new representation has only

the two Graflmann variables ¢ and 7 available. The implications of that will be

discussed below.

7.1.2 The Supersymmetric Oscillator

Roughly speaking, in supersymmetry for each bosonic degree of freedom there is a
fermionic one. As we can imagine a Fock space as the tensor product of oscillators
at each point in position or momentum space, we need a bosonic and a fermionic
oscillator for each point in the simplest case of a supersymmetric Fock space.

Constraining ourselves to only one point in space, we obtain the supersymmetric
oscillator, whose states are tensor products of the states of a bosonic and fermionic

oscillator with the same frequency and a common vacuum:

|a>SUSY = |a>Bose ® ‘a>Fermi (711)

‘O>SUSY = ‘O>Bose ® |0>Fermi = ’O>Bose 0 |O>Bose = |O>Fermi ® |O>Fermi (712)

'If they had, we would loose the associativity of multiplication: £€7'(£€) =0 # € = (£71¢)¢
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As the bosonic and fermionic creation and annihilation operators act on different

parts of the tensor product, we do not want them to interfere:
b il = [pf] =0
b.71) =[] =0

The Hamilton operator is just the sum of the bosonic and fermionic Hamilton op-

erators, which cancels the constant terms so that the vacuum energy vanishes:

N ~ N arn 1 P 1 arn PUA
Hsysy = Hpose + Hpermi = hiw (bTb+ 2) + hw <fo - 2> = hw (bTb+ fo> .
(7.13)
The energy eigenvalues are hw(n + m) with n € N and m € {0,1}:

ﬁ‘”‘)BOS@ ® ‘m>Fermi = hw(n + m)’n>Bose & ’m>Fermi (714)

where each eigenstate (except for the vacuum) is twice degenerated: both |n)pyse ®
|0) Ferms and [n — 1) Bose ® |1) Fermi have energy eigenvalue hwn. States containing
the fermionic or the bosonic vacuum are called pure bosonic or fermionic resp.

We define the two simplest SUSY operators
Qy =V2bft and Q_ = V2b'f (7.15)

The operator Q+ annihilates a boson and creates a fermion, the operator Q_ creates
a boson and annihilates a fermion. With those operators, the Hamilton operator

can be rewritten with a commutator expression as we could for the pure oscillators:

Hsysy = 7[Q+,Q—]+ = hw(b=bT fTf + b b )
= hw((L+b0T07) T+ 01— fTF7)
= hw(fHf+007) (7.16)

Obviously, the two SUSY operators commute with the Hamiltonian, as the energy

eigenstate which is obtained by exchanging a fermionic with a bosonic particle has

83



the same eigenvalue as the original state:

[Hs,Q+]- = [Hs,Q-]- =0 (7.17)

A~

As the operators Q; and Q_ are not hermitian: Q1) = QJF, it may be more

convenient to work with the hermitian operators
Q1=Q4++Q- and Q2= —i(Qy — Q) (7.18)

They obey the anticommutation relations [Ql, Qg]+ = 0 and the Hamilton operator

in terms of them is:

Q3. (7.19)
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7.2 The Fermi Oscillator According to B.S. DeWitt

In this section, we present the results by B.S. DeWitt, who derived the Fermi os-
cillator from a pseudo classical model using supermathematics. The configuration
space in this model is R? x R2 so we have two a-type dynamical variables. The
most important results are an undercomplete set of coherent states which still allows
a partition of unity (due to the infinite set obtained by allowing the states to be
multiplied with a supernumber) and a pseudo classical trajectory, which should be
regarded rather critically.

Several calculations in this chapter make use of special properties of supernumbers.
Since the reader is not expected to be familiar with these properties, most relations
are derived explicitly. Contrary to B.S. DeWitt, we use [dxx = (27i)~/2 to be
able to define 6(x) = [ e*™P¥dp.

7.2.1 Basics and Equation of Motion

In the bosonic case, the action for the harmonic oscillator is given by
L .o 2.2
S = 5(33 — wz”)dt. (7.20)
The dynamical equation can easily derived from Hamilton principle?:
0=4+w (7.21)

In this case, the configuration space is usually chosen to be R, but with the extension
of real numbers to real supernumbers, it would be more natural to choose R} x RY
(RLxR? D R), thus the variables x and w are c-type. The transition to the quantum

system is done by introducing linear hermitian operators which correspond to the

2The Hamilton principle requires the variation of the action to vanish (6S = 0), which implies

W = 0. Furthermore 53[;(:&’,”;“)] = aL{gz"b] — % Bng’i]7 hence the Lagrangian equation of

motion is the differential equation corresponding to the functional equation §.5 = 0.
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classical dynamical variable and its derivative. The commutator of these operators

is obtained from the second functional derivative of the action:

525 0? ,
s = ((,%2 + w2> 5(t,t") (7.22)
[ae(t),gé(t'>] = iG(tt) (7.23)

with G(t,#') the difference of advanced and retarded Green’s function of the operator
— (88722 + w2>. The fermionic oscillator is treated in the same way as the bosonic
oscillator. Starting with a superclassical model, this time with a-type dynamical
variables, one obtains the quantum system by canonical quantization.

It is obvious, that naively copying of the bosonic action does not work, as the square
of an a-type variable is always zero. To achieve a coupling that appears linearly in
the dynamical equation as in (7.21), a two-dimensional configuration space is needed.

The dynamical variable y and a matrix M are defined by:

x = | (7.24)
X2
0 1

M = (7.25)
10

where y1 and Y2 are real a-type variables, so that the configuration space is R? x R2

in the fermionic case. We define the action of our system by

S = / %(XNX ™ My)dt, (7.26)

where x~ denotes the transpose of x and w is a positive, real number. The La-
grangian is

1 : i
L= 5 (x1x1 + x2X2 + wxixe — x2x1)) (7.27)
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The equation of motion is directly obtained from Hamilton principle:

0 1) g 871_&5;71 i [ xatx1Fwxe +wxe
O a2l
O\ E-sg o+ 4o — w1 —w
= i(x +wMy). (7.28)
Because of M? = —1,, deriving this equation with respect to t and substituting x
using the original equation yields an equation of motion similar to the bosonic case:
0=xX+wx (7.29)

For the transition to the quantum system, we need again the second functional

derivative, this time with respect to an a-type supervector x:

50 (0 /
WSW =i <128t —I—uJM) o(t,t") (7.30)

The advanced and retarded Green’s functions of the operator i (12% +wM ), satis-

fying i,SJgGikj = —;07, are given by

P . [ cosw(t—t') —sinw(t—1t)
G~ (t,t) = i0(t,t) (7.31)
sinw(t —t')  cosw(t—1t)
ety = oy | T Tl (7.32)

sinw(t' —t)  cosw(t' —t)
As we work in this case with pure a-type variables, the supercommutator which was
a pure commutator in the bosonic case becomes a pure anticommutator here. With

the extended definition of the commutator for supernumbers

[z,y] = 2y — (=1)"yax (7.33)
where Z is the parity of the supernumber x (see def. 2.2.4), we can write
cosw(t —t') —sinw(t—1t)

500, ()] = iG(t,¢) = (7.34)
sinw(t —t')  cosw(t—1t)

3The choice of the fermionic action which lead to this equation is unique up to a factor and a
constant if only analytic functions are allowed.
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with G(t,t') = GT(t,t') — G~ (t,t'). This implies [Y1(¢), X1(t)] = 1, [X2(t), x2(t)] = 1
and [Y1(t), x2(t)] = 0. Regarding the supercommutator at equal times, we find

(1)* = (R2)* = (7.35)

so that the eigenvalues of ¥; and X2 are &1/v/2. Since the supercommutator of the
operators does not vanish and because of the uncertainty principle, the eigenvalues

cannot be specified simultaneously.

7.2.2 Mode Functions and the Hamiltonian
The general solution of the dynamical equation (7.28) is given by:

X(t) = au(t) + a*u*(t) (7.36)
with

u(t) = 1/v2 vt ) = 1/v2

i/v2 —i/v/2

The functions u(t) and u*(t) are called mode functions.

e vt (7.37)

The supercommutator function can be rewritten in terms of u(¢). Choosing the
decomposition G(t,t') = G (t,t') — G (t, )%, the positive and negative fre-

quency functions may be defined as:

G, t) = —u@)ul(t) (7.38)
GO, t) = —w (Hu~ () = -G (1) (7.39)
The coefficient a in equation (7.36), an arbitrary complex a-number in the super-

classical case, is a non-self-adjoint a-type operator in the quantum system. From

u™(t)u(t) = 0 and uf(t)u(t) = 1, one obtains

a=ul(t)x(t) and a* = X~ (t)u(t), (7.40)

G (t,t') and G (¢, ') must not be confused with G*(¢,') and G~ (t,t').
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leading to the supercommutators:

[a.a] = wl[x(t), X~ (O]u(t) = ullau*(t) = 0 (7.41)
[@*,a"] = u~[x(), X" (®)]u(t) = v~ 1au(t) = 0 (7.42)
[a,a*] = W'[R(), X~ (O)]u(t) = ul1u(t) = 1 (7.43)

These anticommutation relations are the same as the ones in the algebraic consid-
eration of the Fermi oscillator. It follows immediately a2 = 0 and a*? = 0.

Now the Hamiltonian in terms of ¢ and a* can be calculated:

«—
. .0 . s i A
H = L—x—-L=-5wX"Mx=—gw(iXz2 — X2X1)
ox 2 2
c A A 1 ~ —iwt Ak qwt (2 A —iwt sk dwt
= —iwxixz2 = —iw(ae + a*e™")(iae —ia*e"™")
1 PN P koA 1
= —w(@*a—ad") =wa*a — -w. (7.44)
2 2
Heisenberg’s equation of motion is verified by:
R Lo s o
- H] = —gw(R(RTMX) - (TMY)X) (7.45)
_ 1 XXXz — X2x1) — (aX2 — X2xa)xa (7.46)
X2(X1X2 — X2X1) — (X1X2 — X2X1)X2
1 2X
= —w X (7.47)
—2x1
= —wMy=x (7.48)

7.2.3 Energy Basis Supervectors

As the Hamiltonian is the energy operator, i.e. it is the operator of a physical ob-

servable, the term a*a has to have eigenvalues, the possible results of measurement

according to the postulates of quantum mechanics.’

®The demand, that the Hamilton operator has at least one eigenvalue is necessarily included in
the definition of harmonic oscillators in quantum mechanics, see section 7.1.1.
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Let n be the eigenvalues of a*a with the corresponding normalized eigenvectors |n),
(n|n) = 1.

Suppose there is a nonvanishing n. Then it is (n|a*a|n) = n, so a|n) is not the zero
supervector as its norm is not zero. a|n) is obviously the eigenvector for a*a with
the eigenvalue 0 as a*aa|n) = 0. Modulo a phase factor, it is |0) = a|n).

The supervector a*|0) is obviously not the zero supervector and normalized as
(0laa*|0) = (0|1 — a*al0) = (0]0) = 1. Because of (a*a)a*|0) = a*[a,a*]|0) = a*|0),
it is the eigenvector with the eigenvalue 1, so modulo a phase factor it is |1) = a*|0).
Suppose there was another, linearly independent eigenvector |n') with n ¢ {0, 1},
then a|n') is eigenvector with eigenvalue 0. Using the simplest representation of the
operator superalgebra, it is a|n’) = Z|0) with Z € A.

If n’ had nonvanishing body, Z would have nonvanishing body because of n/ =
(nla*aln’) = Z*(0|0)Z = Z*Z. As |n') = a*aln’)L = a*|0)Z = |1)Z, this is a
contradiction to the assumption that |n’) is linearly independent of |0) and |1).

On the other hand, suppose n’ has vanishing body. Then a*|n’) is not the zero super-
vector as (n'|aa*|n’) = (0'|(1 — a*a)|n’) =1 —n'. Tt follows a*a(a*|n’)) = 1(a*|n’)),
so modulo a phase it is [1) = a*|n/)1/v/1 —n’ and |0) = |n/)1/v/1 — 0/, a contradic-
tion again.

Altogether for the basis consisting of energy eigenvectors, the following rules are

obtained:

a0y=0 a1 =0 (7.49)

Note that we had to assume the existence of a nonvanishing eigenvalue.
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7.2.4 Eigenvectors of y; and x»

Let |i,41/v/2,t) be the eigenvectors of y; with the eigenvalues +1/v/2. With

1 . .
X1(t) = —=(ae " +a*e“") and  Ro(t) =

V2

it is easy to verify the relations

(e ! — g*e@t)  (7.50)

G-

11, +1/V2,t) = (\0> 1)) and (7.51)

Sl -

12,+1/V2,t) = (\0) T ie|1)) (7.52)

Sl -

or inversely

o) = (|1 1/V2,8) + |1, —1/v2,t))

Sl

= (|2 1/vV2,t) 4 |2,-1/v/2,t)) and (7.53)

Sl

) = _“”t(ll 1/vV2,1) =1, -1/V2,1))

ol sl

—lwt(|2 1/V2,8) — |2, -1/V2,1)). (7.54)

The supervectors |i,£1/1/2,t) are necessarily impure, as otherwise the eigenvalue
equations would be equalities between supervectors of opposite type, i.e.
(|1, £1/v2,t) = i%\l,il/\/?, t).

The minimal super Hilbert space has total dimensions 2, and since a pair of or-
thonormal impure supervectors exist, its basis is necessarily (1, 1), i.e. one a-type
dimension and one c-type dimension.

Contrary to the eigenvectors of the x;, the energy basis eigenvectors |0) and |1) may
be fixed to be pure, but they must be of opposite type, as the total dimension of
the Hilbert space is (1,1) and since equations (7.49) imply a change of the parity
from |0) to |1). From now on, we will regard |0) as a c-type and |1) as an a-type
supervector.

As the operator algebra is invariant under exchange of a and a*, one may introduce
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a theory of holes, which is sometimes more convenient. The energy spectrum always

remains :I:%w.

7.2.5 Coherent States

Define the time-dependent operator

a(t) = ae-lwtzxg[m()—ixz(tn
() = a*eiwtzji[x1<t>+122<t>1
Inversely it is
fult) = \}5[&@ et alt) = \g[au) ()]
with
Ato_liwtl Atl_lfiwto
WO = ) = e

2(1)]0) = ——=e“!1 (D) = —=ct0).
Let a’ be an arbitrary complex a-number. Decompose a’ by

1 .
a’ = E(Xll —ix)
where x} and x4 are real a-numbers.

Define the coherent state c-type supervector by

1

1) = e 3 el ((0) — a/|1))

A~

n!

i — (iwa*d )n — it 1 —twt
1—-d"a Zi(e 29%0) —a'e” 2 ]1))

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)

(7.63)



From (7.60), it is easy to see, that |a/,t) is a c-type supervector, as the a-type
variable a’ appears only together with the a-type variable a’* or with the a-type
supervector |1).

la’,t) is the eigenvector of a(t) with the eigenvalue o':
1 * i i ~
a(t)d,t) = (1 - §a/ a') a'e?*'e “a|1) = d'|d, t) (7.64)

Because of parity conservation in the eigenvalue equation it is clear that the eigen-
values of a(t) have to be of a-type.

The dual of this coherent state right eigenvector is given by:
(a'*,t|a* (t) = (', t|a”" (7.65)

where (a’", t| would usually be denoted by (a’,t|. The left eigenvector can be rewrit-

ten as
(@t = e 399 (0] + ' (1])e i (7.66)
1 * i x _ 1
- (1 —5d a’) (eawf<oy +a'*e z“’t<1y> (7.67)
i i 1 i
= (14 g6 ) (0 + S0 g ), (res)

so that the coherent state supervectors are normalized:

2
. VLY PN
= (1-dad)(1+a"a)=1

1 . 2 i o _ i i i
(@* tld 1) = O—dd)(mm®+de2MM)szM—dmmm>

Furthermore, they satisfy the differential equations:

(bt + %) @il = (@ tha 0 -
(b + ) @t = (@ that®
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(3" + ) @t = {a" tla*()
(7.70)

—

(3 + 5 ) ("t = (", tla(t

In the bosonic case, the set of coherent states is overcomplete, e.g. every state

vector of the infinite-dimensional bosonic Hilbert space can be constructed from the

infinite set of coherent state vectors:
1 7% 1 ad a/n . 1
|a,7t>bosonic €qe 2% ¢ Z ﬁel(n+§)Wt|n> | a eX (771)
n=0 '

where usually X = R and B.S. DeWitt would use X = Rl x RY.

Though the Hilbert space in the fermionic case is just of dimension 2, and there seems
to be an infinite number of coherent states, this set is not complete. Supernumbers
are no field, especially they have only a multiplicative inverse, if their body® does
not vanish. The clear meaning of a linear combination as known from R™ is lost, as
Le. X'(X'[1) +10)) = x’|0), which could be misunderstood as a “linear dependence
of X'|1) and |0)”. It is obvious, that from the coherent states (7.62) the pure a-
type vector |1) cannot be constructed. In the bosonic case this is possible as the
coefficients are c-type supernumbers, including all invertible supernumbers. Though
the coherent state supervectors do not form a complete set, they satisfy an integral

identity which allows a partition of unity:

1
— [ dd/dd”"|d, t)(a", ¢t
27T1 a a |a7 ><a ) |

1 _i i 1
= o [ava {e B0 (4550 ) + e 0G0}
i i 1 . _i
(14 ) b0+ S5+ e}

i
= 5 [ D001 + 1)1

= [0)(0] + [1){1] = 1. (7.72)

Sthe pure complex part of a supernumber
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(Note that when changing integration variables the super Jacobian has to be in-

cluded and that [dyyx = (27Ti)%, see chapter 2.)

7.2.6 Evaluation of the Functional Integral

The amplitude (a"*,¢"|a’,t')" is given by:

_la//* m_1_1

<a"*,t"\a',t’> — o3 a’—5a *al(e%Wt/,<O’ + e_%“’t”a”*m)
x (e 24 |0) 4 e2+!'|1)a’)
_ ef%a”*a”*%a’*a’+%w(t”*t’) [1 + a//*e—iw(t”ft’)a/]
= exp _}a//*a// + a/Femiwt' =) o1 la/*al + iw(t// _ t/) )
2 2 2
(7.73)

When t” — ' is infinitesimal, the exponent in the final expression may be written as:

i * i * * * 1
i{;a" (@ —d) — %(a// — d")d — wd” a’(t”—t/)—i—Qw(t"—t’)}

a)//*,t// i 1
= i/ dt [(a*d —ad*a) —wa'a+ -w| . (7.74)
o 2 2

The last expression was obtained by dividing by ¢ — ¢’ and assuming that a(t) and
a*(t) are a-number valued functions of t passing through the endpoints a(t') = o
and a(t") = a” with ¢’ — ¢ (and so @’ — @) infinitesimal. The right hand side of
(7.74) is the superclassical Lagrangian with the x replaced by a and the vacuum
energy %w added.

Equation (7.74) defines the action integral as the limit of differences for infinitesimal
t" —t'. B.S. DeWitt wants the superclassical action to be understood as defined by
this limit.

"Bryce DeWitt does the calculation only for coherent states. It is shown above, that these states
are not complete, but relation (7.72) (pseudo-completeness relation) can be used to insert a 1.
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When t” — t/ is finite, together with (7.72) the usual path integral description is:

(" "d',t"y = /da*NdaN ...dajdai{ay 1, tNilan, tn) X
1 N
(a?v,tN]aN_l,tN_1> e <a§, t2|a1,t1><a*1<,t1|ao,to> <27T1>(775)
where
a1 = a”, ap = a’ and
" =tni1 >t > ... >ty >t >tg=1t. (7.76)

After passing to the limit N — oo, t, — t,—1 — 0 and because of the dynamical

equation (7.28), we get:

a’* " .
* . ’ S 1
(a” ,t”\a/,t/> = Z//dxexp {1/ dt [;(a*a —a*a) —wa*a + 2w] }
a’ it/

(7.77)

with

/ 1\ (&7t /dt=1
7= <27r> ’

dx = J] da®dxa(t). (7.78)

t'<t<t”

(Note that 1/vsdetGT due to the change of variables is just a constant and has
been absorbed in the factor Z'.)
To evaluate the Gaussian integral (7.77), At in the right hand side of (7.75) is con-

sidered as infinitesimal, so via (7.74) we can insert (7.73) leading to the differenced
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form of the exponent in (7.77):

a//*,t” i 1
i/ dt [(a*c’z —a*a) —wa*a+ -w
a’,t’ 2 2

1 1
Aty — —ayan + —wAt

1 * * i
1w
= ——a anN+1 +a e

iwAt

1
= —iafvaN + aye“ray_1 — ia*NflaN_l + %wAt

1 * * _JwA 1 * i

= —50202 + aje™ay — 50101 + iwAt
1 * * dwA 1 * i

= —5aa + ale“Plag — 500 + iwAt.

(7.79)

where At = &=t A differential equation for the stationary, superclassical trajectory

N+1-

*

is obtained by differentiating (7.79) with respect to the a; and a:

i

* —iwAt * _
AN+1€ —ay =0
* —iwAt * _
aye —ay_, = 0
*  —ilwAt * _
ase —aj = 0 )
—iwAt )
—an +e an—1 = 0
—ay + e WAy, =0
—a1 + e_iWAtCLO =0

(Note that ag and ajy_; are fixed by (7.76).)

The solutions are evidentely

* ok —iw(N+1—n)At __—iwnAt
a, = ay, 1€ ( )AL an =e€ ao

a:t(t) _ e—iw(t”—t)al/*7 ast(t) _ e—iw(t—t’)a/‘
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where ’st’ denotes the stationary trajectory in the limit N — oco. Together with
(7.57), it follows:

13 4/ 3 1" _
1 e—iw(t t)a/+e iw(t" =t) o 1r*

Xst(t) = —= : (7.83)
\/E ; fiw(tft’)al s fiw(t”ft)a//*

ie ie
The functions ag(t) and a¥, are only complex conjugates if a’ = a” = 0; so in general,
Xst(t) is not real. In this case, the stationary trajectory lies not in the configuration
space RY x R2 of the superclassical model, but in its complex extension CY x C2.
Calculating (7.79) for the stationary point, it is found that the N + 1 terms %wAt
add up to Sw(t” —t'). From (7.82) it follows

a’,(H)ag(t) = " e W =)y (7.84)

The N terms —%a:}an add up to —Na"* e ') ¢/,
The N + 1 terms afe “?ta, 1 add up to (N 4 1)a" e "¢/,

Together with (7.76) the sum of (7.79) is equal to the final exponent in (7.73),
which itself follows from the functional integral by the normalization condition

{(a",t|a’,t) = 1 of the coherent states.

as and af, certainly follow the dynamical equation (7.28):
ast(t) = —iwag(t)  ay(t) = iwak, () (7.85)

Naively inserting this expressions into the integral on the left hand side of (7.79)
leads to a vanishing integrand (up to the zero point energy), a contradiction to the

whole calculation:

1* 411
a’ "t i 1
. * . .k *
i dt | = (agas — Ggyas) — wayas + —w
a/ t/ 2 2
, i

n* 41 -
a’ "t i 1
=i dt | = (a5 (—iwast) — wayas) — wasas + —w
a/ t/ 2 2
, i

a)//*,t// -1
o / at w] (7.86)
a/’t/ 2
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This apparent contradiction is due to endpoint contributions, as the stationary
trajectory does not join smoothly to its endpoint values. Equations (7.82) should

be written as:

at,(t) = lin%[H(t,t’—l—e)e_iw(tu_t)a"*—I—H(t'—l—e,t)a'*] (7.87)
axe(t) = lm[O(t" —e, He Wt Lot t" — €)a] (7.88)

The theta-function becomes a delta-function in the derivative which keeps the inte-

gral from vanishing.

a

Figure 7.1: The stationary trajectory does not join smoothly to its endpoint values.
The trajectory for ag(t) is the left one, the trajectory for af,(¢) is on the right.

If a source term 7y is added to the integrand of the action (7.26), then the Schwinger

variational principle yields:

6775(t)<a”*7t”|a’,t’> = (a"", ¢"[x(1)|d', ') (7.89)

On the other hand, differentiation of the functional integral (7.77) leads to

Xst(t){a”*,t"|a’,t'). These expressions have to be identical for a vanishing source,
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which is shown by

(a”*,t”\a(t)|a’,t’> _ <a”*,t”|e_iw(t_t/)a(t’)‘a’,t/>
_ e_iw(t_t/)a/<a”*, t”|a’, t/> — ast(t) <a//>’<7 t”\a’, t/> (7‘90)
<a//*’ t”|a* (t) |a/’ t/> — <a//*’ t”|a* (t//)e—iw(t—t’) |a/’ t/>

— efiw(tft’)a//*<a//*’t//|a/’t/> _ azt(t)<a”*,t”|a/,t’> (7'91)
so we obtain after substituting a with y:

(@t |x(t)]d ,t") = xsela”" "), ) <t <t (7.92)

7.2.7 The Feynman Propagator

The Feynman Propagator is the vacuum expectation value of a time ordered product.

It is calculated from Wick’s Theorem®:

T{x(s)x™ ()} = x(s)x™ () : O[T {x(s)x™ (£)}|0) (7.93)

It is (0|T{x(s)x~(t)}|0) = —iG(s,t) (B.S. DeWitt’s differes from the usual one),

and the expectation value (a”*,t"|T{x(s)z~(t)}|a’,t') leads to

G(s,t)(a"", t"]a’ ') = 1", t"[T{x(s)x” ()}, ') — ixse(s)xG () (@, t"|d, ).
(7.94)
Together with

a(s)a(t) =0 a*(s)a*(t) =0 [a(s),a*(t)] = e @D (7.95)

8Tt may also be obtained by differentiating In{a””,t"|a’,t’) twice with respect to the source
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it follows

R NORGILRD

= gt (alt) + a*(t).ia(t) — ia* (1)) |d', ¥
ia(s) —ia*(s)

i ag(s)ase(t) — ag(D)asi(s) a5y (s)as(t) +iag(t)as(s)

—ia%(s)as(t) —iag(t)as(s) ak(s)as(t) —ag(t)as(s)

+ =i e—iw(s—t) <a//>‘<7 t”]a', t/>
i1
= ilxst(8)XG (1) + uls)u™ ()] (", t"|d, 1) (7.96)

Putting this in (7.94) leads to the expression for the Feynman propagator:
G(s,t) = i[0(s,t)uls)ul(t) — Ot s)u"(s)u™(t)]
= —0(s, )G (s,8) + 0(t, )G (s, 1)
= G (s,0) + G (s,t) = GF(s,t) — G (s,1) (7.97)
G(s,t) propagates positive frequencies to the future and negative frequencies to the
past, i.e. for s > t it behaves as e7“ in s and as e’ in t. As the stationary
trajectory is fixed by the boundary conditions
Xst 1(t/) - iXst 2(t/) = X/l - IXIQ
Xst 1) +ixse o) = X7 +ixs.
one obtains the corresponding conditions for the Feynman propagator:

(1,-)G(t',s) =0, G(s,t) ! =0

—i

1
(1,1)G(t",s) =0, G(s,t") =0
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7.3 The Fermi Oscillator in the New Representation

In this section, we develop a representation of the Fermi oscillator which is con-
structed in a straightforward way from the formalism worked out in the previous
chapters. The well-known algebraic description of the Fermi oscillator demands an-
ticommuting operators, which are obtained from quantizing Grafimann variables.
As there are obviously no classical objects with anticommuting dynamical variables,
we can only define a pseudo-classical model from which we will obtain the quantum

system by canonical quantization.

7.3.1 Choosing a Pseudo-Classical Model

The mechanics with ordinary (commuting) dynamical variables is described on Sy, =
TM xp T*M (the Lagrangian part on the tangential, the Hamiltonian formulation
on the cotangent bundle); an obvious choice for Graimann dynamical variables is
Yo = HTM xp IIT* M. Since we will constrain our considerations for the Fermi
oscillator to the one-dimensional case, we are left with the coordinates x, £ and .
The next step is to find a pseudo classical Hamiltonian. In analogy to the bosonic
case, where H is a function of x and p, we look for a function of the two Grafimann

variables £ and w. The most general function reads:
H(&, ) = aq + a2€ + agm + aymé (7.98)

As the Hamiltonian has to be invariant under a change of coordinates, we have to
demand as = a3 = 0 as £ and 7 are obviously dependent of the charts.

The term ¢ seems familiar, and reminds of the p;i* from the Legendre transform,
which enables us to change between Hamilton and Lagrange formalism. So one is
easily lead to think that its appearance in the Hamiltonian is natural. To see that
this is wrong, we need to clarify the picture and distinguish between the mathemati-

cal analogies of Gramann variables with the ordinary ones due to their construction
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and the physical analogy between bosonic and fermionic dynamical variables:

mathematical analogies: | < (no correspondence) | & < £ | p— 7

physical analogies: T & T <> 5 P T

We also see, that it is necessary to introduce further Grafimann variables § and 7

to describe the dynamics of the system.

7.3.2 Canonical Quantization of Systems with Gralmann Variables

To get more hints on how to choose a; and a4, we quantize the system by canonical

quantization. For a bosonic system, this is done by defining

[, 9] = ih{u, v}

+ O(h?) (7.99)

p,q,Poisson

where {u, v}, 4 Poisson denotes the Poisson brackets given by:®.
{1, paPotsson = (8y:1) (Bp,0) — (Fpyu) (9ye0) (7.100)

The obvious generalization of the Poisson brackets are the Schouten brackets:

{u, v} p.g.Schouten = {1, V}pg = (0giu) (Bp,v) — (—1)" (Op,u) (9yiv) - (7.101)

Now we are ready to quantize our system by canonical quantization'?:

[, 0]+ = ih{u, v}, ¢ +O(R2). (7.102)

This leads to the following results:

G = in((0e) (0:6) = (~DF (05,8 (9€)) = (0 +0) =0 (7.103)
[, 7], = ih((0em) (Onm) — (—1)" (Op,m) (O¢m)) =iA(0+0) =0 (7.104)
] = 10 (00 (0rm) — (-1 (9,8 (9m) = ih(1 +0) = i, (7.105)

9We use the abbreviation 8, = 0/0x
OWe will not use “God-given units” ¢ = /i = 1 in this section, as % often gives insights in the
meaning of terms, which are otherwise lost.
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which seem quite similar to the Heisenberg commutation relations for position and

momentum operators. If we now rescale our two operators by:

f= \/% and f1 = \/Th (7.106)

we get the canonical anticommutation relations for fermionic creation and annihila-
tion operators: [f, fl+ = [fTfT]4 =0, [f, fT]+ = 1. One could argue that we should
rather follow the same steps which lead from bosonic position and momentum oper-
ators to bosonic creation and annihilation operators, but this brings up completely
different anticommutation relations, as we will show below. The only choice is which
of the operators é and 7 becomes the creation and which becomes the annihilation
operator. OQur choice here will prove to be the most comfortable.

Comparing our general, now quantized, Hamilton operator

~

H =)+ =a1 + oa;(fré) = aq + aqihiftf (7.107)

with the Hamiltonian for the Bose oscillator H, bos = M(BTI;—%), I;T, b bosonic creation
and annihilation operators, we easily see, that we should choose oy = w/i = —iw.
Having in mind a supersymmetric quantum field theory, which is basically the sum
of bosonic and fermionic oscillators for each point in space, we would like a7 to
cancel the infinite zero-point energy of the bosonic Hamiltonian. This infinity arises
from the constant part in the Hamiltonian density which diverges, if it is integrated
over the whole space: [ Hyoodx > [ % dz — oo.

Altogether, this fixes oy to —% and we get the the Hamilton operator for the Fermi

oscillator:

R N N S AN £
H-hw(ff 2>_hw<\/ﬁ\/ﬁ 2>_hw<m 2) (7.108)
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7.3.3 The Two Other Operators

In the case of the bosonic oscillator, the creation and annihilation operators are

constructed from the position and momentum operators by

b= (wi + ip) and b =

1 1
V2hw V2hw

As we obtained our creation and annihilation operators by rescaling the position

(w — ip). (7.109)

and momentum operators, it is interesting to ask, what kind of operators a similar
construction yields in the fermionic case. As we do not know, if we should regard
our operators rather as position/momentum or creation/annihilation operators, we
have to examine the transform mentioned above as well as its inverse, so that we

obtain two pairs of operators:

(WE+ir) , of =

gg_ 1
 V2hw
Y RY RN s T )

which obey the anticommutation relations:

[6.6] = o (€A1 +ilrd.) =1 (7110)
0.1 = o (HiEA —iméL) =1 (7111)
6,61, = 5 (HiE R +ilmd) =0 (7112)
[erd] = oo (P77 +il1 A1) = (7.113)
bndn] = oo (S AT 7 1) = e (1114)
besdn] . = =5 (1A 7+ 1) =0 (7.115)

These relations remind strongly of the anticommutation relations of the operators
in B.S. DeWitt’s approach [{1(¢), X1(t)] = 1, [X2(¢), x2(t)] = 1 and [{1(?), X2(¢)] =0

and basically underline the fact, that his creation/annihilation operators correspond
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to our position/momentum operators.

Because of the anticommutation relations, we see, that the variables £ and 7 cor-
respond by quantization and rescaling to the fermionic annihilation and creation
operators, while (;3 and QBT rather correspond to the fermionic analogue of bosonic

momentum and position operators.

LI PR L) (7.116)

we can rewrite the Hamiltonian for the Fermi oscillator in terms of dA) and (ﬁT

- 7€ 1 Lhfaine a2 aap 22y 1
i = hw(ih—Z)=hw<m12(¢T¢T—¢T¢—¢¢T+¢¢)—2)

— w (;(%Ww 1)~ ;) = hwélé (7.117)

Using

Some textbooks on supersymmetry (as, for example. [18]) start with this quan-
tized Hamiltonian and the anticommutation relations for gZ) and QAST and derive from
them our Hamiltonian for the Fermi Oscillator H = hAw ( f f f — %) It seems, that
you either have to do without distinguishing between momentum/position and cre-

ation/annihilation operators or without the simple canonical quantization rule.

7.3.4 The Heisenberg Equation of Motion

In quantum mechanics with quantized ordinary variables, the Heisenberg equation
of motion is

ihgtAH = [Ay, Hy] (7.118)

where Ay is an operator in the Heisenberg picture.
The generalization to systems with Gramann variables is again straightforward,
just replace the commutator with the supercommutator as it was already done in

B.S. DeWitt’s approach. Nevertheless, as the Hamilton operator has even parity
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(c-type), the supercommutator becomes again the simple commutator:
9 - U . |
lhi == ,H: 7Ij[_: 7hw - -
2~ g -fon (56 1))
= o (€ré - €67) = hoing = hwé (7.119)
= ho (&7 ) =hing = . .
This result is up to a factor of iM ~! identical with the result in B. DeWitt’s ap-
proach, as he calculates with A = 1.

Similarly, we get the equation for 7:

L0 LW 2 a2 LW .
171@71' = [W,H]_—hﬁ (71'71'5 7r§7r)— hﬁlhﬂ'— hwir. (7.120)

These dynamical equations suggest the solutions (operators in Heisenberg picture):
é(t) = e ¢ and 7(t) = eiry
fty=e"“"fo and fi(t) =" ft,

Comparing the last two equations with the ones for the Bose oscillator, we see that

the analogy is preserved:

~

b(t) = e “hy and bi(t) = ei“’tl;g
In terms of & and f , the Hamiltonian gets the simple form

A it ¢ 1 L hw
H:hw(\/%\/%—ﬁ = i — . (7.121)

This expression now includes the term ﬁ'é which corresponds to pz and has unit of
energy.
7.3.5 Discussion of Pseudo-Classical Dynamics

After quantization gave us all the remaining constraints for the Hamilton operator,

we can rederive the classical Hamilton function

H(r,€) = hw (Ts _ ;) . (7.122)
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Using the physical analogies ¢ «» = and 7 <> p, we can rewrite the Hamilton equation

of motion by:

O0H (p,q) OH (&, m)

i= - o f= T i (7.123)
-:3Hg§7‘1) . ﬁ:aHé?ﬂ-):iwﬂ' (7.124)

These results are obviously consistent with the Heisenberg equation of motion de-
rived in the last section. But even more important is that our pseudo-classical sys-
tem is indeed a Fermi oscillator satisfying the differential equation for a harmonic
oscillator:
£+ w? = —iwé + WP = —W + Wi =0. (7.125)

Since the choice of our Hamiltonian is fixed up to constant factors, we have shown
that the only possible Fermi system is that of a Fermi oscillator.
Our next goal is to obtain a pseudo-classical Lagrange function L(¢ ,f) Naively
using the inverse Legendre-transform, we obtain!!:

L(€,€) = 7€ — H = m(—iwé) — hw <71Th - ;) - % (7.126)
Looking more closely at the basics of Legendre-transform, we notice, that it is actu-
ally ill-defined in our case. This operation would transform a function of variables &
and 7 into a function of £ and 0, H (7(0; H)) which requires the existence of a unique

inverse function 7(0,H). As 0rH is constant in 7, this condition is not fulfilled.

Let us try another approach: Using the most general Lagrangian
L(£,6) = ao + a1 + a6 + asté (7.127)

we could derive equations of motion by putting the variation of the action S =
[ L(&,€)dt equal to zero:

$:0¢%:0:a1+a35- (7.128)

HThough this calculation is ill defined, it might be interesting that this result appears in B.S.
DeWitt’s path integral if one does not consider endpoint contributions exactly where the Lagrangian
should appear, see (7.86).
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As the terms with a1 and ag have opposite parity, they cannot cancel each other
and have to vanish separately: a1 = az = 0. agé is not invariant, so we demand
as = 0. We are left with a constant part as in the case of the naive Legendre-
transform: L(€, § ) = . Not only does varying the action not tell us anything about
the system’s dynamic, but it constrains our Lagrange function to an uninteresting
expression.

Altogether we see that the Lagrange function for our Hamilton function cannot be
derived from Legendre-transforms but even if it could in some other way, it would
be constant and of no use for us. Especially path integrals cannot be done in the

usual way.

7.3.6 Eigenstates of the Hamiltonian

In the case of the Bose oscillator, the n-th energy eigenfunctions in position and mo-
mentum representation is basically the n-th Hermite polynomial. Similarly, eigen-
functions for the Fermi oscillator can be determined in both position and momentum
representation (which corresponds to restricting the considerations from ¥ to IIT'M
and TIT*M resp.). The results from basic algebraic calculations with fermionic
creation and annihilation operators in B.S. DeWitt’s approach (section 7.2.3) can
simply be taken over for this approach. But we will get the same results from

choosing a special representation:

m-representation

Working on IIT*M, we can represent the operators (similarly to the position rep-
resentation in ordinary quantum mechanics) by 7, = 7 and ér = ihd; which obey
obviously the anticommutation relations of f and 7. We will call this representation

the m-representation.

128ystems without Lagrangian (and thus without action) are not as uncommon as they appear
to be. Path integrals can often be constructed by different approaches.
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The Hamilton operator here has the form:

SO (L S IR (AP
Hiw(mm 2>m<aﬂ 2). (7.129)

An arbitrary function of 7 has the form f(m) = ¢1 +com where ¢; and ¢y are complex

numbers. We can represent f by a vector:

C
fr)=citem~| ' |. (7.130)
C2

Using the vector notation, we can describe the action of the Hamilton operator
on a function by a 2 x 2-matrix, where the energy eigenfunctions are given by the

eigenvectors of this matrix:

1
—5 0 c c
Z N (7.131)

ﬁf:ﬁw
0 1—%:4—% Cco Cco

We immediately get the results:

1
Eigenvalue: — ihw Eigenfunction: f(7) =« (7.132)
1
Eigenvalue: + ihw Eigenfunction: f(7) = am (7.133)
where « is in both cases an arbitrary complex number. The exact value of a will be
constraint by the normalization of the states in the next section to a = 1.

We notice, that the parity of the two eigenfunctions is opposite, so that the parity

of the annihilation operator f|1) = |0) is obviously odd.

é-representation

The same results can be obtained on IIT'M, in the &-representation. In ordinary
quantum mechanics, the momentum operator in this representation looks like p, =

—ihd, where the minus sign is due to the antisymmetry of the commutator [z, p] =
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—[p,&]. Since the anticommutator is symmetric, we get rid of this sign, so we
will use the representation fg = ¢ and ¢ = ihd; which obey again obviously the
anticommutation relations of é and 7.

The Hamilton operator now has the form:

H = hw (\%\%—3) :ﬁw<8§§—;>, (7.134)

We will again represent an arbitrary function f(&) = ¢ + c2€ by a vector (c1,c)?.

The corresponding equation for the eigenvalues is here:

0 c c
Yl=ell ). (7.135)

0 — % C2 C2

N[ =

. 1—1=1+
Hf ~ hw

The parity of the eigenfunctions is the opposite of (7.132) and (7.133):

1
Eigenvalue: — ihw Eigenfunction: f(§) = a& (7.136)

1
Eigenvalue: + ihw Eigenfunction: f(§) = al (7.137)

These results are certainly consistent with the algebraic considerations. We see that

the parities of the states |0) and |1) depend on the representation.

7.3.7 Normalization of Fermionic States

With the representation of different states by functions of supernumbers, the ques-
tion of how to normalize these functions arises. Remembering the fact that quantum
mechanical states are rays in a Hilbert space rather than vectors, we have to rescale
an arbitrary function to unit length.

We certainly want the dual product to make use of Berezin integration. As the
result should be a real number, the integral must not change parity and thus has to

be either an integral over two Grafimann variables or include Gramann variables
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in the measure. This features strongly remind of the dual product in the holo-
morphic representation!® and in a rough analogy we define the dual product in the

&-representation:

Co—EE _
(o= [ F55— @00 = [aeor@aer. (1139

where £ does not denote the complex conjugate of ¢ (remember that in B.S. DeWitt’s
approach the Gramann variables are considered to be real) but another Gramann
variable.

dy(€,€) = %’{gé can be called a “measure” though Berezin integration does not
allow the strict development of an measure as its done for real integration (see e.g.
[3] and [5]).

For the m-representation we simply substitute £ with :

o) = [ e = [amni@em. @)

We can easily verify, that all the equations (0|0) = (1|]1) = 1 and (1|0) = (0|1) =

can be obtained from this definition of the dual product, e.g.:

&€
(0j0) = / dedée® o _ / Mfs—l

dédée¢€ déd
<0|1>:/£§g§1:/u<sz>lg_o

It is obvious, that this dual product can easily be extended to a complete fermionic

Fock space by integrating over a dry*(¢%, i’ ) for each degree of freedom, where it

13The holomorphic representation combines the dynamical variables p and ¢ to one complex
variable with z = p +iq and z = p — iq (up to factors) and the eigenvectors of the corresponding
quantized operator Z = b are the coherent states. Quantum mechanical states are represented by
. . . _ 2"
.hol(.)morphlc functions (polynomials) so that (z|n) = =
is given by:

(flg) = | dedze™ f)g(2). (7.138)

As our set of coherent state is undercomplete, we cannot use the direct analogy of the holomorphic
representation in the fermionic case. (E.g., the formula (r|n) = = can not work in the case n = 1,

as the dual product is performed by Berezin integration over 7 which yields always a real number.)
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remains valid, i.e. it reproduces the same results as the algebraic calculations.

7.3.8 Coherent States

As already discussed in the algebraic considerations, |0) is an eigenstate of the an-
nihilation operator with the eigenvalue 0. All eigenvalues « for different eigenstate
have to be a-numbers and such a state has the form: |0) — «|1). We do not want
to introduce further Grafimann variables in our model, but only allow the naturally
appearing ones &, &, m and 7. As the time derivatives of the dynamical variables are
proportional to the variables, we do not have to consider them separately. Further-
more, £ is only available in the &-representation on IIT'M and 7 only on IIT*M. As
multiplication with these Grafimann variables is equivalent to acting with creation
and annihilation operators on the equations, the new eigenvalues break down to

Zero:

fr(0)r 4+ 7l)e) = Ox(l4m-7)=0

Fe(0)e +€1)e) = Oe(€—€-1)=0

Altogether, we get neither a new eigenstate nor new eigenvalues (what would be a
contradiction, as there can only be one eigenvalue for each eigenstate).

This is an interesting difference to B.S. DeWitt: While he gets a undercomplete set
of coherent states, we get only one coherent state. Even with the undercomplete set
of coherent states, B.S. DeWitt has a partition of unity enabling him to construct
path integrals, which we do not have in our case.

As one could argue that our interpretation of f and 7 was wrong and we should

rather consider gﬁ and gng, we briefly calculate the eigenvalues of gﬁ as an example:

dla) =

(wé +if) (@0]0) + an[1)) = (=1)T4/ Tra1|0) — (~1)% 21,20l 1)

1
NeT 2
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We get two constraints from demanding, that |a) be an eigenstate of gg with the

eigenvalue ¢ and one from the normalization:

- iw ~ 1
ap = qb(fl)alwfal , = gb(fl)aowﬁao and |ag|* + |y =1 (7.142)

Allowing only c-type values for oy and «y, we get from these conditions oy =
—1/2 ¢%a, so the only eigenvalues are P12 = +iv/2, inserting all equations in the

normalization condition leads to

—\/Zao(j:i)\/i

where 6 is an arbitrary phase. For oy we obtain

2

1 .
2 i0
=1 = . 7.143
+ |yl = ag l—i—we ( )

1 1 i0 . 1 i(0+3 i1
_ _ + 9 — i(0+57Ei 7r)‘ 144
“ STt V2 Joldtw o (7.144)

As in the case of the coherent state, we do not get new eigenvalues by allowing the
Graflmann variables contained in the representations. We rewrite the conditions

(7.142) with a Grafmann variable ( as eigenvalue ¢:

ap = ((—-1)" \/goq and o) = ((—1)%04/ iao
ay lw ag L _
Zao = (=15 (=1)% a0 =0

= 1 = 0.

So there is no eigenstate with Graimann eigenvalues, as the conditions for such a

state require the coefficients ag and «q to vanish.

7.3.9 Extension to the Supersymmetric Oscillator

We can now easily find a representation of the SUSY oscillator on our superman-
ifolds IITM and IIT*M. The fermionic component will be given by a function of
a Graflmann variable, as discussed above. As the manifold M has only been used

to determine the dimension of the fibers IIT'M and IIT™* M, it can now become the
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domain of functions representing states of the bosonic oscillator. The states of the
SUSY oscillator thus are given by functions on the symmetric supermanifold 117 M
(z, & representation) or IIT*M (p, representation). A SUSY-operator in a repre-
sentation is simply the product of the separate bosonic and fermionic operators in

this representation, e.g.:

[ASUSY](:E,Q = [ABoseAFermi](x,g) = [ABose}x[AFermi]ﬁ (7145)

where the brackets denote the enclosed operator in a special representation.

x, £ representation
A supersymmetric state is given by:

‘05>SUSY = |04>Bose X |a>Fermi = |a>Bose X (a0|0>Fermi + a1|1>Fermi) (7146)

where normalization demands |ap|? + |o1|? = 1. This state will be represented by a

function of x and &:

lo)susy ~ F(z,&) = aofo(z)€ + o fi(x) (7.147)

(Remember that the parity of the vacuum state is odd in the £ representation.)

The eigenfunctions of the Hamiltonian are given by the functions where either ag or
o vanishes and fy or f; are eigenfunctions of the Bose oscillator g(z) ~ eféﬂn(z)
where H,,(z) is the n-th Hermite-polynomial in z. The SUSY operators can imme-
diately be written down as simple products of the representations of the bosonic
and fermionic creation and annihilation operators. The commutation relation of
the fermionic and bosonic operators among themselves are clear from the separate

considerations of the oscillators, but the mixed relations still have to be proven:

[B’f]r,ﬁ = [\/%(wx—l—haz),\;;h]_:o

ftl - L aﬂ _
[b,f]gc’5 [m(wx—i—h@x),m ) 0

Altogether, this representation is consistent with the algebraic definitions.
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p, T representation

This representation works exactly in the same way as the x, £ representation, as we

are working on IIT* M, states are represented by functions:

la)susy = f(p,m) = aofo(p) + e1 f(p)7 (7.148)

where the coordinate x on the manifold has been renamed to p to indicate the change
to momentum representation. The mixed commutation relations are fulfilled again,

so that this representation is also consistent:

b, f}m - [ \/iﬁ(ihwapﬁp),\/ﬁaw]:o

7.3.10 Transition Amplitudes

The calculation of the transition amplitude and probability from an arbitrary state
of the Fermi oscillator to another one (to Oth order) is easily done:

Given two arbitrary states

o, t) = e 2 %ag|0) + eTar%ay [1)
(@, f] = (Oaj'e" 5 + (0o} e s,
we can easily calculate the overlap:
(o o, t) = ag*aoeJr%hw(t/*t) + a’l*ale*ﬁw(tl*t) (7.149)
The probability for a transition from |, t) to |/, ) is then given by:

(@ P = Jag aget s ™) 4o e a2

* *
= o) e + o) aradar”
+iwt -t) w(t' —t)

* * _i
+af apalar e + agap*al e n

— |046\2|040|2 + |o/1]2|oz1|2 + 2Re (ag*aoa'lal*e“‘r%“(t'_t)) )
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The transition amplitude for two SUSY-states is obviously given by:

T(Oé, O/) = <O/|a> = (<a‘Fermi ® <a‘Bose) (|O/>Bose & |O/>Fermi)

= <Oé | Fermi ’O/) Fermi <a ‘ Bose | O/> Bose

As the dual products for the Bose case is known, and the Fermi case given above,
T(a,a’) can be easily calculated and the dynamics of the system is completely

covered.

7.3.11 Discussion of Path Integrals

Path integrals are the most appealing method of quantization. Besides their con-
ceptual beauty from which the Hamilton principle evolves immediately, they allow
non-perturbative insights in theories and are in some cases the only way to quantize.

A path integral gives the transition function K (b,a) from a state a to a state b by:

K(b,a) = Z const. x erS(Path) (7.150)
all paths

where S(path) = [ dtL(q(t),¢(t),t) is the action of the path. The vague “sum over
all paths” is performed by breaking the path into a number of points and then inte-
grating over the position of these intermediate points. In the limit

(number of points) — oo we get the path integral
K(b,a) = const. x /Dx e (7.151)

where [ Dz = [ ... [dz...dzy,.

This first approach does obviously not work as we cannot define a Lagrangian for
our system, as the Legendre-transformation is ill-defined. It is obvious as well that
a constant Lagrangian, which would be required by the equations of motion, if it
could be derived in another way, leads to a divergent path integral.

The second way path integrals are constructed is again by “time-slicing” the path
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through the configuration space, but using the quantum mechanical time evolution
operator e~/ hHAt i the linearized version for short times 1 — i/h HAt which holds
true for infinite many intermediate points. The intermediate points can be inserted
as there is a complete set of eigenstates (usually position eigenstates) allowing a
partition of unity: 1 = [ dglg){g|. Note that though the set of coherent states in
B.S. DeWitt’s approach are undercomplete, they still allowed the necessary partition
of unity. In our representation, there is no complete set of eigenstates which would
allow a partition of unity with integration. Nevertheless, we can use this time-slicing

approach:
K(d/,a) = lim (o] (e*%fmt (10Y(0] + \1><1y))” ) (7.152)

n—oo

where At = niﬂ First, we calculate the term in brackets:
1At At_—>0 . e 1
e REEH([0)(0] + 1)L =T (1w [ f1f =5 ) At)(10)(0] + [1)(L)

= (1= oo+ (1- 22 may
= eI0)o]+ el

Using our dual product in the &-representation, we can rewrite K(o/, «) as:
d n+1d7n+1 d ldj _ _
K(o/,a) :/ 5 Z2€ 5226 (1 _ §n+1§n+1)a/(§n+l) %
(1= €M) EMEN 4 ¢)..(1 = E22) (€ + ) (1 - €16 (7% + c)a(Eh).

Note that all the elements on the right are c-type since a-type objects as Berezin

integrals and Gramann variables appear in pairs. The “measure” dy(¢, £) has been

split for further calculations:
(1 _ 515_2)(0*8“5_2 + C) — (C*Ei—i—lgi +c— Cé—ng) N (C*§i+1€i _ Cé—zgz)
The single ¢ is cancelled by Berezin integration over &', so we obtain inside the

integrals:
o/ (EMHFN) (1 4 g (g™ + c€7€M)... ("2 + c€2€) ("2 + €1 )a(€h)
_ a’(é”“)&”“(c*)”éla(fl) +a’(é"“)f”“f““(c)”flfla(gl)
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In the last expression, all the other factors (mixed in ¢ and ¢*) are cancelled by
Berezin integration since they do not come with pairs of £*¢%.

The limit of the last expression is obviously consistent with the results obtained
for the transition amplitudes (section 7.3.10). This discussion becomes much more

complicated, if we allow interaction terms in the Hamiltonian.

7.3.12 Proposition of an Extension to a Supersymmetric Fock Space

“Do you really believe, that there is an infinite number
of points in the universe? Do you really believe that?”

Willy Fischler
A Fock space is completely defined by the algebra

a;l0) = 0
[ai,ajL = aal Fala; =0y

where ¢ runs over the degrees of freedom and the upper sign refers to a bosonic Fock
space, the lower sign to a fermionic one.

We will call a space which is the tensor product of a fermionic and a bosonic Fock
space with equally many degrees of freedom and with the additional commutation

rule

a supersymmetric Fock space.
It is quite obvious, that a Fock space is constructed by defining an independent
supersymmetric oscillator for each degree of freedom, i.e. points in position or

momentum space'®. Let us assume, we have N degrees of freedom. Then a state is

14Note that we assume that the continuous space-time is reduced to a lattice
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given by:

N N
) Fock = ® i) susy = ® (lei) Bose ® |) Fermi) (7.153)
i=1 i=1

To represent this space, we will have to use a manifold of dimension N so that IIT M
and II7T*M provide us with N ordinary and N GraBmann variables:
(.. 2N, e eN) and (2!, .., 2N, 7l L, ) resp.

Functions on IIT'M and IIT*M automatically provide the properties demanded:
they are symmetric under exchange of ordinary variables associated to bosons and
antisymmetric under exchange of Graimann variables associated to fermions.

The usual operator algebra is also conserved in this representation. This is already
known for one oscillator. Since the operators constructed out of different variables -
so referring to different degrees of freedom in position or momentum space - do not
interfere with each other, i.e. bosonic operators commute: [x!,9,2]_ = 0, fermionic
ones anticommute: [m2, Or,;]+ = 0, there remains nothing to prove.

The dual product of two Fock states is given by our dual product for the Fermi os-
cillator, extended in a straightforward way. As the bosonic part is clear, we consider
only the fermionic sector.

Given two states in the fermionic Fock space |a) and |3). Then its overlap is given

in the &-representation by:

N
(alp) = Qlan- z+1|®|ﬁz = (an|Bn)..(]B1)
i=1 i=1

(I o) ([Lecerne)

As the integral terms are c-type, it does not matter, in which order the separate
tensor products are calculated. If order should matter due to odd parity in the
second term, the integral vanishes anyway. So it is clear that the different Gramann
variables do not interfere, and we found a valid representation for the dual product

of the supersymmetric Fock space.
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Chapter 8

Summary and Future Directions

“We apologize for the inconvenience.” (God’s Final Message to His Creation)

from Douglas Adams’ “So Long and Thanks for All the Fish”

There are basically two different approaches to supermathematics. The more popu-
lar one uses abstract Grafimann variables and simply extends the rules of ordinary
calculus on them. The second one uses the GraBmann variables as generators for the
algebra of supernumbers and substitutes the real numbers by them. In both cases,
the most interesting results are that differentiation and integration are equivalent
and that a change of coordinate leads to an inverse Jacobi determinant.

We can construct supervector spaces (graded modules over the ring of supernum-
bers) and supermanifolds. On the latter, we can define further structures which
allow a reduction of arbitrary supermanifolds to Graimannian manifolds, which
shows the algebraic equivalence of B.S. DeWitt’s supermanifolds with those of T.
Voronov.

There is an isomorphism of superfunctions and the de Rham complexes of differen-
tial forms on supermanifolds, which can be used to introduce a new representation
for supersymmetric Fock spaces.

We obtained the most interesting results when applying the tools of supermathemat-
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ics to model the Fermi oscillator. We found that the only one-dimensional fermionic
Hamiltonian that can be constructed invariantly leads to a Fermi oscillator. This
picture can be easily extended to the SUSY oscillator and even to a supersymmetric
Fock space. We can define an analogue to path integrals which comes with some
interesting features, as, for example, the gaussian measure. In contrast to B.S. De-
Witt, our Fermi oscillator has only one coherent state, while he gets an uncountable
set.

The next steps are quite clear: The main differences between our and B.S. DeWitt’s
description of the Fermi oscillator have to be examined closer, particularly the num-
ber of coherent states and the somewhat odd stationary (pseudo-classical) trajectory
of B.S. DeWitt. The question of such a pseudo classical trajectory could be solved
by finding more arguments in favor or against the existence of coherent states of
the Fermi oscillator with a-type eigenvalues. The definition and usefulness of our
path integrals have to be reconsidered and formulated in a tensorial way, which is
currently being worked out by P. Cartier.

For the new approach of P. Cartier to supermanifolds, the definitions have to be
extended to include connections on more complicated manifolds. The big advantage
of this formulation, the tensorial integration, has to be worked out completely in a
dimension independent manner to allow the transition to infinitely many dimensions

as needed for path integrals.
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Appendix A

Notation and Used Symbols

“The book of nature is written with mathematical symbols.”

Galileo Galilei

To allow a quick understanding of the text, most of the used symbols are repeated
here: In general, objects with symmetric properties have been labeled by latin
letters (e.g. the ordinary variables 2’ and the Grafmannian forms o), objects with
an antisymmetric property by greek letters (e.g. the GraBmannian variables & and
the ordinary forms w).

Operators as the creation and annihilation operators of second quantization are

marked by a hat: b, fT etc.

Expression Meaning

Oy partial derivative with respect to x* or &
0 boundary operator (def. 5.1.3)

D* set of differential operators

0A variation of A
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Expression

Meaning

6,‘/61'

i 7
i€, '€, €, €

RCJ Rm CC7 Ca

R()

R? x RY

sdet

str

d(x)

{witi / (i)
T, M, T:xM
TM, T*M
77(X)

X (M)

basis vector for ordinary/Grafimannian dimension,

i.e. 0/0x", 00" resp.

basis vectors for a supervector space

generator of the Graimann algebra/Graimann variable
set of functions of N Grafimann variables (rem. 2.1.1)
Berezin integral over u

constant of integration Z = (2%1)7% (def. 2.1.3)

body and soul of a supernumber z = zp + zg

set of supernumbers (def. 2.2.1)

parity of a superobject, 0: even, 1: odd.
supercommutator of A and B (def. 2.2.4)

transponse of the supervector v

set of real/complex c-type/a-type supernumbers

space represented by n real and v Grafimann variables,
see section 4.1

space represented by n elements of R, and v elements of R,
see section 4.1

superdeterminant (def. 2.2.22)

supertrace (def. 2.2.21)

Dirac’s delta distribution

the set/tupel consisting of z1, ..., z,

tangent/cotangent space of M at x (def. 3.1.2)
tangent/cotangent bundle of M at x

set of tensors (def. 3.2.1) of type (p,q) on the linear space X

set of vector fields on a manifold M
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Expression

Meaning

Q" /on
Q.

ef

ix

Lx
11T M
T M

ordinary/Grafimannian forms of order n

direct sum of all forms: Q°* = G Q"

exterior derivative of an r-form (def. 3.2.7)

acts on forms like dfA (def. 3.5.1)

contraction of a form with a vector field X,
interior product (def. 3.2.8)

Lie derivative Lx = [ix,d] (def. 3.2.9, 3.4.3)
parity-changed tangent bundle (def. 4.2.2)
parity-changed cotangent bundle (def. 4.2.2)
dualized manifold Sy; = TM xp T*M

dualized super manifold Xy, = IITM X p; IIT*M
set of smooth g-chains (def. 5.1.5)

multiplication with the function f

set of functions f with Lebesgue-integral [, |f(z)[*dz < oo
n-particle Hilbert space

Fock space, F = H"

bosonic and fermionic creation and annihilation operators

dy(€,€) = dgdge;&’ measure for the dual product
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